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Preface 

 

AzCIFToMM 2010 - International Symposium of Mechanism and Machine Science (ISMMS) has taken place in 
Izmir Institute of Technology, Izmir, Turkey, on 5-8 October 2010. The aim of the symposium is to gather scientists, 
scholars, students and producers with interest in the general area of the mechanism and machine science. 

The symposium is organized by Azerbaijan Committee of International Federation of for the Theory of Mechanisms 
and Machines (Prof. Dr. Sc. Rasim Alizade), Azerbaijan National Aviation Academy (Academician, Prof. Dr. Sc. Arif 
Pashayev) and Izmir Institute of Technology (Prof. Dr. Zafer İlken). 

 

Symposium Themes: 

The International Symposium is one of the largest conferences that will cover the general areas of the theory and practice 
of mechanisms and machines. The programs cover sections of relevance to MMS, Mechanism and Machine Science, 
namely; 

• Structural Synthesis and Kinetic Architecture, SsKa 
• Linkages, Cams, Gearing and Transmissions, LcGt  
• Control Systems, Cs  
• Mechanisms of Flying and Space Machinery, MfSm  
• Mechatronics, Mc  
• Robotics, Rb  
• Dynamics and Vibrations of Machinery, DvM  
• Computational Kinematic Synthesis and Analysis, CkSa  
• Nanotechnology and Micro: Manipulators, Robots, Mechanisms, NtMm  
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Structural Synthesis of Robot Manipulators 

 
Rasim ALİZADE1* 

1*Izmir Institute of Technology  
Department of Mechanical Engineering  

rasimalizade@iyte.edu.tr  
 
 

Abstract 
Structural synthesis theory was developed by using screw theory. 
As a mathematical tool, screw theory can represent the 
displacement, velocity, forces and torques in three dimensional 
spaces. Displacement of one, two and three screws are 
described. The transformation unit vector matrix equation and 
the transformation unit screw matrix equation were investigated. 
Structural design of RRRS mechanism with general constraint 
one regarding angular and linear conditions are introduced. 
New structural formulations for independent loops, for the 
platform motion and the mobility of robot manipulators with 
variable general constraint are presented. 
 Also new structural formulas of mobility of parallel 
Cartesian and Euclidean platform robot manipulators are 
presented. At the end a novel universal mobility formulations are 
presented in terms of screw theory.  
 
Keywords: Screw theory, transformation displacement 
equation, platform motion, structural formula , independent 
loops. 
 
 
1. Screw Theory 
 
 Screw theory is mostly used in the structural analysis, 
structural-kinematic synthesis, kinematic analysis and 
synthesis and in the dynamics, where screw can represent 
the displacements, velocities, forces and torques in three 
dimensional space by using dual form including both 
rotational and translational components.  
 
1.1. Introduction to Screws 
  
 The displacement of a rigid body (Fig.1) is described 
as unit vector T=[ , , ]l m ns  and moment 

T=[P+ , Q+ , R+ ]l m nμ μ μu  with respect to origin of 
reference coordinate system and to the rotation axis on the 
pitch μ distance. Unit vector s and moment u can be 
introduced as dual vector that is called a screw with the 
six independent components 
 

$= +ωs u     (1.1)  
 

where ω  is the Clifford’s operator ( 2ω =0 ) 
 
 Six independent components ( , , P,Q,R,μ)l m  describe 
the displacement of screw as follow 
 

$=
× +μ

⎡ ⎤
⎢ ⎥
⎣ ⎦

s
r s s

    (1.2) 

 

 
Fig.1. Displacement of screw 

  
 
As shown in Eq.s(1.1) and (1.2) the moment u  of the 
screw $ is 
 

= × +μu r s s     (1.3) 
 

Multiplying left and right sides of Eq.(1.3) to the unit 
vector s gives the pitch distance μ , as: 
 

=( × ) +μ⋅ ⋅ ⋅s u r s s s s  or  μ= ⋅
⋅

s u
s s

    (1.4) 
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 If the screw is lack of pitch μ  that is also called zero 
screw, it forms a line that can be described as particular 
line of the screw axis. 
 

 ( ) $= , ×s r s    (1.5) 
 

 Each screw axis Eq.(1.5) can be introduced as screw 
with three dual coordinates $=(L, M, N)% % %  where 
 

L= +ωP   ,    M= +ωQ , N= +ωRl m n% % %   (1.6) 
 

So, parameters (l,m,n,P,Q,R) are the Plücker coordinates 
of screw axis. 

 
Fig. 2. Rigid body assembled into a twist and wrench 

 
 The angular velocity ω  and linear velocity V  of a 
moving rigid body (Fig.2) are three dimensional vectors 
that can be assembled into two vectors called a twist. So, 
the twist, T, of a rigid body, which is the velocity of one 
point of the body and the angular velocity of the body, can 
be introduced as a vector. 
 

T=
+

⎡ ⎤
⎢ ⎥×⎣ ⎦

ω
V q ω

   (1.7) 

 
Similarly, the resultant force T

x y z=[f  ,f  ,f ]f  and a resultant 
moment  

T
x x x y y y z z z+ =[ + , + , + ]× × × ×t p f t p f t p f t p f  acting at a point 

on the rigid body can be assembled into another vector 
system called wrench. Thus, the wrench w   of a rigid 
body can be represented as a vector: 
 

=
+

⎡ ⎤
⎢ ⎥×⎣ ⎦

f
W

t p f
   (1.8) 

 
The mathematics of these vector pairs (dual vectors Eq.s 
(1.2), (1.7) and (1.8)) are known as screw theory and dual 
vector algebra. 
 
1.2. Motor Screw 
 
 Screw ( )$= ,s u , that may be a displacement of a rigid 
body, or a twist, or a wrench is a line T=[ , × ]L s r s  called 
axis of the screw. Before defining the motor screw, sliding 
vectors should be discussed. Sliding vector can be 
described as a vector with known length, direction, 
position and zero pitch μ=0 . Consider that arbitrary 
number of sliding vectors in space is given as n

i 1{ }s .  
 

 
Fig. 3. Motor Screw 

 
As shown in Fig.3 the resultant vector of sliding vectors in 
space will be the main vector i=1 i

n=∑s s  while the main 
moment with respect to an arbitrary point , M in space 
will be 

ii=1M i i
n= ( )×∑u r s . Changing the arbitrary point to 

a new one N, the main moment will become   

ii=1N i i M
n= ( + ) =× + ×∑u r r s u r s , where 

_____

= NMr . 
 The system of main vector and main moment is called 
motor screw. 
 In the general case the main vector s and main moment 
u are placed to an arbitrary point M and form some angle 
α  (Fig.3). The main moment u can be assembled into two 
component vectors u = (u',u") , where '//u s  and " ⊥u s . 
If the moments are said to be taken from some arbitrary 
point N than "= ×u r s , where r is the shortest distance 
from point N to the main vector s. In order to find r in 
terms of the main vector and main moment following 
algebraic procedure can be introduced as,  
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"  Sin(α)  Sin(α)= = = ×
=

u u s u s ur
s s s s s s

     (1.9) 

 
 The Plücker coordinates of this line (neutral axis MN=r) 
can be described as = ( , × )L s r s  and form a particular type 
of screw that we call a Plücker vector. Notice that the two 
vectors that make up a Plücker vector are orthogonal. 
 
1.3. Derivation 
 
 Collinear conditions are executed or all points located 
on line parallel to s, and passing through the point N. This 
line is called main axis of screw of the system of sliding 
vectors, main vector and main moment. If s and 'u  are 
directed to the same direction that screw is called right 
screw. If s and 'u  are directed in opposite directions that 
screw is called left screw. If s  and "=u u  are orthogonal 
vectors that screw is called zero screw. Two vectors 'u  
and s is interconnected by the ratio ' =μu s , where 
parameter μ  is the pitch of screw. The magnitude at the 
pitch is defined by multiplying left and right sides by s , 

as ' =μs u s s  or Cos( )=μαs u s s  or =μ⋅s u s s  or 

μ= ⋅
⋅

s u
s s

 

- Screw pitch μ  is the ratio at magnitude of the 
component of u in the direction s to the magnitude of s 
- If the parameter of screw μ=0 , then the screw is 
equivalent to the vector s  and is called zero screw. 
- If the vector s=0, that screw equivalent to the moment 
vector u and is called degenerated screw. 
- Any sliding vector is equivalent to zero vector. 
- Any free vector is equivalent to degenerated screw. 
- A screw is written in terms of the Plücker coordinates of 
its axis as T $=[ , μ + × ]s s r s  
- A line of the axis of the screw in terms of the Plücker 
coordinates are defined as T $=[ , × ]s r s , where T=[ , , ]l m ns ,

T=[P,Q,R]u , T=[x,y,z]r  
- Two conditions =1s s  and =0s u  gives that four 
Plücker coordinates of line are independent 
 
 
2. Displacement of One, Two and Three Screws in 
Space 
 
2.1. Displacement of Unit Screw in Space 
 
 The moment of unit screw with respect to origin of 
reference coordinate system is  

 
u= ×r s    (2.1) 

 
where  T=[x,y,z]r  is the radius-vector of any point of unit 
screw and T=[P,Q,R]u  is the moment. 
 Eq. (2.1) can be describe in matrix form as  
 

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

  (2.2) 

 
 Eq (2.2) is the equation of unit screw axis in space, so 

2$ =1+ω 0⋅ , or with respect to Eq.s(1.6) in dual 
coordinate form yields: 
 

2 2 2L +M +N 1+ω 0= ⋅% % %    (2.3) 
 
where  
 

2 2 2 2 2 2L = +2ω P, M = +2ω Q,  N = +ω Rl l m m n n% % %  (2.4) 
 

Using Eq.s(2.3) and (2.4) gives. 
 

2 2 2+ + +2ω(P Q R )=1+ω 0l m n l m n+ + ⋅   (2.5) 
 

Equation (2.5) can be introduce in the vector form 
 

+2ω =1+ω 0  or =1  and =0⋅s s su s s s u   (2.6) 
 

The system of Eq.s (2.6) describe that from six Plücker 
coordinates just four parameters are independent: 
- Plücker coordinates are dependent 
- Axis of unit screw is described by unit vector  T=[ , , ]l m ns  
and moment of unit vector T=[P,Q,R]u  
 
2.2. Displacement of Two Screws in Space 
 
 The displacement of a rigid body in space can be 
introduced by two arbitrary attached unit screws 1$  and 

2$   (Fig.4) with the following equations:  
 2 2 2

1 1 1L +M +N 1+ω 0= ⋅% % % , 2 2 2
2 2 2L +M +N 1+ω 0= ⋅% % % , 

1 2 1 2 1 2L L +M M +N N =Cos(A)%% % % % % %     (2.7) 
 
where A=α+ω a⋅% , α -twist angle between axes of two 
screws, a- short distance between screw axes, 
Cos(A)=Cos(α)-ω a Sin(α)⋅%  
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Fig. 4. Displacement of rigid body 

 
Eqs.(2.7) can be introduce as: 
 

2 2 2
1 1 1 1 1 1 1 1 1
2 2 2
2 2 2 2 2 2 2 2 2

1 2 1 2 1 2 2 1 1 2 2 1 1 2

1 2 2 1 12 12 12

+ + +2ω( P Q R )=1+ω 0

+ + +2ω( P Q R )=1+ω 0
+ + +ω( P P Q Q
R R )=Cos(α )-ωa Sin(α )

l m n l m n

l m n l m n
l l m m n n l l m m

n n

+ + ⋅

+ + ⋅
+ + +

+ +

    (2.8) 

 
Eq.(2.8) gives following six equations 
 

1 1 1 1 2 2 2 2

1 2 12 2 1 1 2 12 12

=1, u =0, =1, =0
=Cos(α ), =-a Sin(α )+

s s s s s s u
s s s u s u

     (2.9) 

 
 The last equation in (2.9) is called mutual moment of 
two screws 1$  and 2$ . Mutual moment equals to zero 
when 
- 12α 0= , the axes of 1$  and 2$  are parallel (Fig. 4b) 
- 12a 0= , the axes of 1$  and 2$  are intersecting (Fig. 4c) 
 We have six equation (2.9) that means from 12 Plücker 
parameters just six parameters are independent.  
 Let’s consider the components of moments 1u  and 2u  
of the two screws 1$  and 2$  that are arbitrary directed in a 
rigid body (Fig.4a). If given T

1 1 1 1=[x ,y ,z ]r , 
T

1 1 1 1[ , , ]l m n=s , T
2 2 2 2=[x ,y ,z ]r , T

2 2 2 2[ , , ]l m n=s , that 
Eq.(2.2) gives the displacement of a rigid body as: 
 

1 1 1 1

1 1 1 1

1 1 1 1

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 2 2 2 2

2 2 2 2

2 2 2 2

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 or 

1 1 1 1

1 1 1 1

1 1 1 1

P 0 z -y
Q = -z 0 x
R y -x 0

l
m
n

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 2 2 2 2

2 2 2 2

2 2 2 2

P 0 z -y
Q = -z 0 x
R y -x 0

l
m
n

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 (2.10) 

 The position and  orientation of the rigid body (Fig.4a) 
for the general case yields: 
 

1
1 1 1 1

1 1 1 1

1 1 1 1

x 0 - P
y = - 0 Q
z - 0 R

n m
n l

m l

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

,
1

2 2 2 2

2 2 2 2

2 2 2 2

x 0 - P
y = - 0 Q
z - 0 R

n m
n l

m l

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 and 

1
1 1 1 1

1 1 1 1

1 1 1 1

0 z -y P
= -z 0 x Q

y -x 0 R

l
m
n

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

,
1

2 2 2 2

2 2 2 2

2 2 2 2

0 z -y P
= -z 0 x Q

y -x 0 R

l
m
n

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, (2.11) 

 
 Controlling Eqs(2.9-2.11) the displacement (position 
and orientation) of the rigid body are described by six 
independent and six dependent parameters of the two 
arbitrary located unit screws with respect to the additional 
Eq.s (2.9) 
 - Considering two unit screws 1$  and 2$  (Fig.4b) that 
are parallel in space ( 12α 0= , 1 2l l l= = , 1 2m m m= = , 

1 2n n n= = )  the number of additional Eq.s(2.9) yields:  
 

2 2 2

1 1 1

2 2 2

+ + 1
P Q R 0
P Q R 0

l m n
l m n
l m n

=
+ + =
+ + =

  (2.12) 

 
 So the displacement of the rigid body are defined by the 
given parameters of two parallel unit screws ( 1 2, , s r r ): 
 

1 1

1 1

1 1

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 2 2

2 2

2 2

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, or 

1 1 1

1 1 1

1 1 1

P 0 -z y
Q = z 0 -x
R -y x 0

l
m
n

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 2 2 2

2 2 2

2 2 2

P 0 -z y
Q = z 0 -x
R -y x 0

l
m
n

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

,       (2.13) 

 
 The position and orientation of the rigid body with two 
parallel unit screws gives: 
 

1
1 1

1 1

1 1

x 0 - P
y = - 0 Q
z - 0 R

n m
n l

m l

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 
1

2 2

2 2

2 2

x 0 - P
y = - 0 Q
z - 0 R

n m
n l

m l

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

1
1 1 1

1 1 1

1 1 1

0 P
= 0 Q

0 R

l z y
m z x
n y x

−−⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

    (2.14) 

 
 The position and orientation of the rigid body with 
respect to the given two parallel unit screws (Eqs(2.12-
2.14)) are defined by six independent and three dependent 
parameters respect to Eq.s(2.12). 
 - In the case when two unit screws 1$  and 2$  (Fig.4c) 
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are intersected in space  ( 12a 0= , 1 2x=x =x , 1 2y=y =y , 

1 2z=z =z ) the displacement of the rigid body can be 
described by six independent and three dependent 
parameters 1 2, , s r r  bearing in mind the three additional 
conditions 1 1 2 2 1 2 12=1, =1, =Cos(α )s s s s s s : 
 

1 1 1

1 1 1

1 1 1

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 2 2 2

2 2 2

2 2 2

P 0 - x
Q = - 0 y
R - 0 z

n m
n l

m l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

  (2.15) 

 
 In order to find the position of the rigid body (x,y,z)r , 
sufficient equation groups from displacement Eq.s(2.15) 
can be used, such as T

2 1 1[P  Q  R ] , T
1 2 1[P  Q  R ]  and 

T
1 1 2[P  Q  R ] . After solving the mentioned equation groups 

the three coordinates of the position of the rigid body can 
be introduced as, 
 

-1
2 1 2 1 1 2 12

-1
1 2 2 1 12

-1
1 2 2 1 12

x=( Q + R + P )

y=( P - P )

z=( P + P )

m n l l

m m l

n n l

, 
-1

1 2 2 1 12
-1

2 1 1 2 2 1 12
-1

1 2 2 1 12

x=( Q - Q )

y=( P + Q + R )

z=( Q - Q )

l l m

l m n m

n n m

,  

-1
1 2 2 1 12

-1
1 2 2 1 12

-1
2 1 2 1 1 2 12

x=( R - R )

y=( R - R )

z=( P + Q + R )

l l n

m m n

l m n n

,
1 1 1 1

12 12
2 2 2 2

1 1
12

2 2

= , =

=

m n n l
l m

m n n l

l m
n

l m

 (2.16) 

 
where in Eq.s(2.16) 12 12 12, ,l m n  are the projections of 
normal vector 1 2 12=×s s n  onto axes of system coordinates. 
 
2.3. Displacement of Three Screws in Space 
 Let’s consider three unit screws in space i$ , j$  and k$  
(Fig.5). In order to form the algorithm to find the dual 
coordinates of the third screw k k k k$ (L ,M ,N )% % %  with respect 
to the known dual coordinates of unit screws i i i i$ (L ,M ,N )% % %  
and j j j j$ (L ,M ,N )% % %  that is directed along the short distance 
between i$  and k$ . 
 It is clear from Fig.5 that two unit screw pairs i$ , j$   and  

j$ , k$  are orthogonal unit screws ij jk ij jkα =α =π/2, a =a =0 . 

So, the position and orientation of unit screw k$ , with 
respect to i$  can be described by two independent 
parameters ik a  and ik α . 

 
Fig.5 Displacement of three screws in space 

 
 Firstly we have to consider the task for the system of 
unit vectors s as the real path of unit screw $ . We have to 
describe the orientation of any rigid body k$  by given 
coordinates of unit vectors j$  and i$ . 
 
2.4. Transformation Unit Vector Matrix 
Equation. 
 
 The transformation unit vector equations are described 
by link j ik j ik(a =a ,α =α )  and kinematic pair j ik(d =a , j ikθ =α )  
parameters (Fig.6). Note that transformation unit vectors 
are the unit vectors, where their directions are intersected 
by one another in series. The unit vector  equations are 
derived to find the direction of the third unit vector ks  
with respect to any reference frame by given the 
directions of two unit vectors is  and js  in the same 
reference frame. 
 

  
Fig.6. Joint and link parameters 

 
 As shown in Fig.6 three independent unit vectors 

i i i i( , , )l m ns , j j j j( , , )l m ns  and k k k k( , , )l m ns  describe the joint 
and link parameters. Note that, for revolute pair 
parameters ikα  is variable while ika  is constant, on the 
other hand for prismatic pair, while parameters ikα  is 
constant ika  is variable (Fig.6a) 
 First we will describe the vector equations of the  three 
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unit vectors as 
 

i k j ik i k ik j k× = Sin(α ), =Cos(α ), 0=s s s s s s s    (2.17) 
 

The first Eq.(2.17) can be introduced in matrix form:  
 

j i i k

j ik i i k

j i i k

0
Sin(α )= 0

0

l n m l
m n l m
n m l n

⎡ ⎤ −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦⎣ ⎦

 or j ik k Sin(α )=s As (2.18) 

 
 If both sides of the Eq.(2.18) are multiplied by T

js , the 
result will be : 
 
 T T

j j ik j k ik ij k Sin(α )= A  or Sin(α )=s s s s s s              (2.19)  
 
where T T T

j j ij j ij ij ij ij=1,  = , [ , , ]l m n=s s s s A s  and  

i i i i i i
ij ij ij

j j j j j j
= , = , =

m n n l l m
l m n

m n n l l m
   

 Using Eq.(2.19), the system of Eq.(2.17) can be written 
in the following form, 
 

ij k ik i k ik j kSin(α ), =Cos(α ), 0= =s s s s s s              (2.20) 
 
Solution of the system of Eq.s(2.20) gives the 
transformation unit vector matrix equation as: 
 

k i ij j ik

k i ij j ik

k i ij j

Cos(α )
= Sin(α )

0

l l l l
m m m m
n n n n

⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

 or k 3x3 3x1=s B α             (2.21) 

 
 Transformation unit vector matrix Eq.(2.21) can be used 
to describe an orientation of a rigid body with respect to 
the reference frame. The orientation of one unit vector of 
any rigid body with respect to the previous frames can be 
presented by using Eq.(2.20) in another matrix form as 
follow: 
 

i

ij
k ik ik

i
k ik ik

ij
k ik ik

i

ij

Cα Sα 0 0 0 0
= 0 0 Cα Sα 0 0

0 0 0 0 Cα Sα

l
l

l
m

m
m

n
n
n

⎡ ⎤
⎢ ⎥
⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

or 

 k 3x6 6x1=s C e                                  (2.22) 
 
So we have two form of transformation unit vector 
matries Eqs.(2.21) and (2.22). So, orientation of rigid 
body can be described by two unit vectors js , ks  and the 

conditions j k ik j j k k=Cos(α ), =1, =1s s s s s s . 
 
2.5. Design of Novel Overconstrained RRRS 
Linkage with Linear and Angular Constraints. 
 
 In the path of a new design of the current design, linear 
and angular constraints have been created by using 
transformation unit vector approach for creating loop 
closure equation for the new RRRS linkage shown in 
Fig.7 The hinges 1,2, and 3 with arbitrary directions 2 4,s s
and 6s  are described by joint parameters 13 13 35 35{a ,α },{a ,α }
and 57 57{a ,α }  , so that remaining link  parameters will be

24 24{a ,α }  46 46{a ,α } and 68a .  
 
 

 
 

 
Fig.7. Novel overconstraint RRRS linkage 

 
 
Note that, the spherical joint S and the first revolute joint 
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are connected to the fixed frame, parameters 13 35α ,α  and 

57α  are variable and remaining parameters are constant. 
As shown in Fig.7a the vector loop closure equation for 
the mentioned overconstrained mechanism can be written 
as follows: 
 

7

i i-1,i+1 C
2

a =
i=
∑ s r     (2.23) 

 
where; T T

C C C C i i i i=[x ,y ,z ] , =[ , , ]l m nr s  
 The vector 7

i 3{ }s  can be calculated by using 
transformation unit vector matrix Eq.(2.21) or Eq.(2.22) 
with given vectors T

1 =[1,0,0]s  and T
2 =[0,0,1]s  as below. 

  
 

3 13 4 13 24 5 13 35 24 13 35

3 13 4 13 24 5 13 35 24 13 35

3 4 24 5 24 35

C S S C C -C S S
S , -C S , S C +C C S
0 C S S

l l l
m m m
n n n

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

6 46 13 24 24 13 35 13 35 46

6 35 13 46 24 46 35 46 24 13

6 24 46 35 24 46

C S S +(C S C +C S )S
S S S -(C S C +C S )C

C C -C S S

l
m
n

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

              (2.24) 

7 13 35 57 46 35 57 13 24 46 57 24 57 35 35 46 57

7 57 35 13 13 24 35 57 46 13 35 13 35 46 24 24 46

7 57 24 35 57 35 24 46 24 46

C (C C -C S S )-S (-S S S +C (C S +C C S ))
C (C S +C C S )+S (-C S S +C (C C C -S S ))

C S S +S (C S C +C S )

l
m
n

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
 
 
where ikC  and ikS represent the cosine and sine of the angle 

ikα  respectively. 
 Substitution of the elements of the unit vector values 
from Eq.s(2.24) into Eq(2.23) yields, 
 

57 46 68 46 57 24 1 24 35

46 68 57 35 57 46 68 46 57 35 24 1 24

46 68 57 35 57 46 68 46 57 35 2 24

a C a S S pC +K S a
(a a C )S (a S a C S )C pS -K C
(a a C )C (a S a C S )S K -a

+ = −

+ − − =

+ + − =

  (2.25) 

 
where, 

C 13 1 C 13 C 13 2 C 13 C 13p=Z -a ,  K =x S -y C , K =y S +x C  
 
 We may consider ikS  and ikC as two independent 
variables and add following trigonometric identities as 
supplementary equations of constraint, 
 

2 2 2 2 2 2 2 2
35 35 57 57 1 2 C CS +C =1, S +C =1, K +K =x +y      (2.26) 

 
 The problem is to eliminate the following variable 
parameters 13 35α ,α  and 57α . 
 After summing the squares of Eq.s(2.25) by taking into 
account Eq.s(2.26), we obtain the following equation. 
 

2 2 2 2 2 2 2 2
46 68 57 c c 24 35 46 57 68 35 24

1 35 24 2 24

2a a C =x +y +p +a +a -a -a -a -2pa C
-2K a S -2K a

 (2.27) 

 So, we have eliminated unknowns 35S  and 35C  
(unknown variable parameter 35α ). Now, the combination 
of Eq.(2.27) and the first equation of system Eq.(2.25) 
gives two equations respect to two unknowns 57α  and 13α : 
 

46 68 57 1 1 35 24 2 24

68 46 57 1 24

2a a C =p -2K a S -2K a
a S S =q+K S

   (2.28) 

where, 2 2 2 2 2 2 2 2
1 c c 24 35 46 57 68 35 24p =x +y +p +a +a -a -a -a -2pa C  

24 57 46 35q=pC -a C -a  
 
 Now we have to eliminate variable parameter 57α . 
Multiplying the first equation by 46S and the second 
equation by 462a  (Eq.s(2.28)) and summing the squares of 
both equations we can reach the following overconstraint 
equation with respect to the variable parameter 13α : 
 

2 2 2 2 2 2 2
46 68 46 46 1 24 46 1 1 35 24 2 244a a S =4a (q+K S ) +S (p -2K a S -2K a )   (2.29) 

 
 Arranging the overconstraint Eq.(2.29), the following 
polynomial equation  can be constructed as, 
 

2
1 1 2 1 2A K +BK +CK +DK K +E=0            (2.30) 

 
where, 

2 2 2 2 2 2 2
46 24 35 24 46 24 46

2 2 2
46 24 1 35 24 46 1 24 46

2
24 35 24 46
2 2 2 2 2 2 2 2 2 2 2

46 1 46 46 68 46 C C 24 46

1 C 13 C 13 2 C 13 C 13

A =4a S +4a S S -4a S ,

B=8qa S -4p a S S , C=-4p a S ,

D=8a a S S

E=4q a +p S -4a a S +4(x +y )a S
K =x S -y C , K =x C +y S

 

 
 In the case of mobile mechanism, the functions 

1 13K =f(α )  and 2 13K =f(α )  are not constant thus coefficients 
of the polynomial Eq.(2.30) must be equal to zero 
(A=B=C=D=E=0)  
  So, the condition of mobility one of  the structural 
group RRRS will be the following mathematical 
expressions 

35 1 24 57 46
2 2 2 2 2

46 24 24 46 24 C C 46 68

D=0 a =0, C=0 p =0, B=0 pC =a C ,

A=0 a S =a S , E=0 a (x +y )=a a

⇒ ⇒ ⇒

⇒ ⇒
    (2.31) 

  
 Using the expression of parameters 1p, p  and q  in 
Eq.(2.31) we can illustrate the following five constraint 
equations for kinematic parameters of RRRS mechanism 
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-1 -1
35 46 24 46 24 C 13 56 46 24
2 2 2 2 2 2 2
C C C 13 24 46 57 68
2 2 2 2 -1 2 2 -1
C C 68 46 24 68 46 24

a =0, a =a S S , z =a +a C C

x +y =-(z -a ) -a +a +a +a

x +y =a a a =a S S

     (2.32) 

 
Substituting the value of 46a  and C 13z -a  to the fourth 
equation of system Eq.s(2.32) yields: 
 

2 2 -2 2 2 -2 2 2 -2 2 2
68 46 24 57 46 24 24 46 24 24 57a (S S -1)+a C C -a S S +a -a =0     (2.33) 

 
 After some identical transformation of Eq.(2.33) we can 
get  the value of parameter 2 2 2 0.5

68 24 57 24a =(a +a Tan (α ))  
 As a result we will get the following linear and angular 
conditions for the overconstraint mechanism RRRS with 
mobility M=1 (Fig.7b) 
 

-1 2 2 2 0.5
35 46 24 46 24 68 24 57 24

-1 2 2 2
C 13 57 46 24 C 46 68 24

a =0, a =a S S , a =(a +a Tan (α ))

Z =a +a C C , x Cy a a a−+ =
     (2.34) 

  
 The system of Eq.s(2.34) are equation of circle in space 
with the center C(0,0,Z )  and radius 2 2 -2

46 68 24r=a a a . So for 
mechanism RRRS with mobility M=1 the Eq.s(2.31) gives 
us the linear and angular constraints as 35 46 68 24 46a ,a a ,α ,α  
and the coordinates of spherical joint. 
  
Example: let 24 46α ,α 45= o  and 13a =0  then we obtain spatial 
RRRS mechanism with one input link (Fig.7b) with linear 
and angular constraint. 

2 2 0.5
35 13 46 24 68 24 57 C 57 68a =0, a =0, a =a , a =(a +a ) , Z =a , r=a  

 
2.6. Transformation unit screw matrix equation. 
 
 Using the transferring principle of Kotelnikov-Shtudi 
which state that all formulas of vector algebra can be used 
in screw algebra formulations if and only if the values 
should be interpreted in dual form. In Eqs(2.21) and (2.22) 
the unit screw k$  with respect to the known dual 
coordinates of unit screw i$  and  j$ , can be represented as 

k k k k$ (L ,M ,N )% % % , i i i i$ (L ,M ,N )% % % , j j j j$ (L ,M ,N )% % % . Also the angles 
between the unit screws i$ and k$  in the form as 

ik ik ikA =α +ωa where, ikα is the angle between the screw axes 
and ika is the short distance between corresponding screw 
axes (Fig6b) respectively. If the trigonometric operations 
are to be carried out in the dual angle, following formulas 
should be used. 
 

ik ik ik ik

ik ik ik ik

Sin(A )=Sin(α )+ωa Cos(α )
Cos(A )=Cos(α )-ωa Sin(α )

  (2.35) 

 

So, Eq.s(2.21) and (2.22) can be indicated in dual form as. 
 

k i ij j ik

k i ij j ik

k i ij j

L L L L Cos(A )
M = M M M Sin(A )
N N N N 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

% % % %

% % % %

% % % %

 or 

 k$ BA= %%     (2.36) 
and 

i

ij
k ik ik

i
k ik ik

ij
k ik ik

i

ij

L
L

L CA SA 0 0 0 0
M

M = 0 0 CA SA 0 0
MN 0 0 0 0 CA SA
N
N

⎡ ⎤
⎢ ⎥
⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦
⎢ ⎥
⎢ ⎥⎣ ⎦

%

%
%

%
%

%
%

%

%

 or  

k$ CE= % %     (2.37) 
where 

k k k i i i

k k k i i i

k k k i i i

L P L P
M = +ω Q ,  M = +ω Q
N R N R

l l
m m
n n

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

% %

% %

% %

,

j j j

j j j

j j j

L P
M = +ω Q
N R

l
m
n

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

%

%

%

, i i
ij

j j

N M
L =

N M

% %
%

% %
, i i

ij
j j

L N
M =

L N

% %
%

% %
 

i i
ij

j j

M L
N =

M L

% %
%

% %
, i i i i

ij
j j j j

Q R
P =

Q R
n m
n m

− , i i i i
ij

j j j j

R P
Q =

R P
l n
l n

− ,

i i i i
ij

j j j j

P Q
R =

P Q
m l
m l

− . 

 
 Using the rules of screw algebra Eq.s(2.35 and 2.37) 
after some arrangements in the elements, the 
transformation unit screw matrix equations with real 
Plücker coordinates can be represented as follows 
respectively: 
 

k$ =Bα% %     (2.38) 
 

where 
T

k k k k k k k
T

k ik ik ik ik ik ik

$ =[ , , ,P ,Q ,R ]

α =[Cos(α ),Sin(α ),-a Sin(α ),a Cos(α ),0,0]

l m n
%

 

i ij

i ij

i ij

i ij i ij

i ij i ij

i ij i ij

0 0 0 0
0 0 0 0
0 0 0 0

B=
P P 0 0
Q Q 0 0
R R 0 0

l l
m m
n n

l l
m m
n n

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

%  and 

 k$ CE= % %    (2.39) 
where 

i ij i ij i ij i ij i ij i ijE=[ , , , , , ,P ,P ,Q ,Q ,R ,R ]l l m m n n%  
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ik ik

ik ik

ik ik

ik ikik ik ik ik

ik ikik ik ik ik

ik ikik ik ik ik

Cα Sα 0 0 0 0 0 0 0 0 0 0
Cα Sα 0 0 0 0 0 0 0 00 0

Cα Sα 0 0 0 0 0 00 0 0 0
C=

Cα Sα 0 0 0 0-a Sα a Cα 0 0 0 0
Cα Sα 0 0-a Sα a Cα 0 0 0 00 0

Cα Sα-a Sα a Cα 0 0 0 00 0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

%
 

 
 As it is shown above each unit screw is determined by 
six Plücker coordinates, and only four of them are 
independent as =1•s s and =0•s u . So that the 
displacement of the rigid body in space can be defined by 
using six independent parameters as k k k k ik ik, ,P ,Q ,a ,αl m  or 
other combinations with respect to the transformation unit 
screw matrix Eq.s (2.38) and (2.39). 
 
3. General Constraint of Active Motion of a Rigid 
Body. 
 
 If all the joints in a robot- manipulator are described by 
unit screws we will create a screw system n

j 1{$ } . The 
general constraint d of a mechanical system is taken to be 
the difference between six and the dimension of active 
motion( λ ) of an unpaired link of the mechanism in the 
space (spatial, subspaces: plane ,cylindrical , spherical and 
others) in which the mechanism is assumed to operate. 
The dimension of active motion of rigid body λ is the 
number of independent, scalar loop-closure equations 
associated with ith independent loop. The total number of 
independent, scalar, displacement variables is determined 
by the rank of the coefficient matrix of the differential 
loop-closure equations. In the general case this is equal to 
the total number of screws permitted at each joint. 
 The dimension of active motion of a rigid body λ  is 
equal to the rank of matrix of the screw system and the 
mutual moments is not zero: 
 

j i j i ji ji ji$ $ =-(μ +μ )Cos(α )-r Sin(α )o        (3.1) 
j=1,2,…,n and i =1,2,…,6 
 

Let
11 16

1 6

A=

n n

a a

a a

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

K

M O M

L

 is matrix of Eq.(3.1) with  n row 

and 6 column. The rank of matrix A is called the max 
number λ , that there is the sub matrix M of order λ  in 
matrix A. 

- Matrix 
0 0

A=
0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

K

M O M

L

with zero elements has rank λ=0   

-Matrix 
1 1

2 2

0

A=

0 0

l m
l m

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

K

K M

MM M O

L

has rank λ=1 if elements of 

two any row and two any column are proportional. 
 The maximum number λ=6  is equal to the maximum 
number of independent parameters of screw 

T$ [ , ,P,Q,R,μ]l m= . So, the maximum number of linear 
independent row of matrix equal to the maximum number 
of linear independent column. If rank of matrix equal to λ , 
there should be a minor with det M 0≠ . 
 The standard base of the screw system with λ=6  is  

03$ 3$∞ that describe three translational and three 
rotational active motions with respect to xyz axis 
respectively. Another example about basis of screw 
system with λ=5  are 03$ 2$∞  and 02$ 3$∞  that describe 
three translational and two rotational or two translational 
and three rotational active motion of an unpaired link of 
the mechanism in subspace with respect to xyz axis 
respectively. But, if there are screws in the screw system  
whose mutual moments equal to zero that means there 
exists linear dependent screws. 
 Then, the general constraint is the difference between 
the dimension of active motion of a rigid body in space 
and the rank of screw system: 
 

d=6-λ or λ=6-d   (3.2) 
 

So, the term “general constraint” of a mechanism refers to 
the difference between the degree of freedom of a link 
moving freely in space and the dimension of active 
motion of subspace in which the link is actually move, 
(Eq 3.2). 

 
4. Operation on Screw Systems 
 
4.1. Sub Screw Systems 
 
 Sub screw systems of an n$  screw system are linear 
combination of λ  basis screw systems: 
0 λ 6≤ ≤ , λ  is  the dimension of active motion 
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Table 4.1. Geometry  of basis of screw systems 

λ Basis of screw 
system 

Geometry and simple structural group bonding 
by sub screw system Comments 

6 03$ 3$∞  

$$$$$$  

If the directions of all $  screws are 
linear dependent of basis 03$ 3$∞ . 

Case 1 

5 02$ 3$∞  
____

$$ ($$$)  

If the directions of all screws $  
parallel to the plane 2$∞   or belong 

to the 03$  system. 

4 01$ 3$∞  

$($$$)  

If the all screws $  belong to the 

01$ 3$∞  system respectively. 

3 03$  

($$$)  

If the directions of all screws 0$  
intersect at a common point and 

noncoplanar. 

2 02$  

($$)  

If the directions of all 0$  screws 
intersect at a common point and are 

coplanar. 

1 01$  
$  

If the directions of all screws 0$  are 
directed along the same line. 

Case 2 

5 03$ 2$∞  
_____

$$$($$)  

If the directions of all screws $  are 
parallel to the line on the plane or 

directed to the center. 

4 03$ 1$∞  
_____

$$$ $  

If all screw system $  are linear 
dependent of the basis 03$ 1$∞  

screw system. 

3 3$∞  
_____

$$$  

If all screw system $  are parallel to 
the orthogonal basis screw system 

3$∞ . 

2 2$∞  
____

$$  

If the directions of all the $∞  are 
parallel to same plane. 

1 $∞  $  
If all the screws $∞  are directed 

along the same direction 
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4.2. Linear Combination of Two Screw Systems 
 
 Linear combination of the two basis screw systems (the order of the new screw system is less or equal to the sum of the 
orders of the screw systems) 
 

Table 4.2 Linear combination of basis screw systems 

λ 
Linear 

combination of 
screw system 

Screw diagrams Comments 

1 
A 01$ screw system 

0 0 01$ +1$ 1$⇒   

If the directions of the 

0$  with in the 01$  
system are on the one 

line. 

2 
A 2$∞ screw system 

2$ +1$ 2$∞ ∞ ∞⇒  

IF the directions of the
$∞  within the 1$∞  

and the $∞  within the 

2$∞  system is parallel 
to the same plane. 

3 
A 3$∞ screw system 

2$ +1$ 3$∞ ∞ ∞⇒  
 

IF the directions of the 
$∞  within the 1$∞  

system is not parallel to 
the directions of all $∞  

within the 2$∞  system. 

4 

A 03$ 1$∞  screw 
system 

0 0 03$ +1$ 1$ 3$ 1$∞ ∞⇒
 

 

If the directions of the 
$∞  and  0$  within the 

01$ 1$∞  system are 
consistent to the 

direction of all 0$  

within the 02$'  of the  

03$  system. 

5 

A 03$ 2$∞ screw 
system 

0 03$ +2$ 3$ 2$∞ ∞⇒
  

If the directions  of $∞   

within the plane 2$∞  
is parallel to one of the 
plane of all 0$  within 

the 03$  system. 

6 

A 03$ 3$∞  screw 
system 

0 03$ +3$ 3$ 3$∞ ∞⇒
  

If the directions of all 

0$  within the 03$  

system and all the $∞  

within the 3$∞  system 
are equal to the sum of 
the order of the screw 

system. 
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4.3. Reciprocal Screws 
 
A) Two screws 1$ and 2$ are called reciprocal if their 
mutual moment equal to zero 1 2$ $ 0=o . The screw 
operator “o ” is defined as the reciprocal product of two 
screws. 
 Usually the mutual moment of two screws are 
 

T
1 2 1 2 1$ o$ =[Π$ ] $ =-r Sin(α)    (4.1) 

where 3

3 6x6

O I
Π=

I O
⎡ ⎤
⎢ ⎥
⎣ ⎦

,
3

3x3

1 0 0
I = 0 1 0

0 0 1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

,

3x3

0 0 0
O= 0 0 0

0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

T
1 1 1 1 1 1 1 1 1 1 1 1 1$ =[ , , ,P +μ ,Q +μ ,R +μ ]l m n l m n  

T
2 2 2 2 2 2 2 2 2 2 2 2 2$ =[ , , ,P +μ ,Q +μ ,R +μ ]l m n l m n  

 Using Eq.(4.1) the mutual moment of 1$ and 2$  screws 
yields 
 

2 1 2 1 2 1 1 2 1 2 1 2

1 2 12 12 12

P + Q + R + P + Q + R
-(μ +μ )Cos(α )-r Sin(α )
l m n l m n =     (4.2) 

where 12r  is the offset distance along the common 
perpendicular leading from screw 1$   to screw  2$ ; 12α  is 
the angle between the axes of 1$  and 2$ , measured from 

1$  to 2$  about the common perpendicular according to the 
right-hand rule; 1μ  and 2μ  are pitch of the screw. 
 The reciprocity equation of two screws 1$  and 2$  comes 
from Eq.(4.2) 
 

2 1 2 1 2 1 1 2 1 2 1 2P + Q + R + P + Q + R 0l m n l m n =     (4.3) 
 
 The reciprocity condition can be derived as: 

1 2
o o

12 12 12 1 2

1 2 12 12 12 1 2

No constraint if μ  and μ  are 

Cos(α )=0, α =90 , α =270  if μ  or μ  is 
-(μ +μ )Cos( )-r Sin( )=0 if μ  and μ  are both finite α α

∞

∞

 The reciprocity conditions of two screws gives: 
- 2$∞  are always reciprocal to each other $$  (parallel to 
each other)  
-A1$∞  is reciprocal to a 01$  if and only if their axes are 
perpendicular to each other$ $⊥  
- 02$  are reciprocal to each other if and only if their axes 
are coplanar ($$)  
 
B) Two screws 1$  and 2$  are said to be reciprocal if the 
virtual work of a wrench  1$ =W  acting on a twist  2$ =T  is 
zero. 

 The work done by a wrench T=[ , + ]×W F p F τ  as it moves 
through a twist T=[ , + ]×T ω V q ω  over a virtual time period 

tδ  is given by 

  T T O I
A= ( T) t=[ , + ] t

I O +
δ δ τ δ

⎡ ⎤ ⎡ ⎤
Π × ⎢ ⎥ ⎢ ⎥×⎣ ⎦ ⎣ ⎦

ω
W F p F

V q ω
 or 

+
A=[ , + ] t=[ + -( - ) ( )] tδ τ δ τ δ

×⎡ ⎤
× ×⎢ ⎥

⎣ ⎦

V q ω
F p F F V ω p q ω F

ω
 

 The reciprocity conditions of two screws T and W is 
received if the virtual work Aδ  of a wrench acting on a 
twist is zero,. 

 
+ -( - ) ( ) 0τ × =F V ω p q ω F          (4.4) 

 
C) Reciprocal screw system. The reciprocal screw system 
of a given screw system can be obtained by using the 
reciprocity condition of screws. 
-The reciprocal system of the  02$  system is still the 02$  
screw system. The 01 02{$ ,$ }  is the basis of screw system 
and  the r r

01 02{$ ,$ }  is reciprocal basis of the reciprocal 
system. 
-The reciprocal system of a 03$  screw system is still a 03$  
screw system. 03$  screw system is represented by a basis 

01 02 03{$ ,$ ,$ }  and its reciprocal screw system which is also 
a 03$  system is represented by a basis r r r

01 02 03{$ ,$ ,$ } . 
-The reciprocal system of the  3$∞  system is still the 3$∞  
system. the basis of 3$∞  system  is 1 2 3{$ ,$ ,$ }∞ ∞ ∞  and the 
basis of reciprocal systems of 3$∞  system  are 

r1 r1 r1
1 2 3{$ ,$ ,$ }∞ ∞ ∞ , r2 r2 r2

1 2 3{$ ,$ ,$ }∞ ∞ ∞ . 
 
-The reciprocal system of the 02$ 1$∞  system is still 

02$ 1$∞  system is represented by a basis 1 2 0{$ ,$ ,$ }∞ ∞  and 
its reciprocal systems are represented by a bases 

r1 r1 r1
1 2 0{$ ,$ ,$ }∞ ∞  and r2 r2 r2

1 2 0{$ ,$ ,$ }∞ ∞ . 
 
-The mixed reciprocal system of the 03$ 3$∞  , and 02$ 3$∞ , 
and 03$ , and 02$ 1$∞  screw system is still the mixed 

03$ 3$∞ , 02$ 3$∞ , 03$  and 02$ 1$∞  screw system. 
 Screw system 0$  and $∞  is represented by a basis 

01 02 03 1 2 3{$ ,$ ,$ ,$ ,$ ,$ }∞ ∞ ∞  and  its reciprocal system which is 
also a  03$  and  3$∞  is represented by a basis 

r1 r1 r1 r1 r1 r1
01 02 03 1 2 3{$ ,$ ,$ ,$ ,$ ,$ }∞ ∞ ∞ . The reciprocal system of the 

02$ 3$∞  is represented by a basis r2 r2 r2 r2 r2
01 02 03 1 2{$ ,$ ,$ ,$ ,$ }∞ ∞ . The 

same way reciprocal system of a 03$  system is described 
by a basis r3 r3 r3

01 02 03{$ ,$ ,$ } . So the last reciprocal basis is
r4 r4 r4

1 2 0{$ ,$ ,$ }∞ ∞ . As shown, the mixed reciprocal system has 
the mixed reciprocal basis of screw system.  
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5. Structural Synthesis of Robot Manipulators 
 
 Structural synthesis of robot manipulators is one of the 
main branches of the fundamental Mechanism and 
Machine Science. The investigation on structural 
synthesis of mechanisms is generally studied as 
geometrical and kinematic structural synthesis. The 
geometrical structural synthesis focuses on, 
 
- Further development mobility theory of Mechanisms and 
motions of platforms. 
-Creating simple overconstraint structural groups. 
- Linking simple structural groups with variable general 
constraint. 
- Creating new parallel Cartesian robot- manipulators. 
-Creating new Euclidean platform robot-manipulators 
with variable general constraints 
-Computer-aided structural synthesis. 
 
 The kinematic structural synthesis concentrates on, 
- Kinematic structural synthesis and identifying angular 
and linear conditions for overconstraint mechanisms. 
- Rearranging the leg configurations of parallel 
manipulators in such a way that it will be easier to carry 
out the kinematic task. 
- Generation of the branches and legs of parallel 
manipulators by describing the axis of kinematic pairs and 
lines, also joint and link construction, parameters. 
 
5.1. Structural Formula - The number of 
independent loops 
 
 Consider a parallel manipulator including mobile 
platforms B, total number of connections c  (that is sum 
of numbers of legs cl , hinges ch , and branches cb ) of the 
manipulator respectively. 
By definition it follows that: 
 

c=c +c +cb l h    (5.1) 
 
Assume that each leg or hinge, or branch in the 
manipulator consist of only one link and the total number 
of moving links would be: 
 

n=B+c +c +cb l h     (5.2) 
 
The total number of joints would be: 

pj=j +c +cl h     (5.3) 
 
Euler’s formula to find the member of independent loops 
in a closed kinematic chain is stated as follows: 

 
L=j-n      (5.4) 

where  L is the number of independent loops, j is the 
number of joints and n is the number of moving links in 
the mechanism. 
 Substituting Eq.s(5.2) and (5.3) in (5.4) we get the new 
formula that gives the number of independent loops as: 
 

pL=j -B-cb     (5.5) 
 
 Since a leg is connected to only one joint on a mobile 
platform and a branch is connected to two joints on 
different mobile platforms, the total number of joints on 
the mobile platforms in a parallel manipulator can be 
described as: 
 

pj =2c +c +cb l h     (5.6) 
 
Using Eq.(5.1) in Eq.(5.6) gives: 
 

pj =c+cb     (5.7) 
 
Substituting Eq.(5.7) into Eq.(5.5) we obtain another form 
of the number of independent loops in a closed kinematic 
chain (Table 5.1): 
 

L=c-B      (5.8) 
 
 All branches, legs and hinges of the manipulators create 
independent loops as L =c -B+1b b , L =c -1l l  and L =ch h  
respectively. 
 The number of independent loops in a closed kinematic 
chain of robot manipulators can be introduced as: 
 

L=L +L +L =c +c +c -B=c-Bb l h b l h    (5.9) 
 
Using Eq.s (5.1-5.9) we can formulate the following 
definitions 
 
- Total number of connection chains is the sum of the 
number of branches, legs and hinges. 
- Number of independent loops in closed branches’ 
kinematic chains is the difference of the number of 
branches and platforms plus one. 
- Number of independent loops in closed legs’ kinematic 
chains is one less of the number of legs. 
- Two platforms that are connected by a hinge will create 
independent loops in a closed kinematic chain is the 
difference of the number of the connection chains and 
platforms.  
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Table 5.1 Number of independent loops 
N Equations Diagrams Comments 

1 
L=j -B-cb b  

Rasim Alizade 
1988 

j =12, B=4, c =4, L=4b b  

L is the number of 
independent loops 

jb  is the total number of 
joints on the mobile 

platforms 
B is the number of mobile 

platforms 
cb  is the total number of 
branches between mobile 

platforms 

2 

L=c-B  
c=c +c +cb l h  

pc =j -2c -cl b h

RRasim 
Alizade 

Çağdaş Bayram 
2004 

c =4, c =5,c =1,c=10,B=5, L=b l h

 

c  is the total number of 
connection chains 

cl  is the total number of 
legs, connecting mobile 

platform to ground 
ch is the number of 

hinges connecting two 
mobile platforms 

3 

L=L +L +Lb l h  

L =c -B+1b b  

L =c -1l l  

L =ch h  
Rasim Alizade 
Çağdaş Bayram 
Erkin Gezgin 

2007 

 
L =1, L =2, L =1,L=4b l h  

Lb  is the number of 
independent branches 

loops as the difference of 
the number of branches 
and platforms plus one 

Ll  is the number of 
independent leg loops as 
one less of the number of 

legs 
Lh is the number of hinge 

independent loops that 
created by a hinge of two 

moving platforms 
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5.2. Structural Formula – The Motion of Platform 
of a Robot Manipulator 
 
 Euclidean space geometry introduces that any three 
vectors that are not on the same plane define a space 3R  
with dimension D=3 , also any two non-zero independent 
vectors define a plane 2R  with dimensions d=2 , and in 
the end one vector define a line 1R  passing through origin 
of coordinate system with dimension d=1.  
 
5.2.1 Motion in Euclidean Planes 
 
 In order to obtain Euclidean plane motion in the design, 
legs of manipulators are selected as dyads RR, RP, PR and 
PP chains. Note that the end point of each dyad is 
connected to the platform by universal (U), spherical (S) 
or spherical torus pairs ( tS ). Position of the end point of 
each dyad with respect to the fixed reference frame 

defines the curve of one point of the platform in reference 
Euclidean plane. The motion of the platform can be 
defined by minimum three independent curves of three 
platform points moving on three Euclidean reference 
planes 
 It is clear that freely moving platform in three 
dimensional space has six degrees of freedom. This DoF 
is related to the displacement (position and orientation) of 
the platform in space with respect to the reference frame 

pf =λ . Two moving platform can be connected by hinge 

joint jh  or by branch loop with mobility 
i

b

b bb L LL
c (f -λ )∑ . 

DoF of moving kinematic chains will be p hf =λ+j  or 

i

b

b bbp L LL
cf =λ+ (f -λ )∑ . Three and more platforms can 

be jointed by hinges and branches with DoF of platform 
kinematic chain as 
 

 
Table 5.2 Motion of general platform of a robot manipulator 

N Equations Diagrams Commentary 

1 

l

b b
b

cn

L L
L 1 1

m=(λ+c )+j + (f -λ )+ (d -D)l h l
l= =

∑ ∑  

Rasim Alizade, Fatih Cemal Can, Erkin 
Gezgin, 2008 

m- general formula of motion 
of platforms 

D is the number of dimensions 
of vectors in space 3R ( D=3 ). 
dl  is the number of dimensions 
of vectors of the legs ( d =2l  for 

plane 2R , d =1l  for axis 1R ) 

b bh L Lc 4,λ=6,j =1,f =4,λ =3,

d =(1,1,1,1), D=3,m=4
l

l

=
 

 

2 

lc

p
1

m =(λ+3)+ (d -D)l
l=
∑  

Rasim Alizade, Çağdaş Bayram, Erkin 
Gezgin, 2006 

 
 

pm - motion of general moving 
platform in Cartesian system. 

pλ=3,d =(1,1, 2), D=3,m =1l  
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b

b b

b

c

p L L
L 1

f =λ+j + (f -λ )h
=

∑       (5.10) 

  
 The motion of one platform on the parallel robot 
manipulators can be described by 
 

lc

1
m=λ+c + (d -D)l l

l=
∑    (5.11) 

 
 Also the motion of two or more serial platforms can be 
formulated as, 

lc

1
m=λ+c +j + (d -D)l h l

l=
∑      (5.12) 

 
 The general formula  of motion of platforms that are 
created by branch-loops and hinges can be given in the 
following form. 
 

l

b b

b

cn

L L
L 1 1

m=(λ+c )+j + (f -λ )+ (d -D)l h l
l= =

∑ ∑    (5.13) 

 
 Using the structural formula, Eq(5.10) we can calculate 
the DoF of serial or parallel joint platforms in space, while 
Eq.s(5.11-5.13) can be used to describe the motion of 
platforms related to them. 
 Example: Design a serial Euclidean robot manipulator 
with  

b bL Lc =4,λ=6,n=1,λ =3,f =4l  and hj 1= , Find the 
motion of platforms (Table 5.2). 
 
The motion of platforms can be calculated by using 
Eq.(5.13) as: 
 
m=(6+4)+1+(4-3)+(1-3)+(1-3)+(1-3)+(1-3)=4  
 
5.2.2 Motion in Cartesian Planes 
  
 If the platform moves in Cartesian system coordinates 
simple structural groups will be constructed in the 
orthogonal planes separately. Simple structural groups can 
be connected to the general moving platforms and the 
actuators are positioned in the orthogonal Cartesian 
planes. Each actuators will moved (or rotated if it is 
possible) around the orthogonal Cartesian coordinate 
system. 
 Let the structural groups of three legs c 3l =  are placed 
in three orthogonal planes with dimension of active 
motion as λ . The general moving platform and the 
actuators, positioned along orthogonal axis, are connected 

by simple structural groups with general constraint 
parameters λ =3,4,5,6l . Each simple structural group 
creates the legs and introduces the plane or line with two 
or one dimensions, so  the total number of leg dimensions 
are

i

l
=1

c (d -D)l l∑ . Thus, the motion of the general moving 
platform in Cartesian orthogonal system will be in the 
following form: 

lc

p
1

m =(λ+3)+ (d -D)l
l=
∑   (5.14) 

 
Example: Let us design the motion of general platform of 
Cartesian manipulator PRR-[RRR]-2RRR. The three 
simple structural groups are selected from the subspace 
λ=3 , one linear actuator moving along z- axis, and for 
symmetry two links rotating around x and y axes((Table 
5.2). The motion of the general moving platform can be 
calculated by using Eq.(5.14) as λ=3 , d =(1,1, 2)l , D=3 , 

lC =3 , pm =(3+3)+(1-3)+(1-3)+(1-3)=1. The result by 
moving platform has translational motions along z-axis 
 
5.3. Structural Formula –Mobility Equation of 
Mechanisms 
 
A.  Definition of mobility: in any position of a 
mechanical system the mobility is the difference between 
the numbers of independent displacement variables and 
the number of independent differential constraint 
equations. Let’s consider a mechanism with 
interconnected rigid links. The displacement variables are 
associated with the relative motion between paired links. 
The mechanical system has a certain number of 
independent loops. The constraint equations are the 
equations of loop closure of the independent loops. 
 The mobility equation applies to mechanisms without 
exception is 
 

e L

i K
i 1 K 1

M= m λ
= =

−∑ ∑    (5.15) 

 
where M=mobility of mechanism, im = the relative 
displacements at a joint; e=total number of independent 
displacement variables; L=number of independent loops 
of mechanism, Kλ = number of independent loop-closure 
equations. 
 When the displacement variables are in 1:1 
correspondence with DoF of relative motion at joints 

i ii=1 i=1m f
e j=∑ ∑  the Eq.(5.15) becomes 

 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

27 
 

 
j L

i K
i 1 K 1

M= f λ
= =

−∑ ∑   (5.16)  

 
 This case occurs in many kinematic chains with mixed 

kλ (2,3,4,5,6) , If the number of independent loop-closure 
equations identical in each independent loop then the 
Eq.(5.15) becomes 
 

e

i
i 1

M= m -λL
=
∑     (5.17) 

 
Combining Eq.s(5.16) and  (5.17) we have the mobility 
equation of general kinematic chains: 
 

j

i
i 1

M= f -λL
=
∑     (5.18) 

 
 The above equations show that basically the mobility 
number is not associated with the motion of a link, but 
with the constraint of an independent loop. We summarize 
the conclusions in the following theorems. 
 
Theorem 1: The constraint number, λ is a characteristic of 
an independent loop of a mechanism. It is equal to the 
number of independent, differential loop-closure 
equations for the loop. 
 
Theorem 2: The total number of independent 
displacement variables is determined by the rank of the 
coefficient matrix of the differential loop-closure 
equations. 
  
 In the general case constraint number is equal to DoF of 
the space within which the mechanism operates. The 
result of this investigation is illustrated in N=1, Table 5.3 
 
Example: As shown in N=1, Table 5.3, we have chosen a 
riveting machine. There are 7 links and 8 joints, giving 
two independent loops. Loop 7-6-5-4 has plane motion 
with active dimension λ=3 . In loop 4-5-3-1-2  the motion 
of link 1 is spatial, but the loop-closure equation does not 
involve the rotation of links 2 and 3 about the screw axis 
of link 1. It involves the variable distance between the 
axes of joints (2,4) and (3,5), and their loop is planar, 
hence λ=3 . 
 In counting displacement variables in this loop, we 
count the variable distance between joints (2,4) and (3,5) 
as a displacement variable. This gives 

im 7=∑ . 

Therefore, we have 
7 2

i K
i 1 K 1

M= m λ 7 6 1
= =

− = − =∑ ∑  

 
B.  In this section, a structural formula that is the 
function of number of branches, platforms, joints on the 
mobile platforms and the sum of DoF of kinematic pairs 
for a parallel manipulator will be described. 
 A platform is an n-pair link where n 2≥ . A parallel 
manipulator has at least one mobile platform. A mobile 
platform is connected to the frame via kinematic chains 
that are generally referred as legs. In the case of a 
manipulator having more then one mobile platform, these 
mobile platforms can be connected to each other by 
hinges and by kinematic chains which we will refer as 
branches. A leg, hinge or a branch is a serial kinematic 
chain. 
 Substituting Eq.(5.5) in Eq.(5.18) and added parameters 
q and pj   we get: 
  

j

i B b p
i=1

M= f -λ(j -B-c )+q-j∑     (5.19) 

 
Likewise, substituting Eq.(5.8) in Eq.(5.18) we get:  

j

i p
i=1

M= f -λ(c-B)+q-j∑    (5.20) 

where q is the number of excessive links, pj  is the number 
of passive joints. 
 
 Two examples have been done in N=2, Table 5.3 and in 
N=3, Table 5.3. 
 
C.  An important class of robotic mechanical system  
consist of parallel platform manipulators, serial platform 
manipulators, multiple serial chains and hybrid robotic 
mechanical system. One or more grippers can be 
connected to one or several platforms. That system will 
describe one or more gripper robotic system. All platform 
robotic mechanical systems constructed from the actuators 
and kinematic chains consist of one or more platforms, 
legs, branches and hinges. 
 Using structural formula Eq.(5.19), we can describe the 
mobility loop equation in the following form  

c

i p
i=1

M=λB+ (f -λ)+q-j∑    (5.21) 

where BλB=M  is the sum of mobilities of all platforms in 

the unconstrained space or subspace; i=1 i c( )
c f -λ =M∑  is the 

sum of constraints  imposed by the legs, branches and 
hinges. 
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Table 5.3. Mobility Equations 
N Equations Diagrams Comments 

1 

e L

i K
i 1 K 1

j L

i K
i 1 K 1
e

i
i 1

j

i
i 1

a) M= m λ

b) M= f λ

c) M= m -λL

d) M= f -λL

= =

= =

=

=

−

−

∑ ∑

∑ ∑

∑

∑

 

F.Freudenstein 
R.I.Alizade 

1975 
 

 
i Km 7, λ 6= =∑ ∑ , M=1,L=2,λ=3  

a) and  b) are mobility Eq.s for 
mechanisms that contain 
independent loops with variable 
general constraint 
c) and d) are mobility Eq.s with 
constant general constraint. Kλ  is 
dimension of active motion of a 
rigid body in loop. 

im  is the relative displacements 
of the joint 

if  is corresponding 1:1 with DoF 
in joints. 

2 

 
e

i B b p
i=1

j

i B b p
i=1

j

i B b
i=1

a) M= m -λ(j -B-c )+q-j

b) M= f -λ(j -B-c )+q-j

c) f =λ(j -B-c )

∑

∑

∑

 

R.I.Alizade 
1988  

 
b B iλ=6, B=1, c 0,  j 6, f 36, 6M= = = =∑  

a) and b) are mobility Eqs. in 
space with dimension of motion 
λ , 
B is number of mobile platforms, 

bj  is the total number of joints on 
the mobile platforms, 

bc  is the total number of branches 
between mobile platforms, 
q is the number of excessive links,  

pj  is the number of passive joints, 

c) is Eq. for simple structural 
groups (λ=6,5,4,3,2)  

3 

j

i
i=1

j

i
i=1

b

b b

a) M= f -λ(c-B)

b) f =λ(c-B)

c=c +c
c j -2c

l

l =

∑

∑
 

Rasim Alizade 
Çağdaş Bayram 

2003 
 

 
iλ=6, c=12,B=4, f 54, 6M= =∑  

a) is mobility Eq. of mechanism 
b) is Eq. for simple structural 
group 
λ  is the DoF of space where the 
mechanism operate. 
c is the sum of legs lc  and 

branches bc  
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4 

j

i p
i=1

c

i p
i=1

c c

=1 =1

c c

ci h
i=1

c

=1

c

=1

a) M=(B-c)λ+ f +q-j

b) M=λB+ (f -λ)+q-j

c) (λ+3)+ (f -λ )+ (d -D)

d) f =λ(c +c -B),  λ=3,6

e) λ+3+ (d -D)=0

(f -λ )=0

l l

l h

l

l

l l l
l l

l

l
l

l l
l

+

∑

∑

∑ ∑

∑

∑

∑

 

RasimAlizade 
Çagdaş Bayram 

Erkin Gezgin 
2005  

p iλ=6, c=3,B=1,q=j =0, f 15,M=3=∑  

pm =3,λ=3,d =(2,2,2), λ =(4,4,4), f =(4,4,4),M=3l l l  

a) is mobility Eq. for robotic 
system., b) is mobility loop 
equation. c) is mobility loop Eq. 
for parallel Caresian platform 
manipulators with variable general 
dimension constraint of motion, d) 
equation of simple structural 
group for robotic system (M=0, 
 λ=3,6), e) are the formulas of 
simple Cartesian orthogonal 
structural group. 

5 

b b
b

cn

h L L p
L =1 =1

c

l l
l=1

c

h
=1

c c

=1 =1

a) M=λ+j + (f -λ )+ (f -λ )+q-j

b) M=λB+ (f -λ )

c) M=λ+j (f -λ )

d) M=λ+ (f -λ )+ (f -λ )

l

l

l l

b b

b

l l
l

l l
l

L L l l
L l

+

∑ ∑

∑

∑

∑ ∑

 

Rasim Alizade 
Fatih C. Can 
Erkin Gezgin 

2008 

 
B

B

L

h p L

λ=6,λ =6,λ =6, c =6, c f =30

c λ =36, j =q=j =0, f 18
l l l l

l l =∑
 

a) The general structural formula 
of serial- parallel Euclidean robot 
manipulators with variable general 
constraint. 
b) Mobility formula for parallel 
robot manipulators 
c) Mobility formula of serial 
platform robot manipulators 
d) Mobility formula of the parallel 
robot manipulators with variable 
general constraint 

6 

i
j L

i K p
i=1 K=1
j L

i K 2 3
i=1 K=1

a) $ =f-s+T+1 

b) M= ($ 2)- λ +s+q-j

c) M= ($ 2)- λ +s-T -2T

−

−

∑ ∑

∑ ∑

%

%

%

 

Rasim Alizade 
Erkin Gezgin 

2010 
 

P R S i

K 2 3

$ 3,$ 3,$ 5,2 j=48, $ 84

λ 30,S=T =T 0,M=6

= = = =

= =
∑

∑
 

i$   is number of screws of the 
kinematic pair  
a ) Number of screws of kinematic 
pairs 
b) General mobility screw Eq. for 
the mechanism and manipulators 
with lower kinematic pairs. 

i$∑  represents the total number 
of screws. 
s%  is the number of screws with 
variable pitch. 
T stands for the type number of 
the kinematic pair 
(surface 1T =1 , 2T =2 , 3T =3 )  
c) Mobility screw Eq. for 
mechanisms lower and higher 
kinematic pairs; 2j are number of 
element of joints 
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 Each leg, branch and hinge separately introduces an 
insufficient i(f -λ<0) , sufficient i(f -λ=0) , or a redundant 

i(f -λ>0)  kinematic chain. Sum of DoF of all platforms 
and the degrees of constraint that is imposed by 
kinematic chains describe the mobility of serial platform 
and parallel platform manipulators, Eq.(5.21) 
 Mobility loop equation Eq.(5.21) for robotic systems 
could be described as follows. 
 

c

i p
i=1

M=(B-c)λ+ f +q-j∑    (5.22) 

where λ=2,3,4,5,6  
  
 Application of Eqs.(5.21) and (5.22) to the platform 
robotic system is illustrated as an example in N=4, Table 
5.3. Now our problem is to describe a new structural 
formula for platform manipulators which operate in 
Cartesian space or subspace and the legs consist from 
simple structural groups and actuators operate in 
orthogonal planes. 
 Let the number of independent parameters describing 
the structural groups of three legs c =3l  are placed in 
three orthogonal planes is λ . The general moving 
platform and the actuators, positioned along orthogonal 
axis, are connected by simple structural groups with 
general constraint parameters λ =3,4,5,6l . The mobility 
of legs at the general moving platform in Cartesian 
orthogonal system will be in the following form. 
 

c

p
=1

M (f -λ )+q-j
l

l l l
l

= ∑   (5.23) 

 
where λl  is the general leg constraint, fl  is DoF of leg 
kinematic pairs. 
 The mobility of parallel Cartesian platform robot 
manipulators consists of the motion of the general 
moving platform pm  and the mobility of legs Ml  
moving in orthogonal planes: 
 

pM=m +M l                   (5.24) 
 Combining the Eqs.(5.14) and (5.23) we can describe 
the new structural formula of mobility loop-legs 
equations as follows (N=4, Table 5.3) 
 

c c

p
=1 =1

M=(λ+3)+ (f -λ )+ (d -D)+q-j
l l

l l l
l l
∑ ∑  (5.25) 

 
Example: Let us design parallel Cartesian platform 

manipulator, where the motion of the general moving 
platform has translational motions zP . 
 For the orthogonal robot manipulator we will take three 
simple structural groups RRR from the subspace λ=3 , 
one linear actuator moving along Z- axis and for 
symmetry two links rotating around x and y axes (N=4, 
Table 5.3).  In each orthogonal plane, simple structural 
groups will be connected to the general moving platform 
actuator and two rotating links. Using mobility Eq.(5.25) 
we can calculate the mobility of the type PRR-(RRR)-
2RRR parallel orthogonal robot manipulator as: 

pq=j =0,λ=3,λ =(3,3,4),d =(1,1,2), f =12,M=3l l l∑ . By using 
Eq.s(5.14) and (5.23) the motion of the general moving 
platform and the mobility of legs will be pm =1 and 
M =2l  respectively. 
 
D.   It is clear that the entire legs of the serial 
platform manipulators are connected to the moving serial 
platforms and to the ground, mobility of the kinematic 
chains of the legs can be defined as, 
 

c

=1
M (f -λ )

l

l l l
l

= ∑   (5.26) 

where c

=1
fl

ll∑  is the total DoF of all the kinematic pairs 

on the legs cl , and λl  is the general constraint of each 
leg (λ 2,..,6)l = . 
 If the number of hinges between the platforms is more 
that one, DoF of the serial moving platforms can be 
calculated as 
 

SP hf λ+j=     (5.27) 
 
 The combination of Eq.s(5.26) and(5.27) results in the 
general structural formula of serial platform robot 
manipulator as  
 

c

h
=1

M=λ+j (f -λ )
l

l l
l

+ ∑    (5.28) 

 
 If the number of moving platforms is unity h(j =0) , 
Eq.(5.28) will be reduced to the structural formula of 
parallel manipulators as 
 

c

=1
M=λ+ (f -λ )

l

l l
l
∑    (5.29) 

 
 If several number of platforms are connected by 
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several branch-loops with variable general constraints, 
total DoF of parallel moving platforms can be calculated 
as, 
 

B B

B

n

PP L L
L =1

f =λ+ (f -λ )∑   (5.30) 

where n is the number of branch- loops, λl  is the number 
of independent, loop closure equations. Associated with 
each independent branch-loop, n

LL=1
f∑  is the total DoF 

of kinematic pairs on the branch-loops. 
 The general mobility formula of the parallel robot 
manipulators can be generated by using the combination 
of Eq.s(5.26) and (5.30), as 
 

B B

B

cn

L L
L =1 =1

M=λ+ (f -λ ) (f -λ )
l

l l
l

+∑ ∑  (5.31) 

 
 Also, by combining Eq.s(5.10) and  (5.26) and added 
parameters q and pj , the general structural formula of 
serial- parallel Euclidean robot manipulators with 
variable general constraints that include several hinges, 
legs and branch-loops can be  defined as, 

B B

B

cn

h L L p
L =1 =1

M=λ+j + (f -λ ) (f -λ )+q-j
l

l l
l

+∑ ∑   (5.32) 

 
 The mobility equations for Euclidean platform robot 
manipulators with diagrams and commentary are 
illustrated in N=5, Table 5.3. 
 
Example: Design a parallel Euclidean robot manipulator 
with 

BLc =6,λ =6,n=2,λ =6,λ=6l l , p hj =q=j =0 . The 
kinematic pairs of branch loops and legs are described by 
kinematic diagram in N=5, Table 5.3. Find the mobility 
and the motion of platforms of parallel Euclidean robot 
manipulator. 
 By using Eq.(5.32), the mobility can be calculated as,  
M=6+0+(12-6)+(6-6)+6(5-6)+0-0=6 . By using 
Eq.(5.13), the motion of the platforms will be  

pm =(6+6)+0+(18-12)+6(1-3)=6  
 
E.  At the end of this chapter a novel universal 
mobility formulation for both kinematic pairs and robot 
manipulators are presented in terms of screw theory. 
From this point of view, the total number of screws that 
represent the types of kinematic pairs can be introduced 
as  
 

$=f-s+T+1%     (5.33) 
 
where, f represents DoF of the kinematic pair; s%  is the 
number of screws with variable pitch (screw with 
variable pitch describe independent translation motion 
along kinematic pair contact axis.); T is the contact 
origin for the type number of the kinematic pair (the 
contact geometry between two attached links can be a 
surface –Type 1, a line- Type 2, or a point- Type 3, so  

1T =1 , 2T =2 , and 3T =3 ) 
 
Example: Let’s consider the revolute joint R, prismatic 
joint P and spherical joint S. the revolute pair can be 
represented by DoF f =1 and it has not got any screws 
with variable pitch s=0% . Being as a kinematic pair. Type 
1, its total number of screws can be calculated by using  
Eq. (5.33) as, R$ =1-0+1+1=3 . The same way for 

prismatic pair P$ =1-0+1+1=3 , and for spherical joint 

S$ =3+0+1+1=5 . 
 Having learned the idea of screw number of kinematic 
pairs by the help of transformation screw matrix 
equations, the subject can be extended by applying the 
mobility of mechanism and robot manipulators with 
lower kinematic pairs- Type 1. The formula can be 
introduced as,  

j L

i K p
i=1 K=1

M= ($ 2)- λ +s+q-j−∑ ∑ %   (5.34) 

 
where, i$  is the number of screws in ith joint; j is  the 
number of joint; 2j is the number of elements of all 
kinematic pairs; Kλ  is the dimension of active motion in 
independent loop L; s%  is the number of screw with 
variable pitch; q is the number of excessive links; pj  is 
number of passive joints.. 
 The general mobility screw equation Eq. (5.34) can be 
extended by applying it to the mechanisms and 
manipulators with lower and higher kinematic pairs as 
follow p(q=j =0) : 
 

j L

i K 2 3
i=1 K=1

M= ($ 2)- λ +s-T -2T−∑ ∑ %   (5.35) 

 
 The mobility screw Eq.s (5.34) and (5.35) for 
mechanisms and manipulators with diagrams and 
commentary are illustrated in N=6, Table 5.4. 
 
Example: Checking the number of screws from above 
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example we have R$ 3= , P$ 3=  and S$ 3= . There is 
12 revolute pairs , 6 prismatic pairs and 6 spherical pair 
on the 6 legs, that are connected to the moving platform 
with the frame (N=6), Table 5.4  
 Total number of joints with screw $ 3=  is equal to 
18, and with screw $ 5=  equal to 6. The number of 
elements constructed by kinematic pairs are 2j=48. The 
number of independent loop L=5 and dimension of 
active motion λ=6 . Parameters are Ps=q=j =0% . Using 
mobility screw Eq.(5.34), the number of actuators of the 
parallel spatial 6RRPS manipulator can be calculated as, 
 M=(18 3-18 2)+(6 5 6 2)-5 6 6⋅ ⋅ ⋅ − ⋅ ⋅ =  
 
Note: 
 The axis of two revolute pairs adjusted to frame and 
legs are perpendicular to each other and R-R=>U gives 
universal joint, thus our parallel manipulator RRPS is 
identical with 6UPS manipulator. 
 As the presented investigation related with the author’s 
references [1-11] shows the development of robotic 
systems, it is clear that there will be more advanced 
future studies by the help of rapidly evolving new 
theoretical methods and technology. 
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Abstract 
In this paper, the structural modification method developed by 
the author more than two decades ago is revisited. The method 
is used to calculate the frequency response functions of a 
modified system from those of the original system and the 
system matrices of the modifying part. Modification can also be 
in the form of coupling another system to the original one. 
After summarizing the theory, various applications of the 
method used in different recent research areas, ranging from 
machine tool dynamics to vibro-acoustics and from distributed 
structural modifications to non-linear dynamic coupling, are 
presented in this paper. The method is most advantageous 
when the degree of freedom of the system is very large and 
modifications are local. Therefore, it is very suitable for 
structural dynamics problems, as well as for any machine 
dynamic problem where large ordered finite element models 
are employed. An example from machine dynamics application 
is also given in the paper. 
 
Keywords: Structural modification, dynamic reanalysis, 
forward modification, structural coupling, nonlinear 
dynamic coupling 
 
 
1. Introduction 
 
 Dynamic reanalysis, also known as forward 
structural modification is the term used for the 
incorporation of the response or modal data of an 
existing mechanical system with the information 
representing structural modification, in order to predict 
the dynamic behavior of the modified system. Reanalysis 
is usually employed in design stage for vibration 
optimization, and is very useful especially when 
dynamic models with high number of degrees of 
freedom, such as finite element models, are used. 
Various dynamic reanalysis methods have been 
developed.  
 The matrix inversion method proposed in an earlier 
study for finding receptances of locally damped 
structures from undamped counterparts [1] has been 
combined with an efficient recursive solution algorithm 

[2] in order to avoid matrix inversion. The method later 
has been generalized for dynamic reanalysis when there 
is a modification in the mass, stiffness and/or damping of 
the original system [3]. In this method, the Frequency 
Response Functions (FRFs) of a modified system are 
calculated from those of the original system and the 
mass, stiffness and damping matrices representing the 
modifications in the system. The method has been 
extended in the same work for modifications which 
require additional degrees of freedom (DOF), which 
means coupling a sub-system to the original system. 
There are various other methods addressing structural 
modification problems; however, in the methods 
proposed by Özgüven [1-3] the major part of the 
computations is limited to the modified coordinates, 
which makes the methods favorable for systems with 
large DOF with local modifications. The method is very 
efficient in such applications, as it is required to invert 
only a matrix of the size equal to the number of DOF 
related with modified coordinates, which can even be 
avoided by using the recursive formulation presented in 
[2]. Furthermore, as the formulation is based on FRFs, in 
addition to the modified coordinates only the coordinates 
at which a force is applied and/or response is required 
are to be kept in the formulation. The rest of the 
coordinates may be eliminated from the matrices in the 
formulation without deteriorating the accuracy of the 
results.  
 In order to avoid matrix inversion, Şanlıtürk [4] has 
started with the same matrix inversion formulation and 
combined it with Sherman-Morrison formula [5]. 
However, this method is restricted to structural 
modification problems where there are no additional 
degrees of freedom. Köksal et al. [6] extended the 
Successive Matrix Inversion (SMI) method of Bae et al. 
[7] for reanalysis of static systems, to dynamic reanalysis 
of structures. The basic starting equation is again the 
same as the one presented in [3], but power series 
expansion is used in that work in order to avoid matrix 
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inversion. In a recent work of Köksal et al. [8], three 
structural reanalysis methods ([3], [4] and [6]) are 
compared with each other from computational efficiency 
point of view, and it is concluded that the structural 
modification method developed by Özgüven [3] is the 
most efficient one among the three methods studied. This 
method has also the advantage of being suitable for 
structural modifications with additional degrees of 
freedom (for structural coupling problems).  
 The method has been used by the author and his 
research group in structural and machine dynamics 
research in several different fields, such as geared rotor 
dynamics [9], turbine blade vibrations [10], machine tool 
dynamics [11-13], part dynamics for machining stability 
analysis [14, 15] and vibro-acoustic analysis [16, 17]. It 
also served as a starting point in developing new 
methods in various different areas, such as non-linear 
structural dynamics [18-21], finite element model 
updating [22, 23] and identification of structural non-
linearity [24, 25]. The method can also directly be used 
in compensating the mass loading effect of 
accelerometers on measured vibration response [26]. 
Quite recently, the method has also been successfully 
used and extended by Hang et al. [27-29] to predict the 
effect of distributed structural modifications with 
additional DOF. A review of structural modification 
methods can also be found in recent papers of Hang et al. 
[27-29].  
 In this paper, after the presentation of the resultant 
equations of the structural modification method 
developed earlier [1, 3], various applications of the 
method to structural and machine dynamic problems will 
be given, and thus versatility of the method will be 
demonstrated. Although dynamic reanalysis methods are 
very advantageous and therefore are mostly used for 
structural dynamic problems (as DOF is very large), in 
several machine dynamics problems where finite 
element models are employed, reanalysis methods may 
be equally advantageous and reduce computational effort 
considerably. Examples for such an application will also 
be given in this paper.    
 
2. Theory 
  
2.1 Structural Modifications without Increasing 
Degree of Freedom 
 
  In this section, the theory of the structural 
modification method (dynamic reanalysis method) 
developed in [3], based on the general approach 
proposed in earlier studies [1, 2] for harmonic response 
of non-proportionally damped systems is summarized.  
 

 Frequency response functions (FRFs) of a dynamic 
system expressed in the form of a receptance matrix [α] 
can be written as 
 

[ ] [ ] [ ] [ ] [ ] 12K M i C i Hα ω ω
−

⎡ ⎤= − + +⎣ ⎦      (1) 

 
 Here, [K], [M], [C] and [H] are stiffness, mass, 
viscous damping and structural damping matrices, 
respectively. Similarly, the receptance matrix of the 
same system when it is structurally modified can be 
expressed as 
 

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
12K K M M i C C i H Hγ ω ω

−
⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= + Δ − + Δ + + Δ + + Δ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

(2) 
 
where [ΔK], [ΔM], [ΔC] and [ΔH] are the matrices 
representing modifications in stiffness, mass, viscous 
damping and structural damping matrices, respectively. 
By using equations (1) and (2), after some simple matrix 
operations, the receptance matrix of the modified system 
can be expressed in terms of that of the original system 
and the dynamic stiffness matrix   representing structural 
modifications, as follows: 
 

[ ] [ ] [ ][ ] [ ]1
I Dγ α α

−
⎡ ⎤= +⎣ ⎦        (3) 

 
where [D]  is expressed as 
[ ] [ ] [ ] [ ] [ ]2D K M i C i Hω ω⎡ ⎤= Δ − Δ + Δ + Δ⎣ ⎦        (4) 

 
 Generally the modification is not on all coordinates, 
but on limited number of coordinates, and in many 
practical applications the modification is local. Then, by 
partitioning the system matrices such that the dynamic 
stiffness matrix representing structural modifications can 
be written as 
 

[ ] 11[ ] [0]
[0] [0]
D

D
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

     (5) 

 
where the subscript 1 represents the coordinates on 
which modification is applied and subscript 2 denotes 
the remaining coordinates, the receptances of the 
modified system can be expressed, after some matrix 
manipulations [3], in terms of their counterparts in the 
original system as follows:  
 

[ ] [ ] [ ][ ] [ ]1

1 1 1 1 1 1 1 1I Dγ α α
−

⎡ ⎤= +⎣ ⎦      (6) 

[ ] [ ] [ ] [ ] [ ][ ]1 2 2 1 2 1 1 1 1 1
T I Dγ γ α γ⎡ ⎤= = −⎣ ⎦      (7) 
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[ ] [ ] [ ][ ][ ]2 2 2 2 2 1 1 1 1 2Dγ α α γ= −      (8) 
 As can be seen from the above equations, in order to 
calculate the dynamic behavior of a modified system 
from that of the original system, it is sufficient to invert a 
matrix of order equal to the number of degrees of 
freedom on which modifications are applied, regardless 
of the total DOF of the system. This method is extremely 
useful when there is a local modification on a large 
system. Moreover, the efficient recursive solution 
algorithm developed for damping modifications [2] can 
easily be used in order to avoid matrix inversion (for 
instance see [21]). 
  
2.2 Structural Modifications Increasing Degree of 
Freedom – Coupling Analysis 
 
 The equations derived in the previous section are for 
a system where the modifications do not add new 
degrees of freedom to the system. However, when the 
modification is in the form of coupling another system to 
the original system, then there will be additional degrees 
of freedom in the modified system. The derivation of the 
receptance matrix of the modified system in that case 
from that of the original system is given in [3]. Here, 
only the resultant equations are presented for 
completeness: 
 

[ ]
[ ]

[ ] [ ]
[ ] [ ]

[ ] [ ]
[ ] [ ] [ ] [ ]

[ ]

1
0 0

0 0 0 0
ba bb ba

ca

I
D

I
γ α α
γ

−
⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= + ⋅⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦       

(9) 

 

[ ] [ ]
[ ] [ ]

[ ]
[ ] [ ]

[ ] [ ]
[ ] [ ]

1
0 00

.
0 0 0 0

bb bc bb bb

cb cc

I
D

I I

γ γ α α

γ γ

−⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥= +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦⎣ ⎦ ⎣ ⎦⎣ ⎦

 (10) 

 

[ ] [ ]0
ba

aa aa ab

ca
D

γ
γ α α

γ

⎡ ⎤⎡ ⎤⎣ ⎦⎢ ⎥⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎢ ⎥⎡ ⎤⎣ ⎦⎣ ⎦

     (11) 

 

[ ] [ ] [ ]0
bb bc

ab ac ab

cb cc
I D

γ γ
γ γ α

γ γ

⎡ ⎤⎡ ⎤⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎢ ⎥⎢ ⎥⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎢ ⎥⎢ ⎥⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦⎣ ⎦

     (12) 

 
 Here; superscript a represents DOFs which 
correspond to the original system only, superscript b 
represents DOFs corresponding to the nodes common to 
the original and modifying systems (i.e., DOFs 
corresponding to connection points), and superscript c 
represents DOFs that belong to modifying structure only. 
 The formulations for both reanalysis cases reduce 
the computational effort drastically when large structural 

systems modeled by using finite elements (FE) are 
analyzed for local modifications, especially when similar 
analyses are to be repeated several times in a design 
stage for various modification alternatives. It has also 
been demonstrated [8] that the structural modification 
(dynamic reanalysis) method presented in section 2.1 is 
faster than similar methods which use FRF data of the 
original structure and the modification matrices for 
predicting the FRFs of a modified structure. As can be 
seen from the derivation, the method mathematically 
gives exact results. However, for large ordered systems, 
the receptances of the original system are calculated by 
using modal analysis, not from equation (1) and 
therefore although the calculated receptances are very 
accurate, they are not “exact”. The effect of modal 
truncation made in calculating the receptances of the 
original structure on the accuracy of the method is also 
studied [30] and it is observed that the performance of 
the method increases when the number of modes 
included in the computation of the receptances of the 
original structure is increased.  
 The method has successfully been used for 
structures with distributed modifications [30], and the 
performance of both formulations have also been 
investigated by applying them to a real scaled aircraft 
test structure with and without additional DOFs [30, 8], 
and very good agreements are observed between 
predicted and measured results.  
 
2.3 Harmonic Response of Non-linear Multi Degree 
of Freedom Systems by Using Structural 
Modification Approach, and Dynamic Reanalysis in 
Non-linear Systems 
 
 It can be shown that when there are non-linear 
elements in a multi degree of freedom (MDOF) system, 
the pseudo receptance matrix [θ] of the non-linear 
system can be written as  
 

[ ] [ ] [ ] [ ] [ ] [ ] 12 M i C i H Kθ ω ω
−

⎡ ⎤= − ⋅ + ⋅ ⋅ + ⋅ + + Δ⎣ ⎦ (13) 

 
where [Δ] is response level dependent, the so called 
‘non-linearity matrix’, which has first been introduced 
by Budak and Özgüven [18-20] and then was expressed 
more generally for any type of non-linearity by using 
describing functions by Tanrıkulu et al. [21].  It can 
easily be seen from equation (13) that, the analysis of the 
non-linear system can be regarded as the reanalysis of 
the linear counterpart with a modification in the system 
expressed as an equivalent dynamic stiffness matrix [Δ] 
which is response level dependant. Then, the 
formulations given in previous sections can easily be 
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adopted here by replacing [D] with [Δ] in equation (3). 
Thus the pseudo receptance matrix can be calculated 
from receptance matrix of the linear counterpart of the 
non-linear system [α] and nonlinearity matrix [Δ] by 
using equation (13).  However, as the system is non-
linear, the pseudo receptance matrix will also be 
response level dependant. Therefore, it will be necessary 
to use an iterative solution procedure. This approach is 
basically the application of the harmonic balance method 
and describing functions to non-linear MDOF systems. 
Similar approaches later became a common and standard 
procedure and used by several researchers. In these 
studies, however, harmonic balance method and 
describing function approach are directly used. The 
formulation given by equations (6)-(8), on the other 
hand, reduce the computational effort considerably when 
the total DOF of the system is large and the non-linearity 
is local.  
 Moreover, equations (9)-(12) and equations (6)-(8) 
can also be used for non-linear structural modifications 
with and without additional DOFs, respectively, by 
replacing [D11] by [Δ11]. If modification includes both 
linear and non-linear elements, then [D] takes the form 
 
[ ] [ ] [ ] [ ] [ ] [ ]2D K M i C i Hω ω⎡ ⎤= Δ − Δ + Δ + Δ + Δ⎣ ⎦  (14) 

 
and it is response level dependant. For local non-linearity 
in a system without additional DOF, equations (6)-(8), 
and for non-linear coupling (or non-linear modifications 
with additional degrees of freedom) equations (9)-(12) 
can be used defining [D] as given in equation (14). Then 
solution is obtained by employing an iterative solution 
procedure. 
 
3. Applications  
  
 The reanalysis method has been used in several 
different structural dynamic analysis problems in various 
fields, such as turbine blade vibrations [10], part 
dynamics for machining stability analysis [14, 15] and 
vibro-acoustic analysis [16, 17], as well as in machine 
dynamics research in different fields, such as geared 
rotor dynamics [9] and machine tool dynamics [11-13]. 
Moreover, the method served as a starting point in 
developing new methods in different areas, such as finite 
element model updating [22, 23] and identification of 
structural non-linearity [24, 25]. The method was also 
directly used in compensating the mass loading effect of 
accelerometers on vibration measurements of light 
structures [26].  In this section, examples from some of 
the different application areas will be presented to 
demonstrate the versatile applications of the method. 
Finally, an application on machine dynamics will be 

given. 
 
3.1 Machine Tool Dynamics 
 In machine tools, regenerative chatter which is self-
excited vibration of the tool that results in unstable 
cutting process, can be predicted and eliminated if the 
stability lobe diagram of the spindle-holder-tool 
assembly is known. The stability lobe diagram can be 
obtained if the dynamics of the tool tip (in receptance 
form) is known. In the analytical model developed for 
predicting the tool point FRF (which relates the 
harmonic displacement and force at tool tip) of spindle-
holder-tool assembly (shown in Figure 1), the structural 
modification method is successfully used [11, 12]. By 
using the method suggested the effects of bearing 
dynamics on the tool point FRF which determines the 
stability regions are studied [13]. In the analytical model, 
FRF coupling is used in dynamic modeling of tool-
holder-shaft system, and the dynamics of bearings are 
included via the structural modification method. If a 
finite element (FE) model were used for the tool-holder-
shaft system, the advantage of employing the structural 
modification method would be more pronounced. In 
such an application, the structural modification method 
used makes it possible to calculate the tool tip FRF for 
different values of bearing stiffness, by first making the 
dynamic analysis of the whole assembly without bearing 
dynamics only once, and then using it with different 
bearing properties. Such an approach reduces the 
computational effort and time considerably and therefore 
is very suitable to be used in design stages to study the 
effects of bearing properties on the dynamics of the 
system.  
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Fig. 1. Spindle-holder-tool assembly. 

 Figure 2 shows the tool point FRFs for three 
different sets of bearing stiffness for the system analyzed 
in [13]. It is observed from the figure that the bearing 
stiffness values have a considerable effect on the first 
two modes of the shaft-holder-tool system which 
correspond to the rigid body modes of the system, and 
they have almost no effect on the other modes. Figure 3 
and Figure 4 show the effects of front and rear bearing 
stiffness, respectively, on the tool point FRF. Thus it is 
possible to study the effect of each bearing’s dynamics 
on the stability regions of the cutting process. 
 

 
 

Fig. 2. Tool point FRFs. 
 

 
 

Fig. 3. Effect of front bearing stiffness on tool point 
FRF. 

 
3.2 Part Dynamics for Machining Stability Analysis 
 
 An interesting example of a very effective use of the 

structural modification method is the study of workpiece 
dynamics on chatter stability regions. Although in 
general tool point FRF, which determines stability 
regions in chatter analysis, is calculated considering the 
machine tool dynamics only, for a flexible workpiece the 
contribution coming from the part dynamics may be 
equally important, and even more in some cases. Then 
FRFs of the part must be known at all stages of the 
machining cycle. In such cases, the general practice is to 
determine part dynamics prior to and after machining 
and use it in stability analyses. However, this would not 
be an accurate analysis since at each stage of 
manufacturing the part dynamics will vary continuously 
because of changing part geometry. 
 

 
 

Fig. 4. Effect of rear bearing stiffness on tool point FRF. 
 

 In a very recent study [14, 15] an analytical 
procedure is developed to predict workpiece dynamics in 
a complete machining cycle in order to obtain FRFs 
required for stability analysis, by employing the 
structural modification method presented above. The 
mass removed by machining is considered as a structural 
modification in determining the FRFs at different stages 
of the process. By using the predicted FRFs in chatter 
stability analyses, the effects of part dynamics on 
stability are studied, which made it possible to compare 
different cutting strategies for increased chatter-free 
material removal rates considering part dynamics. 
 As a numerical example, one of the case studies of 
[15] is given here. A plate of Al 7075 alloy is to be 
machined along its thickness in order to reduce the 
thickness from 9.5 mm to 3 mm. The geometry for the 
unmachined plate is shown in Fig. 5. The material 
properties, dimensions and other details are given in 
reference [15]. The effect of the decreased part thickness 
on the FRF of the part at the cutting point location is 
shown in Fig. 6. The coding convention used to indicate 
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the position of machining, i.e., tool position, is such that 
steps A-1-1-1, A-2-1-1, and A-3-1-1 correspond to the 
machining of the first elements of the first steps of the 
first, second and third layers, respectively. As can be 
seen from Fig. 6, the magnitudes of the FRFs increase as 
the thickness of the plate is reduced, and consequently 
the stability regions change as depicted in Figure 7 (for 
the tools and cutting conditions described in [15]). The 
upper parts of the curves represent unstable region. It can 
be clearly seen that as the thickness is reduced the stable 
depth of cut decreases considerably which increases the 
machining time. The method developed in [15] makes it 
possible to compare the machining time of different 
production strategies. For instance, 6 different machining 
strategies compared in [15] showed that for the same 
radial depth of cuts, step removal strategies require much 
less time than the layer removal strategies, and in the 
case study given, the machining time for the most 
productive strategy was found to be just 25% of the 
worst strategy. 
 

 
Fig. 5. Stages of layer (upper) and step removal (lower) 

processes. 

 

Fig. 6. Workpiece FRF for the steps A-1-1-1, A-2-1-1, 
and A-3-1-1 

 
Fig. 7. Stability limits for the steps A-1-1-1, A-2-1-1, 

and A-3-1-1 
 
3.3 Distributed Modifications 
 
 The structural modification method can be applied to 
structures with distributed modifications by considering 
the modifying structure as a subsystem coupled to the 
original system. Then coupling analysis formulation is to 
be used. The application of the method to a real structure 
with distributed modifications is given in [30] where the 
performance of the method is investigated by applying it 
to a scaled aircraft model.  Modifications are taken in the 
form of beams attached under the wings acting as 
stiffeners increasing flexural rigidity. The receptances 
calculated by using the structural modification method 
are compared with those obtained from the finite element 
analysis of the modified structure as a whole, as well as 
with the measured ones. For the verification of the 
method for distributed modifications, simpler structures 
are analyzed and the FRFs calculated with the structural 
modification method are compared with those obtained 
from the FE analysis of the modified structure. A perfect 
match is observed as expected, since the method yields 
exact FRFs when exact values of the FRFs of the 
original structure are used. It is observed in these case 
studies that the accuracy of the predictions strongly 
depends on the accuracy of the FRFs used for the 
original structure, so that using higher number of the 
modes in the computation of the FRFs of the original 
system increases the accuracy of the predicted responses 
for modified structures.  
 For the application of the method to a real system, 
the scaled aircraft model used by the Group for 
Aeronautical Research and Technology in Europe 0 500 1000 1500 2000 2500 3000 3500 4000
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(GARTEUR SM-AG19) is employed (Fig. 8). The FE 
model of the modified system is shown in Fig. 9. The 
FRFs of the original and the modified structure at the tip 
point of the wing are given in Fig. 10.  Then the FRF of 
the modified system obtained by using the structural 
modification method is compared with the 
experimentally measured one in the same figure. The 
modal damping of the structure is taken as 0.032.  From 
the good agreement observed between the calculated and 
experimentally measured FRFs for the modified system, 
it is concluded that the structural reanalysis method 
proposed can successfully and efficiently be used for 
structures with distributed modifications. The 
discrepancy around the third mode is attributed to the 
slight differences between the theoretical and 
experimental FRFs of the original structure [30]. 
 

 
Fig. 8. Scaled aircraft model used (GARTEUR SM-

AG19) 
 

 
Fig. 9. FE model of the modified scaled aircraft. 

 
 

Fig. 10. Measured and calculated FRFs at the wing tip. 
 
 
3.4 Vibro-Acoustic Response of Enclosed Spaces 
 
 In a recent work, the structural modification 
technique is integrated with a vibro-acoustic model of a 
simple box like structure as an introductory work for 
studying the effects of stiffeners added to panels to 
decrease low frequency noise (booming noise) inside 
vehicles [17]. Analysis of vibro-acoustic behaviour is 
carried out by calculating frequency response functions 
of the structure using Finite Element Method and 
predicting sound pressure level (SPL) inside the cabin by 
employing Boundary Element Method. Structural design 
of the vibrating panels can be modified by adding 
stiffeners to improve the acoustic field inside the cabin. 
Then, the dynamic analysis of the structure should be 
repeated after every structural modification, which is a 
time consuming process if the whole system is 
reanalyzed, and can be a real burden when numerous 
different configurations, geometries and sizes are to be 
considered in a design stage. However, the structural 
modification method is found to be very efficient to 
investigate the effects of various structural modifications 
on acoustic pressure inside the closed space.  
 As an example application, a box-like structure (1200 
mm x 1400 mm x 3600 mm) with a more flexible panel 
at the middle is analyzed: First the calculated responses 
obtained by using the structural modification method are 
verified, and then various different stiffener applications 
are studied [17]. FRFs of the mid point on the panel with 
and without stiffener application are given in Fig. 11 as 
an example. The stiffener used is a steel strip (1400 mm 
x 30 mm) with a thickness of 5 mm and placed to the 
middle of the plate.  The effect of stiffener on the SPL at 
a specified location is shown in Fig. 12.  
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Fig. 11. The effect of stiffener on transverse FRFs. 

 

 
Fig. 12. The effect of stiffener on sound pressure level.  

 
 
3.5 Non-linear Structural Modification 
 
 The structural modification method can also be used 
for non-linear modifications. Once the non-linear forces 
in a system is expressed as a response level dependant 
non-linearity matrix [Δ] multiplied by displacement 
vector, then the modification method can easily be 
adopted by treating non-linearity matrix as an equivalent 
dynamic stiffness matrix, as discussed in section 2.3. 
When the system is non-linear, the pseudo receptance 
matrix calculated from equation (13) will be response 
level dependent, and the solution will require an iterative 
procedure. As an example application a cantilever beam 
welded to a smaller beam on elastic supports having 
cubic stiffness properties (with cubic stiffness constant 
of 2×1012 N/m3) is considered (Fig. 13) [31]. The 
properties of the original and modifying beams are given 
in Table 1. Material damping with a loss factor of 0.12% 
is assumed in the calculations. 
 Frequency responses of the modified beam at the 
point where the force of 1000 N is applied are shown in 
Figures 14-16 around the first three modes, respectively. 
 

 
 

Fig. 13. Cantilever beam welded to another beam on 
non-linear supports. 

 
 

Table 1. Properties of the beams. 
 

 Original Beam Modifying Beam 
Young's 
Modulus 200 GPa 200 GPa 

Poisson’s Ratio 0.3 0.3 

Density 7850 kg/m
3
 7850 kg/m

3
 

Cross Section 100 x 100 mm
2
 100 x 100 mm

2
 

Length 1000 mm 250 mm 
 
   
 

 
 

Fig. 14. Frequency response around first mode. 
 
 The frequency responses calculated by using the 
modification method proposed are verified by the 
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response predictions obtained from the analysis of the 
whole system by using harmonic balance method. In an 
ongoing research a software program is being developed 
which is compatible with a standard FE program so that 
non-linear modification problems of real structures with 
large DOFs can be solved.  
 

 

 
 

Fig. 15. Frequency response around second mode. 
 

 

 
 

Fig. 16. Frequency response around third mode. 
 
 
3.6 Effects of Bearing Stiffness on Rotor Dynamics   
 
 As last two examples, the use of the structural 
modification method in machine dynamic analysis is 
given. Let us first consider the stepped shaft on two 
bearings as shown in Fig. 17. The shaft is modeled with 
finite elements, whereas discrete models are used for the 

bearings (each bearing is represented by 2x2 stiffness 
and damping matrices). In order to study dynamic 
response of the shaft on different sets of bearings in a 
design problem, the complete system needs to be 
analyzed each time with the selected bearing properties. 
However, this may require considerable computational 
effort when the system has large number of degrees of 
freedom and the effects of several different sets of 
bearings have to be studied. Instead, the FE dynamic 
analysis of the shaft with free end conditions can be 
made only once, and the results can be coupled with 
bearing dynamics by using the modification method. 
This approach has also the advantage of making 
computations only for the required coordinates. Then, 
the order of the matrices used in equations will be 
determined by the number of coordinates where the 
response is calculated and/or forcing is applied, and also 
by the number of coordinates related with modifications. 
Furthermore, the order of the matrix to be inverted in the 
computations is equal to only the DOFs related with 
modifications, which is 4 in this simple example 
application, although the total degree of freedom of the 
shaft is 30 000. Then, once the related FRFs are 
calculated for the free-free shaft by using FE analysis, 
the response of the system with various different sets of 
bearings can be obtained by making computations with 
very small size matrices, irrespective of the total DOF of 
the FE model employed which can be much higher 
depending on the complexity of the shaft geometry and 
the mesh sizes used. 
 
 

 
 

Fig. 17. An elastic shaft on elastic bearings. 
 
  
Fig. 18 shows the frequency responses at the tip point of 
the shaft at the RHS, for a unit harmonic force at the 
same point for free-free end conditions as well as for two 
different sets of bearing stiffness values. As expected, 
bearing dynamics affect only the first two modes of the 
system without changing the response at elastic modes of 
the shaft notably. Fig. 19 shows the zoomed responses at 
these two modes.  With this very fast analysis method, 
the dynamics of the system with many different bearings 
can be studies in a design problem. The effect of any 
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other element on the shaft (for instance a disk) can be 
studied in a similar manner.  

 
 

Fig. 18. FRFs for the shaft with different bearing 
stiffnesses (kf, kr: Front and rear bearing stiffness). 

 
 

Fig. 19. Zoomed FRFs for the shaft with different 
bearing stiffnesses. 

 
 When the masses of the bearings are required to be 
included into the analysis, the modifications will 
introduce additional DOFs, which will make it necessary 
to use the equations given in section 2.2 rather than those 
in section 2.1. Such an example is given below. 
 Consider the shaft-bearing system shown in Fig. 20, 
where the bearings carrying the shaft are modelled as 
spring-mass systems in three directions. In order to study 
the effect of bearing dynamics on the dynamic response 
of the shaft, first the FRFs of the shaft with free-free end 
conditions are obtained by using FE analysis, and then 
the effects of different sets of bearings on the harmonic 
response of the shaft-bearing assembly are studied by 
employing the modification method. Three different sets 
of stiffness values are used for each bearing, and two sets 
of analyses are carried out, in each set keeping one 
bearing properties fixed and changing the other.  
 

 As in the previous case, it is observed that the 
bearing properties affect only the first two rigid body 
modes, without changing the flexible modes notably. 
Fig. 21 and 22 show the effect of left and right bearings, 
respectively, on shaft dynamics. In this example case, 
left bearing flexibility affects mainly the first rigid body 
mode, while the right bearing flexibility has a major 
effect on the second rigid body mode.  
 

 
 
Fig. 20. An elastic shaft on elastic bearings – masses of 

bearings are included. 
 

 
Fig. 21. Effect of stiffness of the left bearing on direct 

point FRF of node 10. 
 

 
Fig. 22. Effect of stiffness of the right bearing on direct 

point FRF of node 10. 
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4. Conclusions 
 
 In this paper, a noble structural modification method 
developed by the author two decades ago [3], based on 
his earlier study for calculating receptances of non-
proportionally damped systems from their undamped 
counterparts [1], is revisited. The method has been 
successfully used in structural and machine dynamics 
research in several different fields, ranging from geared 
rotor dynamics to turbine blade vibrations, and from 
machine tool dynamics to vibro-acoustic analysis. In this 
paper, examples from some of the recent applications are 
presented.  
 In the method suggested, the dynamic behavior of a 
modified system, (expressed in terms of FRFs) is 
calculated from that of the original system and 
modifying system matrices. The method can be used for 
modifications which result in additional degrees of 
freedom, which means coupling a sub-system to an 
original system. This formulation makes it possible to 
apply the method for continuous modifications as well. 
As the formulation is based on FRFs, it is sufficient to 
keep only the coordinates at which a force is applied 
and/or response is required, in addition to the modified 
coordinates, by eliminating the rest of the coordinates 
from the matrices in the formulation. Although, 
theoretically, the method can also be used with 
experimentally measured FRFs of the original system, in 
structural dynamic problems, due to the difficulty in 
measuring FRFs corresponding to rotational DOFs, it is 
more appropriate to use the method in theoretical 
analyses. 
 In this method a matrix inversion is required; 
however the order of the matrix to be inverted is equal to 
the number of degrees of freedom on which 
modifications are applied, regardless of the total DOF of 
the system. Therefore, the method is extremely 
advantageous when the total DOF is high, but the 
modification is local. In such cases the computational 
effort is drastically reduced, especially when similar 
analyses are to be repeated several times in a design 
stage for various modification alternatives. Furthermore, 
when there is no additional DOF, in order to avoid 
matrix inversion the method can also be used with the 
efficient recursive solution algorithm developed for 
damping modifications [2]. 
 The case studies presented in this paper are from 
recent applications of the method in several different 
research areas, and they show the versatility of the 
method. The method has also served as a starting point 
for research in several other areas, which is beyond the 
scope of this paper, and therefore only references to 
some of the related papers are given here. 
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Abstract 
It is well known that there are many amazing studies for 

using inherit advantages of biological systems to solve 
engineering problems and improve design performances. 
Although these approaches are often ad hoc and they rely mostly 
on the experience of the designer personally, available 
knowledge and facilities of the current engineering environment, 
existing approaches are highly valuable efforts toward further 
studies on the development of a systematic and formal 
methodology for biomimetic/biologically inspired (bioinspired) 
engineering design. Various research works at the Atılım 
University on bioinspired design methodology, behavioral 
modeling of biological systems and robots, and bioinspired 
design at senior level student projects are presented in the 
paper. 

 
Keywords: Biomimetic/bioinspired design, behavioral 
modeling, mechatronics engineering design, bio-robots. 
 
 
1. Introduction 
 

Engineering is defined as an activity of overcoming 
difficulties for practical applications of concepts that are 
proved to be true theoretically. Engineering activities 
include mental activities, paperwork, human power and 
machine power. Engineering design is a decision-making 
engineering activity against true physical, economical and 
social limitations to develop materials, products or 
processes that satisfy a human need. It is more than a 
combination of engineering and design. It is a 
phenomenon with a blend of complex concepts and 
activities, so that both comfort and problems of the 
humankind are closely related to the availability of natural 
sources, and by using the human creativity. It is the heart 
of technology generation, and it is a process that develops 
human comfort and human problems out of human 
imagination. 

Design activity is strikingly different from the well-
known scientific work. The basic motivation behind the 
scientific activity is the intellectual curiosity of the 
scientist, whereas design is initiated by the recognition 

and identification of a need. The scientist works in an 
environment in which time and money are not the primary 
factors, whereas design activity is constrained with a 
number of factors including time, finance and other 
resources. The scientist seeks peer recognition of his 
work, whereas the output of design activity is always 
subject to wide spread acceptance by relevant part of 
society. 

The most striking nature of design problem is that it 
is open-ended and ill–structured. Contrary to scientific 
problems, there are usually many acceptable alternative 
solutions to a stated design problem. Although none of 
these solutions can be claimed to be correct in strict 
scientific sense, only one of the feasible solutions emerges 
as the best one or simply as the preferred design. 
Furthermore, design problems cannot normally be solved 
by routine application of mathematical equations in a 
structured way (design computations). Instead, the design 
process is of iterative nature, that is; the only way to 
improve design is through time taking iterations. Design 
activity needs the acquisition of a broad database, and the 
solution to design builds on several decisions that have to 
be taken at various levels of design work (cumulative 
nature of design). More striking is the fact that a technical 
solution may not be sufficient alone, issues like cost, 
safety, aesthetics, market preferences, standards and codes 
cannot be ignored and may emerge as overwhelming 
factors in the final design. The engineering design is 
always subject to physical, economic, social and political 
constraints. 

As microprocessor applications are introduced in 
product development, overall and integrated design 
approach benefitted the synergy of integration in 
mechanical, electrical and computer technology into a 
simple product. Mechatronics is considered in its broader 
sense as the name given to the special philosophy behind 
the design and development of the microprocessor-based 
products. The reflection of mechatronics philosophy on 
the design methodology of these products is defined as the 
mechatronic design or mechatronics engineering 
design. 
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There are various definitions about the mechatronics in 
the literature. One of the important definitions states that 
mechatronics is the synergistic integration of mechanical 
engineering with electronics and intelligent computer 
control in the design and manufacture of products and 
processes [1-3]. Mechatronics is also defined as an 
interdisciplinary field of engineering science, which 
characterizes the interconnections between mechanical 
engineering, electrical engineering and computer science 
such that these interconnections are the basis for an 
"intelligent" behavior of a machine [4]. The common 
features of mechatronics extracted from these definitions 
are mainly the application of computer-based digital 
control techniques, through various interfaces of different 
complexity to achieve efficient mechanical functions. 

Mechatronics is mainly a product-oriented approach 
and mechatronic philosophy should be applied carefully 
particularly in the conceptual design phase of the product 
development. This is because the functional and geometric 
integration of mechatronic organs is performed mostly 
during conceptual design. A special methodology of 
mechatronic design is necessary because of the following 
reasons; 

1. Designers with different engineering background 
in a design team experience difficulty to describe and 
discuss their approaches at the conceptual stage, without 
going into the details. These efforts result in time loss in 
product development, increase cost, blur the focus point of 
the design and therefore; an inefficient working 
environment. 

2. Engineering creativity require availability of all the 
design information together with possible solution 
principles. However, usually few designers are involved 
in the creative stage of the design; hence many 
alternatives are omitted because of the missing concepts, 
weak and narrow knowledgebase and/or poor 
communication among the team members. 

3. Technologically, it is difficult to divide the design 
activities into mechanical, electronics and software parts, 
and interfaces between the three areas require special 
knowledge outside these engineering branches. 

4. Overall design evaluation and verification are 
difficult until a very late stage of the project. Hence, 
redundant design, or functionally oversafe designs are 
very common. 

In addition to the above items, the need for a special 
design methodology for functional description and 
conceptual design arises from the fact that a design 
methodology, which handles total aspects of mechanics, 
electronics and software combination, is missing. Buur 
states [2] that design methodologies of different fields are 
not sufficient for mechatronic design because: 

1. Machine design methodology has no means of 
abstractly describing the logical relations between 

functions (i.e. when, in which sequence and under which 
conditions the functions must be performed) since these 
relations are built in a complex way into the physical 
structure of the machine. 

2. Electronic design methodology is mainly based on 
the analysis of 2-D structures. There are neither tools nor 
traditions for formulating alternative concept ideas. 

3. Software design methodology is not capable of 
bridging the gap between abstract functional descriptions, 
physical effects and spatial relations, since such effects 
and relations do not exist in the software domain. 

Some other researchers also agree that a careful 
application of mechatronic design methodology in the 
conceptual design stage is the key issue to be successful in 
the development of mechatronic products [5]. 

There are many diverging views on the nature of 
design. One is that design is experiential in nature. This is 
rather traditional view and it is based on the belief that 
creativity cannot be taught, and should not be interfered 
with. Accordingly, designing would be the only way to 
learn design. The modern view, however, emphasizes the 
need for a more scientific approach to the design activity. 
The basic argument underlying this model is that design is 
a cognitive activity and its study must be through 
experiential learning within the framework of a cognitive 
process [6]. 

Engineering design is a unique activity where a 
physical design artifact is created from an abstract need 
after human imagination. Although the methodology is 
dependent on the particular design need, all of the 
engineering design activities have some common 
engineering features. They are; 

1- Engineering design is densely creative at the 
beginning, and significance of creativity decreases 
towards the end of the process, 

2- Engineering design is iterative during the whole 
design process both at macro scale and at element scale, 

3- Engineering design is methodological 
(productive) towards the end of the design process. 

There are many published work on these topics, 
however it is beyond the scope and aim of this paper. 
Mechatronics engineering design is not an exception and 
it has all of the features listed above. Furthermore; robots, 
products of mechatronics engineering design, are 
normally inspired from or mimicking of human, animals, 
insects etc. Biological systems are studied closely by the 
mechatronics engineering and many successful 
engineering applications are originated from design ideas 
of biological systems. It is always highly challenging for 
mechatronics engineers to study biological systems to 
extract design hints. 
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2. Engineering and Design in Nature 
 

It is well known that the “Nature is the world’s 
foremost designer with billions of years of experience and 
boasting the most extensive laboratory available, it 
conducts research in every branch of engineering and 
science” [7, 8]. The evolution process creates highly 
effective and power efficient biological mechanisms. The 
nature is the most important source of engineering 
materials, processes, methods, structures, tools, devices, 
mechanisms, systems etc. through inspiration to foster 
engineering creativity and innovation. 

One of design criteria of design in nature is the 
minimum energy consumption with maximum functional 
performance. Additionally; other criteria like efficiency, 
functionality, precision, self-repair, and durability [9] are 
considered. Structural and functional perfection of the 
biological systems are achieved through evolution, the 
nature is an experimental platform of science and 
engineering. The idea of inspiration and/or imitating of 
natural systems have initiated bio-mimetic and/or bio-
inspired design for engineering designers. Although the 
nature has always served as a model with their superior 
features, such as metabolism, adaptability, self 
maintenance (autonomy), self repair, growth, replicability, 
evolution etc [10], transfer of knowledge between 
engineering and biology domains, and even understanding 
of each other domain is difficult and not very successful. 
An immediate difficulty is observed to transfer knowledge 
from biology domain to engineering domain and to 
transfer requirements from engineering domain to biology 
domain. It is an essential requirement to develop mutually 
strong relations between two domains. There are many 
attempts to develop and use databases to transfer 
knowledge, they are useful to develop advanced tools 
towards better bioinspired engineering tools.  
 
3. Biomimetic and/or Bioinspired Design Process 
 

A biological inspiration process called as 
“Biomimetic” or “Bioinspired” aims to develop creative 
and novel artificial products in engineering domain via 
inspiring ideas from structures, materials, processes, and 
functions in biology domain. Developing of a systematic 
biomimetic/bioinspired design (BID) is challenging for 
engineers for many reasons, such as; low cost, high 
efficiency, and high reliability. Many case studies are 
available in literature. There are mainly two design 
approaches based on the starting point of the design. One 
of them is the “problem-based design” approach in 
which the design starts with an engineering problem and 
the other is the “solution-based design” approach which 
starts by selecting of a biological system.  

BID includes both engineering features and scientific 
features in a well balanced medium with optimum 
solutions. You may refer to Eroğlu’s paper for further 
information. [11]. Some examples of implementation for 
both approaches are summarized in Table 1. 

Problem-Based BID Process (PB_BID) is enhanced 
by the opportunity to look into biological systems with a 
focused engineering problem and context to see “what 
they do” and then to transform the useful forms, 
processes, and systems within the design context [12, 13]. 
This approach suggests that a design starts with a problem 
definition in engineering domain. The problem is 
decomposed into its elements such as functions, forms, 
behaviors, and structures using top-down approach. Then, 
investigation and selection of a biological system should 
be started in such a way that matching components can be 
found for any of the decomposition elements at any level. 
After matching, implementation of the biological systems 
into the engineering systems should be started.  

Most of the published studies utilize only one 
biological system to meet maximum number of the 
elements for decomposition of the engineering problem. 
Then, for the elements that cannot match with the selected 
biological system, conventional artificial elements on the 
required system elements are added. For example; if a bee 
is selected for a mobile navigation problem used on a 
terrain surface, the designer add a conventional caterpillar 
wheel system on the navigation system for terrain surface 
which is independent from the locomotion mechanism of 
the bee. This is one of the weakest point and need to be 
studied further in detail. There should be no limit on the 
number and variety of bioinspired ideas for a unique and 
simple engineering problem. 

 Solution-Based BID Process (SB-BID) is 
characterized if a designer starts his/her work by focusing 
on a specific biological system without any engineering 
problem in his/her mind and attempts to mimic the 
behavior of this system in the engineering domain and it is 
emerged in practice [14, 15]. This is a typical process in 
developing completely new materials and devices [16].    

In solution-based design approach, design starts with a 
selected biological system as a first step. This selection 
from the biological systems is based on an idea. For 
example; if the designer seeks a jumping mechanism, 
he/she can select grasshoppers into a clump of the rabbit, 
kangaroo, and like biological systems. As a second step, 
the designer should decompose the selected biological 
system to elements, such as, behaviors, functions, 
structures like problem-based design decomposition. 
Then, these elements are implemented into the 
engineering domain. Finally, the design should be 
evaluated. Each of the study with solution-based design 
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approach in the literature is only work on individual 
biological systems. The methodological problem in this 
approach that should be studied further is the selection 

criteria and methodology in selecting the initial (starting) 
biological system.  

 
  

Table 1: Some examples for problem-based design and solution-based design for BID 

BID Approach BID Case Study Phenomenon in 
Nature 

Engineering 
Application 

Problem-Based 
Design 

Flying studies of 
Leonardo da Vinci [17]. Birds wings Flying machine designs 

(Flying) 
Flying studies of Hezarfen 
Ahmet Çelebi [18] Eagle wings Artificial eagle wings 

(Flying) 
A smart cloth [16]. Pinecones A smart cloth (Textile) 

An armor [7]. Hard-shell body of 
turtles 

An armor (Textile and 
Defense Industry) 

Big Dog, developed by 
Boston Dynamics 
Company [19]. 

A dog 
Animal-like robot (big 
dog) (Robotics and 
Defense Industry) 

Eiffel’s tower  

Trabecular struts in the 
head of the human 
femur or the taper of a 
tulip stem. 

A tower (Architecture) 

The roof of the Crystal 
Palace 

Types of leaf such as 
beech or hornbeam A palace (Architecture) 

A bionic car [16, 17]. The shape of the 
boxfish A car (Automotive) 

Solution-Based 
Design 

Velcro [20] Burrs Velcro (hook and loop) 
(Textile) 

Gecko of University of 
Manchester [21].  

the natural hairs 
covering the soles of 
gecko’s feet 

A new type of adhesive 
(Tribology and Robotic) 

 
 

4. A BID Design Methodology Based on Hybrid 
Systems 
 

Survey on the design approaches reveals that 
individual biological systems are used to inspire for each 
of problem-based and solution-based approaches. The use 
of a biological system for an engineering problem may 
decrease creativity, fidelity, and novelty. To increase the 
creativity and novelty all engineering elements burrowed 
from engineering problem can be matched with biological 
elements of decomposition from different biological 
systems in the problem-based approach. Similarly, in the 
solution-based design approach, different elements from 

multiple biological systems can be combined to provide 
an artificial system. Hence, an inspired novel hybrid 
system that includes more than one biological system 
should be developed. These hybrid systems may be 
constructed by using a new SB-BID methodology as 
shown in Figure 1. 

In this methodology, there are two main approaches; 
reverse engineering and direct engineering. Reverse 
engineering part is based on reverse engineering 
principles in biological domain and starts with multiple 
biological systems. The problem to be studied here is the 
scope of multiple biological systems. Direct engineering is 
based on known engineering design principles that start 
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Figure 1 A BID methodology suggested by Atılım University and Craiova University in a joint TÜBİTAK 

project (2010-2012) 
 
with a conceptualization phase to develop an artificial 
system or artificial systems. Although reverse engineering 
is based on biological domain and direct engineering is 
based on engineering domain, both have similar four 
phases; implementation, projection, demands, and 
concept.  There are cross links between reverse 
engineering and direct engineering for each phase which 
constructs bridges between engineering and biological 
domains. This bridging may be unidirectional as it is 
illustrated in the figure for solution based BID. There may 
be many cases where bridging in required in both 
direction frequently all thru the design activities. 

This model recalls one of the operational models for 
the design process that describes the design activities into 
two phases [22]: 

a. Divergent Phase: Recognition and definition of 
the problem search for alternative solutions. 

b. Convergent Phase: Feasibility study, selecting 
one from alternatives (decision-making), specification of 
the solution. 

Further study is required on the model. 
 

5. Modeling and Simulation of Bioinspired Design 
Design process models aim at reflecting the 

methodology and characteristics of the engineering design 
process and propose strategies for the designers about how 
to proceed in the design procedure. One of the most 
important models in the engineering design process in this 
category is the systematic approach [23] in which the flow 
of work during the design process is divided into four 
main steps as follows; 

1. Clarification of the task (collection of 
information about the requirements and about the 
constraints), 

2. Conceptual design (establishment of functional 
structures, the search for suitable solution principles and 
their combinations into concept variants/design 
alternatives), 

3. Embodiment design (development of layouts 
and forms for the concepts, evaluation of them, 
determination of a preliminary layout, optimization, 
definite layout, determination of production procedures), 

4. Detail design (finalization of design). 
Similiarly, Product development process has four main 

phases; 
1. Feasibility phase 
2. Preliminary design phase 
3. Detail design phase 
4. Planning (Design review) phase 
Both models can be modified for BID methodology in 

seven steps:  
1. Survey in biology domain 
2. Adoption of knowledge from biology domain 

into engineering domain 
3. Iterative (biology and engineering domains) 

conceptual design  
4. Desktop design on engineering domain for 

behavioral design 
5. Desktop tests for behavioral design performance  
6. Packaging-Integration of the desktop design into 

biomimetic/bioinspired system/robot 
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7. Iterative tests (biology and engineering domains) 
for the final design 

The model has been tested four years in Atılım 
University senior level bioinspired design projects and 

early results are highly promising to develop successful 
bioinspired robots. Further systematic results will be 
available in future. A picture of these bioinspired robots is 
given in Figure 2. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

One of the key features of the 7-step design process 
model is the behavioral modeling and simulation of the 
biological systems and the engineering systems before the 
completion of the engineering design. Behavioral models 
are particularly important for top-down design of 
multidisciplinary products such as mechatronic systems. 
During the conceptual design of such systems, intended 
“operational behavior” of the artifact is described without 
any physical realization. As design stages become more 
concrete, operational behavior can be refined so as to 
represent well defined mathematical descriptions of 
corresponding physical behaviors. 

Conceptual design is an early stage of product 
development process and involves high degree of 
uncertainty at an abstract level [24]. A significant problem 
during conceptual design is to develop and simulate an 
artifact’s intended behavior to perform an overall function 
without developing its physical model. Thus designers 
need virtual prototypes based on behavioral models that 
reduce the design time at conceptual design stage. These 
models use operational-logical descriptions, which are 
based on the decomposition of a process into sub-
processes [25]. From engineering design perspective, 
operational-logical descriptions are considered to be based 

on the decomposition of an overall function into sub-
functions and these descriptions are used to develop a 
model for the corresponding behavior of a design artifact 
at conceptual level. 

The need for virtual prototypes resulted in related 
scientific research and one of the important approaches for 
developing virtual prototypes is to use behavioral models 
[26, 27]. Behavioral models for simulation are virtual 
prototypes that represent artifact behaviors rather than 
artifacts and they are typically based on operational-
logical descriptions, algebraic descriptions or algorithms 
as stated in the extensive survey on the approaches for 
artifact-behavior simulation for conceptual design. In this 
survey, possible artifact behaviors are classified as a 
subdivision according to the common areas of physics 
such as mechanical behavior, acoustic behavior, optical 
behavior, etc. The effects of these behaviors can be 
observed as flows and transformations of energy and 
matter. Information exchange can also be simulated as an 
observable physical effect because it is based on signals 
encoded as energy or matter. However, as it is shown in 
the survey, certain simulation approaches disregard the 
physical background of information exchange. They 
operate on the interpretation of physical effects as 

Figure 2: Examples of bio-
inspired robots a senior level 
mechatronics engineering 
capstone design projects 
courses. 
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information. It is for that reason that interpreted physical 
behavior is distinguished as a special type of behavior 
alongside observed physical behavior. 

Behavioral models and their software implementations 
[28-31] allow designers to represent concept variants and 
to analyze, compare and evaluate their possible behavior 
at an early design stage. There exist successful high level 
behavioral modeling and simulation tools developed for 
computational design support. Among these, 
Schemebuilder represents designs as schemes structured 
based on the Function/Means tree approach and 
simulations of these designs are performed by the help of 
a partially bond graph based ontology [32, 33]. 
Schemebuilder utilizes the facilities of Dymola which has 
been developed for modeling and simulation of the 
dynamic behavior of complex engineering systems. 
MathModelica [34] is another integrated development 
environment for advanced system modeling and 
simulation. These tools are based on an object-oriented 
modeling language Modelica [35], which is designed for 
component-oriented modeling of complex physical 
systems. 

These tools and modeling languages compare designs 
based on performance evaluations. Since engineering 
systems are conceptualized as flows of energy, material 
and information [23]. Performance evaluations related 
with such systems require mathematical descriptions of 
these flows through the artifact. These flows become 
mathematically identifiable at concrete levels of the 
design process. However, at the most abstract level of the 
conceptual design phase, evaluation of performance is 
very difficult. Therefore in order to contribute the 
modeling and simulation of designs at this level, we 
initiated a research work to develop a Petri Net based 
model for simulating the behavior of concept variants In 
which information flow through any design artifact was 
modeled for concept design [36]. 

Information flow should be integrated with material 
and energy flows in a unified model for complete 
simulation of the behavior of design artifacts at the 
conceptual design phase. Modeling of the energy and 
material flow is treated as modeling the “operational 
behavior” of the design artifact. Combining logical 
behavior and operational behavior of an artifact in a 
unique modeling framework forms a bridge from 
symbolic reasoning in conceptual design to a formal one 
encountered in the embodiment and detailed design 
phases. In addition, modeling and integration of energy, 

material and information flows allows the designer to 
analyze the interactions between various functions of the 
system under conceptual design and to determine any 
deadlocks related with the three flows for the operation of 
the system. Thus, necessary changes can be done during 
an early design phase to prevent any deadlock.  Further 
research was initiated such that the ultimate objective is to 
develop a formal model for the operational behavior of a 
design artifact via integration of material, energy and 
information flow. We started with a demonstrative case 
study a model for representing the intended operational 
behavior of a nonexistent educational robot, a rabbit robot, 
is presented for conceptual design. The operational 
behavior of the robot is defined as composed of states and 
state transitions independent of any physical embodiment. 
Discrete Event System Specification (DEVS) and Petri 
Net formalism are used for the model. This 
representational model is the first step towards the 
development of a virtual prototype for the operational 
behavior of an educational robot. 
 
6. Case Studies 

 
Representation of the operational behavior of a non-

existent design artifact requires formal modeling for 
qualitative simulation. An educational robot is considered 
as a hybrid system with continuous and discrete 
behaviors. A widely used formalism for modeling such 
systems is DEVS (Discrete Event System Specification) 
formalism [37]. It is used to create system models in 
which the discrete-event behavior is modeled using a 
Finite State Machine (FSM) called DEVS diagram and the 
continuous behavior is modeled algebraically using 
dedicated differential equations [25]. Since the present 
study concerns an artifact’s behavior at the conceptual 
design level, the model is developed only for the discrete-
event behavior keeping the modeling of continuous 
behavior to further studies. The discrete-event behavior is 
represented by using DEVS formalism together with Petri 
Nets. This type of qualitative modeling allows designers 
to simulate the intended behavior of a non-existent artifact 
using the mathematical constructs of Petri Nets such as 
reachability and liveness (deadlock free operation) at 
conceptual design level. Petri Net model and initial 
marking representing initial state of rabbit robot is given 
in Figure 3. Further details can be found in Z. Erden’s 
paper [38]. 

 
 



 

Proceed

 

 

Figure 
 
 
7. Conclusion 
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Abstract 
Considering a spatial mechanical system containing links with 
multiple joints, a systematic approach is introduced in order to 
describe the kinematic features of the joints in a convenient 
way. As an example, this approach is demonstrated on a 
parallel manipulator with six degrees of freedom and three 
legs. Afterwards, the kinematic analysis of the same 
manipulator is carried out both in the inverse and forward 
senses. The inverse kinematic solution is obtained analytically 
and the forward kinematic solution is obtained semi-
analytically in such a way that the number of scalar equations 
to be solved numerically is reduced from twelve to three. 
During the solutions, the manipulation of the matrix 
expressions is facilitated by using the algebraic features of the 
rotation matrices in exponential form. 
 
Keywords: Spatial Mechanisms, Parallel Manipulators, 
Inverse Kinematics, Forward Kinematics, Analytical 
Methods. 
 
 
1. Introduction 
 
 For the spatial mechanical systems, the traditional 
systematic approach for the kinematic description of the 
joints is the Denavit-Hartenberg (D-H) convention [1]. 
However, the D-H convention has been introduced only 
for the single-axis joints, i.e. for the revolute, prismatic, 
screw, and cylindrical joints. Of course, it can be 
extended to the multi-axis joints by modelling them as if 
they are decomposed into a number of single-axis joints 
[2], [3]. However, this practice necessitates introducing 
extra virtual links between the hypothetical single-axis 
joints that replace the actual decomposed joints. 
Consequently, the complexity of the system increases. 
For example, if a spherical joint is replaced with three 
revolute joints, then two extra virtual links must be 
inserted next to the actual links connected by the 
spherical joint. Moreover, the D-H convention dictates 
the orientations of the link frames and the locations of 
their origins on the joint axes. Thus, there remains no 

freedom for the analyst to assign the link frames 
independently of the joint axes. This lack of freedom 
may be considered as a drawback especially for a multi-
joint link that takes place in a general mechanical system 
with several closed kinematic chains. 
 In the first part of this paper, the lack of freedom in 
assigning the link frames is eliminated by introducing an 
alternative systematic approach for the kinematic 
description of the joints. A preliminary version of this 
approach was introduced and used in Reference [4]. This 
approach also allows the multi-axis joints to be treated as 
they are without requiring any decomposition and extra 
virtual links. 
 In the second part of this paper, the joint description 
approach introced in the first part is applied to a spatial 
parallel manipulator with six degrees of freedom and 
three legs. The legs are connected to the fixed and 
moving platforms with universal and spherical joints, 
respectively. The two pieces of each leg are 
interconnected with prismatic joints. The actuators of the 
manipulator command the displacements of the prismatic 
joints and the rotations about the fixed axes of the 
universal joints. Afterwards, the kinematic analysis of 
the same manipulator is carried out both in the inverse 
and forward senses. The inverse kinematic solution is 
obtained in a completely analytical way for both the 
actuated and unactuated joint variables. The forward 
kinematic solution for the location and orientation of the 
moving platform and the unactuated joint variables is 
obtained semi-analytically in such a way that the number 
of scalar equations to be solved numerically is reduced 
from twelve to three. Owing to the analytical nature of 
the solutions, the multiple and singular configurations of 
the manipulator are readily identified. During the 
solution procedures, the manipulation of the matrix 
expressions is facilitated by using the algebraic features 
of the rotation matrices in exponential form [4], [5]. 
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2. Description of a Mechanical System 
 
2.1. Description of the Link and Joint Frames 
 

 

aO  

abO  

bO  

baO  

aL  
bL  

 
Fig. 1. Two Connected Links of a Mechanical System 

 
 Consider a spatial mechanical system that consists of 
several links such as aL , bL , cL , etc. Two connected 
links of such a system is depicted in Fig. 1. The links are 
assumed to be rigid. The joint between aL  and bL  is 
denoted as abJ  or baJ . On each of the links, e.g. aL , 
there are attached several reference frames such as aF , 

abF , acF , ... , apF . Here, aF  is the link frame and the 

others ( abF , acF , ... , apF ) are the joint frames. All 
these frames are assumed to be orthogonal and right 
handed. The joint frame abF  on aL  and its companion 

baF  on bL  are arranged in such a way that the relative 
displacement between the kinematic elements that form 
the joint abJ  is expressed in the simplest possible way. 
The origins of the frames aF  and abF  are aO  and abO . 
Their unit basis vector triads are denoted as 
 
 ( ) ( ) ( )

1 2 3{ , , }a a au u u
r r r

  and  ( ) ( ) ( )
1 2 3{ , , }ab ab abu u u

r r r
 

 
 Considering the two connected links in Fig. 1, the 
position (location and orientation) of bL  with respect to 

aL  can be expressed as described below. 
 
a) Orientation Equation 
 
  ( , ) ( , ) ( , ) ( , )a b a ab ab ba ba b=C C C C  (2.1) 
 
 Concerning Eq. (2.1), as a general symbol, ( , )p qC  
denotes the orientation matrix of a frame qF  with 

respect to another frame pF . It also denotes the 

component transformation matrix from qF  to pF . In Eq. 

(2.1), ( , )a abC  and ( , )ba bC  are constant matrices, whereas 
( , )ab baC  is a variable matrix being a function of the 

variable or variables of the joint abJ . The details of 
( , )ab baC  will be taken up later in Section 3, which is 

about joint descriptions. 
  
b) Location Equation 
 
 The vector equation that expresses the location of 

bO  with respect to aO  is 
  
  , , , ,a b a ab ab ba ba b= + +r r r r

r r r r
 (2.2) 

 
 Concerning Eq. (2.2), as a general symbol, ,p qr

r
 

denotes the location vector directed from the origin pO  

of a frame pF  to the origin qO  of another frame qF . As 

expressed in aF , the matrix equation corresponding to 
Eq. (2.2) is written as 
 
  ( ) ( ) ( ) ( )

, , , ,
a a a a

a b a ab ab ba ba b= + +r r r r  (2.3) 
 
 Concerning Eq. (2.3), considering a vector r

r
, ( )ar  

is the column matrix that consists of the components of 
r
r

 in a frame aF . In other words, ( )ar  is the matrix 
representation of r

r
 in aF . That is, 

 

  
3

( ) ( )

1

a a
k k

k
r

=
= ∑r u

r r   ⇒  

( )
1
( )( )
2
( )

3

a

aa

a

r

r

r

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥⎣ ⎦

r  (2.4) 

 
 The matrix representation of r

r
 in aF  can be 

denoted compactly as 
 
  ( ) { }

a

a
F=r r

r  (2.5) 

 
 Note that ,a abr

r
 and ,ba br

r
 appear to be constant in 

aF  and bF , respectively. Moreover, ,ab bar
r

 is expressed 
most simply in abF  (or baF ). Therefore, Eq. (2.3) can be 
written more expressively as 
 
  ( ) ( ) ( ) ( )( , ) ( , )

, , , ,
a a ab ba ab a b

a b a ab ab ba ba b= + +r r C r C r  (2.6) 
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 In Eq. (2.6), ( )
,
a

a abr  and ( )
,

b
ba br  are constant, whereas 

( )
,

ab
ab bar  is variable being a function of the variable or 

variables of the joint abJ . The details of ( )
,

ab
ab bar  will also 

be taken up later in Section 3. 
 
2.2. Assignment of the Joint Frames 
 

 

aO  abB  

aL  

abA  

( )
3
aur  

( )
3
aur  ( )

3
abur  

( )
1
aur  

( )
1
aur  

( )
1
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abJ  

( )
2
aur  

abh  
abb  

abβ  

abη  

( )
1
abur  

abO  

abl  

 
Fig. 2. Joint Frame Assignment 

 
 Here, the joint frame abF  is assigned systematically 
by using a method, which is a similar but extended 
version of the Denavit-Hartenberg (D-H) method. It 
involves five parameters differently from the four 
parametres of the D-H method. The parameters of the 
assignment are shown in Fig. 2. The assignment 
procedure is as described below. 
 The link frame aF  with the basis vector triad 

( ) ( ) ( )
1 2 3{ , , }a a au u u

r r r
 is attached to link aL  in some 

convenient way. The main axis of the kinematic element 
of link aL  that belongs to joint abJ  is represented by the 

unit vector ( )
3
abu

r
. The common normal is determined 

between the axes along ( )
3
au

r
 and ( )

3
abu

r
 or a convenient 

common normal is selected if there are many of them. 
The unit vector ( )

1
abu

r
 is assigned to the common normal 

being oriented from ( )
3
au

r
 to ( )

3
abu

r
. The intersection 

points of the common normal with the axes along ( )
3
au

r
 

and ( )
3
abu

r
 are labeled as abA  and abB , respectively. 

abA  and abB  are defined as the auxiliary points. The 
origin abO  of the joint frame abF  is also located on the 
main axis of abJ . The location and orientation of abF  
with respect to aF  is described by means of the 
following five parameters. 
  

1. First Offset Distance along  ( )
3
au

r
:  

 
  ab a abh O A=     (2.7) 
 
2. Second Offset Distance along  ( )

3
abu

r
:  

 
  ab ab abl B O=     (2.8) 
 
3. Separation Distance along  ( )

1
abu

r
:  

 
  ab ab abb A O=     (2.9) 
 
4. Turn Angle about ( )

3
au

r
:  

 
  ( ) ( )

1 1[ ]a ab
abη = ∠ →u u

r r
 (2.10) 

 
5. Twist Angle about ( )

1
abu

r
:  

 
  ( ) ( )

3 3[ ]a ab
abβ = ∠ →u u

r r
 (2.11) 

 
 By using these parameters, the constant orientation 
and location matrices ( , )a abC  and ( )

,
a

a abr  are expressed as 
follows. 
 
  3 1( , ) ab aba ab e eη β= u uC % %  (2.12) 
 

 
( ) ( / ) ( / ) ( / )

3 1 3,
( / ) ( / ) ( / )( , )
3 1 3[ ]

a a a ab a ab a
ab ab aba ab

a a ab ab ab aba ab
ab ab ab

h b l

h b l

= + +

= + +

r u u u

u C u u
 

 
This equation can be simplified as shown below. 
 

  
3 1

3 3 1

( )
3 1 3,

3 1 3

( )ab ab

ab ab ab

a
ab ab aba ab

ab ab ab

h e e b l

h b e l e e

η β

η η β

= + +

= + +

u u

u u u

r u u u

u u u

% %

% % %
 (2.13) 

 
 Eq. (2.13) can also be written as follows by 
expanding the matrix products on the right hand side. 
 

  

( )
1,

2

3

( cos sin sin )

( sin cos sin )
( cos )

a
ab ab ab ab aba ab

ab ab ab ab ab

ab ab ab

b l

b l
h l

η η β

η η β
β

= + +

+ − +

+ +

r u

u
u

  (2.14) 
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 Eqs. (2.12) to (2.14) contain the following 
definitions. 
 
a) The matrix representations of the basis vectors of 

one frame in another frame: 
 

   ( / ) ( ){ }
a

b a b
k k F

=u u
r

;  1,2,3k =  (2.15) 

 
b) The basic column matrices: 
 

   1

1
0
0

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

u ,  2

0
1
0

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

u ,  3

0
0
1

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

u  (2.16) 

 
 Note that, for 1,2,3k = , 
 
   ( / ) ( / ) ( / )a a b b c c

kk k k= = = =u u u uL    (2.17) 
 
c) The angle-axis description of a rotation matrix: 
 

  
T

( )( , )

( ) ( ) 2

( ) ( ) ( )

sin [ ] (1 cos )

cos sin (1 cos )

pp q

p p

p p p

e θ

θ θ

θ θ θ

=

≡ + + −

≡ + + −

nC

I n n

I n n n

%

% %

%

 (2.18) 

 
 The matrix expressed in Eq. (2.18) represents the 

following rotation. 
 
   rot( , )

p qF Fθ⎯⎯⎯⎯→n
r

 
 
 Here, n

r
 is the unit vector along the axis of rotation 

and ( )pn  is the matrix representation of n
r

 in pF . 

Note that if n
r

 happens to be one of the basis vectors 
of pF , i.e. if ( )p

k=n u
r r

 for 1, 2, or 3k = , then 
( / )( ) p pp

kk= =n u u . As for ( )pn% , it is the skew 
symmetric cross-product matrix corresponding to 

( )pn . It functions on a column matrix ( )pr  so that 
( ) ( ) ( ) ( )p p p p≡ ×n r n r% . It is generated as shown 

below. 
 

   
1 3 2

( ) ( )
2 3 1

3 2 1

0
0

0

p p
n n n
n n n
n n n

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= ⇒ = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦⎣ ⎦

n n%  (2.19) 

 

 For the other constant position matrices in Eqs. (2.1) 
and (2.6), the following relationships can be written. 
  
  T( , ) ( , )[ ]ba b b ba=C C   and  ( ) ( )

, ,
b b

ba b b ba= −r r  (2.20) 
 
 So, they are obtained by expressing ( , )b baC  and 

( )
,
b

b bar  similarly as above. That is, 
 
  3 1( , ) ba bab ba e eη β= u uC % %  (2.21) 
 
 3 3 1( )

3 1 3,
ba ba bab

ba ba bab ba h b e l e eη η β= + +u u ur u u u% % %  (2.22) 
 
 On the other hand, the variable orientation and 
location matrices ( , )ab baC  and ( )

,
ab

ab bar  are expressed as 
described in Section 3. 
 
2.3. Special Cases of Joint Frame Assignment 
 
a) Case with Parallel Axes 
 
 In this case, ( ) ( )

3 3//ab au u
r r

, 0abβ = , and there are 
infinitely many common normals. So, the common 
normal passing through abO  can be selected as the most 
convenient one. For this common normal, 0abl = . Thus, 
Eqs. (2.12) to (2.14) reduce to the following ones. 
 
  3( , ) aba ab e η= uC %  (2.23) 
 

  
3( )

3 1,

1 2 3( cos ) ( sin )

aba
ab aba ab

ab ab ab ab ab

h b e

b b h

η

η η

= +

= + +

ur u u

u u u

%

 (2.24) 

 
b) Case with Intersecting Axes 
 
 In this case, the three points abA , abB , and abO  
become coincident. Then, although the common normal 
is determined uniquely, the sense of ( )

1
abu

r
 acquires two 

options. These options can be represented by a sign 
variable 1abσ = ±  so that ab ab abβ σ β= . As a possible 
option, abσ  can be selected so that abη  comes out as an 
acute angle. Another feature of this case is that 

0ab abb l= = . Thus, Eqs. (2.12) to (2.14) reduce this 
time further to the following ones. 
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  3 1( , ) ab aba ab e eη β= u uC % %  (2.25) 
 
  ( )

3,
a

aba ab h=r u  (2.26) 
 
c) Case with Coincident Axes 
 
 In this very special but not very uncommon case, it 
becomes possible to orient the common normal 
arbitrarily. Then, it is normally oriented so that 0abη = . 
Thus, Eqs. (2.12) to (2.14) simplify even further to the 
following ones. 
 
  ( , )a ab =C I  (2.27) 
 
  ( )

3,
a

aba ab h=r u  (2.28) 
     
3. Joint Descriptions 
 
3.1. Single-Axis Joints 
 

abO  

baO  

( ) ( )
3 3
ba ab=u ur r  

( )
1
abur  ( )

2
abur

( )
1
baur  

( )
2
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abθ
abθ
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2
abur( )

1
abur  (a) 

(b) 

( ) ( )
3 3
ba ab=u ur r  

 
Fig. 3. A Single-Axis Joint 

 
 A single-axis joint with the frames abF  and baF  is 
shown in Fig. 3. Without a significant loss of generality, 
the joint axis is aligned with ( ) ( )

3 3
ba ab=u u

r r
. In such a 

joint, the relative displacement between the kinematic 
elements is characterized by two joint variables. One of 
them is the angular displacement abθ , which indicates 
the relative rotation of baF  with respect to abF . The 
other variable is the linear displacement abs , from abO  
to baO , which indicates the relative translation of baF  
with respect to abF .   
 There are four kinds of single-axis joints. They are 
known as cylindrical, screw, revolute, and prismatic 
joints. Their kinematic details are described below. 
 

a) Cylindrical Joints 
 
 In a cylindrical joint, abs  and abθ  are independent 
variables. Therefore, the degree of freedom of a 
cylindrical joint is two. 
 
b) Screw or Helical Joints 
 
 In a screw joint, abs  and abθ  are related to each 
other. Therefore, the degree of freedom of a screw joint 
is one. The relationship between abs  and abθ  is 
expressed as follows. 
 
  ab ab ab abs d λ θ= +  (3.1) 
 
 In Eq. (3.1), abd  (initial offset) and abλ  (pitch or 
lead) are constant parameters. 
 
c) Revolute Joints 
 
 In a revolute joint, abθ  is variable but ab abs d=  is 
constant. Therefore, the degree of freedom of a revolute 
joint is one. 
 
d) Prismatic Joints 
 
 In a prismatic joint, abs  is variable but ab abθ δ=  is 
constant. Therefore, the degree of freedom of a prismatic 
joint is one. 
 In a single-axis joint, the position of baF  with 
respect to abF  is expressed by the following equations. 
 
a) Orientation Equation 
 
  3( , ) abab ba e θ= uC %  (3.2) 
 
b) Location Equation 
 
 The vector equation is 
  
  ( )

, 3
ab

ab ba abs=r u
r r

 (3.3) 
 
 In Eq. (3.3), ,ab bar

r
 is the location vector oriented 

from abO  to baO . As expressed in abF , the 
corresponding matrix equation is 
 
  ( )

3,
ab

abab ba s=r u  (3.4) 
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3.2. Spherical Joint 
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Figure 4. A Spherical Joint 

 
 A spherical joint is depicted in Fig. 4. The location 
equation is trivial, i.e. 
  
  ( )

,
ab

ab ba =r 0  (3.5) 
 
 So, without any relative translation, the degree of 
freedom of a spherical joint is three. Therefore, the 
orientation equation is mostly written as follows in terms 
of three independent angular joint variables abφ , abθ , 
and abψ , which are generally designated as Euler 
angles. 
 
  1 2 3( , ) ab ab abab ba e e eφ θ ψ= n n nC % % %  (3.6) 
 
 In Eq. (3.6), 1n , 2n , and 3n  are unit column 
matrices and they can be selected in any convenient way 
so long as 2 1≠n n  and 2 3≠n n . However, it is possible 
to have 3 1=n n . Typical selections are given below 
forming the commonly used rotation sequences. 
 
(i)  1-2-3 sequence 1 1 2 2 3 3( , , )= = =n u n u n u : 
 
  1 2 3( , ) ab ab abab ba e e eφ θ ψ= u u uC % % %  
 
(ii)  3-2-1 sequence 1 3 2 2 3 1( , , )= = =n u n u n u : 
 
    3 2 1( , ) ab ab abab ba e e eφ θ ψ= u u uC % % %  
 
(iii) 3-2-3 sequence 1 3 2 2 3 3( , , )= = =n u n u n u : 
 
    3 2 3( , ) ab ab abab ba e e eφ θ ψ= u u uC % % %  
 

(iv) 3-1-3 sequence 1 3 2 1 3 3( , , )= = =n u n u n u : 
 
    3 1 3( , ) ab ab abab ba e e eφ θ ψ= u u uC % % %  
 
 In addition to the Euler angles, it is possible to 
express ( , )ab baC  by using other means as well. Two 
typical ones are mentioned below. 
 
(i)  Angle-Axis Representation with abγ  and abn : 
 
 In this representation, T 1ab ab =n n  and 
 

  
( , )

2sin (1 cos )

ab abab ba

ab ab ab ab

e γ

γ γ

=

= + + −

nC

I n n

%

% %
 (3.7) 

 
(ii)  Quaternion Representation with ˆ ab ab abλ= +q μ : 
  
 In this representation,  
 
 cos( / 2)ab abλ γ=  and sin( / 2)ab ab abγ=μ n   
 
 So, T2 1ab ab abλ + =μ μ  and 
 
  ( , ) 22 2ab ba

ab ab abλ= + +C I μ μ% %  (3.8) 
 
3.3. Universal or Hooke Joint 
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Fig. 5. A Universal Joint 
 
 A universal joint is actually a combination of two 
successive revolute joints with orthogonally intersecting 
axes as seen in Fig. 5. So, its degree of freedom is two. 
The relative displacement between the kinematic 
elements can be expressed in terms of two angles such as 
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abφ  and abθ . Hence, the location and orientation 
equations can be written as follows. 
 
  ( )

,
ab

ab ba =r 0  (3.9) 
 
  3 1( , ) ab abab ba e eφ θ= u uC % %  (3.10) 
 
3.4. Plane-Contact Joint 
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Fig. 6. A Plane-Contact Joint 
 
 In a plane-contact joint, the kinematic elements are 
in contact with each other on a planar surface as seen in 
Fig. 6. Therefore, the degree of freedom of such a joint is 
three. So, the relative displacement between the 
kinematic elements can be expressed in terms of three 
joint variables, which can be taken as the angle abφ  
about the third axis and the two coordinates abx  and aby  
along the first and second axes. By using these joint 
variables, the location and orientation equations can be 
written as follows. 
 
  ( )

1 2,
ab

ab abab ba x y= +r u u  (3.11) 
 
  3( , ) abab ba e φ= uC %  (3.12) 
 
3.5. Line-Contact Joint 
 
 In a line-contact joint, the kinematic elements are in 
contact with each other along a line as seen in Fig. 7. 
Therefore, the degree of freedom of such a joint is four. 
So, the relative displacement between the kinematic 
elements can be expressed in terms of four joint 
variables, which can be taken as the angles abφ  and abθ  
about the third and first axes and the two coordinates 

abx  and aby  along the first and second axes. By using 

these joint variables, the location and orientation 
equations can be written as follows. 
 
  ( )

1 2,
ab

ab abab ba x y= +r u u  (3.13) 
 
  3 1( , ) ab abab ba e eφ θ= u uC % %  (3.14) 
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Fig. 7. A Line-Contact Joint 
 
3.6. Point-Contact Joint 
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Fig. 8. A Point-Contact Joint 
 
 In a point-contact joint, the kinematic elements are 
in contact with each other at a point as seen in Fig. 8. 
Therefore, the degree of freedom of such a joint is five. 
So, the relative displacement between the kinematic 
elements can be expressed in terms of five joint 
variables, which can be taken as three angles such as abφ
, abθ , and abψ  and the two coordinates abx  and aby  
along the first and second axes. They lead to the 
following equations. 
 
  ( )

1 2,
ab

ab abab ba x y= +r u u  (3.15) 
 
  1 2 3( , ) ab ab abab ba e e eφ θ ψ= u u uC % % %  (3.16) 
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or as another alternative, 
 
  3 2 3( , ) ab ab abab ba e e eφ θ ψ= u u uC % % %  (3.17) 
 
4. Example: A 6-DOF Parallel Manipulator 
 
4.1. Description of the Manipulator 
 

0O

01O  

02O

03O  

7O

74O  

75O

76O  

1L  

0L

2L

3L  

7L  

4L  

5L

6L  

(0)
1ur  (0)

2ur

(0)
3ur

(7)
1ur  

(7)
2ur

(7)
3ur  

 
Fig. 9. A 6-DOF Parallel Manipulator 

 
 The parallel manipulator shown in Fig. 9 consists of 
two platforms 0L  and 7L , which are connected by three 
identical legs. 0L  is fixed and the legs consist of the link 
pairs denoted as 1 4{ , }L L , 2 5{ , }L L , and 3 6{ , }L L . The 
link pairs of the legs are connected by prismatic joints 

14J , 25J , and 36J . The joints 01J , 02J , and 03J  on the 
fixed platform are universal (denoted by ⊗ symbols) and 
the joints 74J , 75J , and 76J  on the moving platform are 
spherical (denoted by O symbols). The universal joints 
are symmetrically located about 0O  with 01 0η = , 

02 2 / 3η π= , 03 2 / 3η π= − , and 01 02 03 0b b b r= = = . 
Similarly, the spherical joints are symmetrically located 
about 7O  with 74 0η = , 75 2 / 3η π= , 76 2 / 3η π= − , and 

74 75 76 7b b b r= = = . The details of the first leg are 
shown in Fig. 10. The details of the other legs are 
similar. The controlled joint variables of the manipulator 

are the first angles of the universal joints 01 02 03( , , )φ φ φ  
and the lengths of the prismatic joints 14 25 36( , , )s s s . 
 

(0)
3ur  

(01)
3ur  

(01)
1ur  

(10)
3ur  

(7)
3ur  

(74)
3ur  

(47)
3ur  

(74)
1ur  

(41)
3ur  

(14)
3ur  

0O  

01 10O O=  
14O  

41O  74 47O O=  

7O  

01φ  

01θ  

14s  

01b  

74b  

0L  

1L  

4L  

7L  

 Fig. 10. Details of the First Leg 
 
4.2. Kinematic Equations 
 
 Referring to Figs. 9 and 10, the following equations 
can be written in order to express the position of the 
moving platform (L7) with respect to the fixed platform 
(L0). 
 
a) Orientation Equations 
 
 The orientation of the moving platform can be 
expressed with respect to the base frame in the following 
three ways. 

  

(0,7) (0,1) (1,4) (4,7)

(0,01) (01,10) (10,1)

(1,14) (14,41) (41,4)

(4,47) (47,74) (74,7)

[ ]

[ ]

[ ]

=

= ⋅

⋅ ⋅

⋅

C C C C

C C C

C C C

C C C

 (4.1) 

 

  

(0,7) (0,2) (2,5) (5,7)

(0,02) (02,20) (20,2)

(2,25) (25,52) (52,5)

(5,57) (57,75) (75,7)

[ ]

[ ]

[ ]

=

= ⋅

⋅ ⋅

⋅

C C C C

C C C

C C C

C C C

 (4.2) 

 

  

(0,7) (0,3) (3,6) (6,7)

(0,03) (03,30) (30,3)

(3,36) (36,63) (63,6)

(6,67) (67,76) (76,7)

[ ]

[ ]

[ ]

=

= ⋅

⋅ ⋅

⋅

C C C C

C C C

C C C

C C C

 (4.3) 
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 The joints 01J , 02J , and 03J  are universal. 
Therefore, 
 

  

3 01 1 01

3 02 1 02

3 03 1 03

(01,10)

(02,20)

(03,30)

e e

e e

e e

φ θ

φ θ

φ θ

⎫=
⎪⎪

= ⎬
⎪

= ⎪⎭

u u

u u

u u

C

C

C

% %

% %

% %

 (4.4) 

 
 The joints 14J , 25J , and 36J  are prismatic. 
Therefore, 
 
  (14,41) (25,52) (36,63)= = =C C C I  (4.5) 
 
 The joints 47J , 57J , and 67J  are spherical. Their 
kinematics can be completely and compactly 
characterized by the rotation matrices 4R , 5R , and 6R  
so that 
 
 (47,74)

4=C R , (57,75)
5=C R , (67,76)

6=C R  (4.6) 
 
 If the details are required, the matrices 4R , 5R , and 

6R  can be expressed in terms of the Euler angles of a 
desired sequence, such as 1-2-3, 3-2-3, etc. 
 Note that  
 
  (01) (02) (03) (0)

3 3 3 3// // //u u u u
r r r r

 
and 
  (74) (75) (76) (7)

3 3 3 3// // //u u u u
r r r r

  
 
Therefore, with the given values of the turn angles, 
 

  

3 01

3 02 3

3 03 3

(0,01)

(2 / 3)(0,02)

(2 / 3)(0,03)

e

e e

e e

η

η π

η π−

⎫= =
⎪⎪

= = ⎬
⎪

= = ⎪⎭

u

u u

u u

C I

C

C

%

% %

% %

 (4.7) 

 

  

3 74

3 75 3

3 76 3

(7,74)

(2 / 3)(7,75)

(2 / 3)(7,76)

e

e e

e e

η

η π

η π−

⎫= =
⎪⎪

= = ⎬
⎪

= = ⎪⎭

u

u u

u u

C I

C

C

%

% %

% %

 (4.8) 

 
 For the links connected by the prismatic joints, the 
joint frames can be taken to be coincident with the 
relevant link frames. That is, 
 

  
(1,10) (2,20) (3,30)

(1,14) (2,25) (3,36)

⎫= = = ⎪
⎬

= = = ⎪⎭

C C C I

C C C I
 (4.9) 

 

  
(4,47) (5,57) (6,67)

(4,41) (5,52) (6,63)

⎫= = = ⎪
⎬

= = = ⎪⎭

C C C I

C C C I
 (4.10) 

 
 Consequently, Eqs. (4.1) to (4.3) become 
 
  3 01 1 01(0,7)

4e eφ θ= u uC R% %  (4.11) 
 
  3 3 02 1 02 3(2 / 3) (2 / 3)(0,7)

5e e e eπ φ θ π−= u u u uC R% % % %  (4.12) 
 
  3 3 03 1 03 3(2 / 3) (2 / 3)(0,7)

6e e e eπ φ θ π−= u u u uC R% % % %  (4.13) 
 
b) Location Equations 
 
 The location vector of the origin 7O  can be 
expressed with respect to the base frame as follows 
through the first leg. 

  
(0) (0) (0) (0)
0,7 0,01 01,47 47,7
(01/ 0) (10 / 0) (74 / 0)

0 14 71 3 1r s r

= + +

= + −

r r r r

u u u
 

 
 (0) (0,01) (0,10) (0,74)

0 1 14 3 7 10,7 r s r= + −r C u C u C u  
 

  
(0) (0,01) (0,01) (01,10)

0 1 14 30,7
(0,7) (7,74)

7 1

r s

r

= + −

−

r C u C C u

C C u
 (4.14) 

 
 The same location vector can be expressed through 
the other two legs similarly as follows. 
 

  
(0) (0,02) (0,02) (02,20)

0 1 25 30,7
(0,7) (7,75)

7 1

r s

r

= + −

−

r C u C C u

C C u
 (4.15) 

 

  
(0) (0,03) (0,03) (03,30)

0 1 36 30,7
(0,7) (7,76)

7 1

r s

r

= +

−

r C u C C u

C C u
 (4.16) 

 
 When the relevant orientation matrices are 
substituted, Eqs. (4.14) to (4.16) take the following 
forms. 
 
  3 01 1 01(0)

0 1 14 3 7 4 10,7 ( )r e e s rφ θ= + −u ur u u R u% %  (4.17) 
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3

3 02 1 02

(0) (2 / 3)
0 10,7

25 3 7 5 1

[

( )]

e r

e e s r

π

φ θ

= +

+ −

u

u u

r u

u R u

%

% %
 (4.18) 

 

  
3

3 03 1 03

(0) (2 / 3)
0 10,7

36 3 7 6 1

[

( )]

e r

e e s r

π

φ θ

−= +

+ −

u

u u

r u

u R u

%

% %
 (4.19) 

 
4.3. Inverse Kinematics 
 
 The orientation of the moving platform and the 
location of its center are specified as C  and r  so that 
 
  (0,7) =C C   and  (0)

0,7 =r r  (4.20) 
 
 It is desired to determine the corresponding joint 
variables. 
 To start the solution procedure, the location vectors 
of the spherical joint centers 74 75 76( , , )O O O  can be 
expressed in terms of C  and r  as described below. 
 For the sake of notational convenience, let 
 
  (0)

4 0,74=r r ,  (0)
5 0,75=r r ,  (0)

6 0,76=r r  (4.21) 
 
 Then, for 4,5,6k = , 
 
  (0) (0) (0) (0) (7)(0,7)

0,7 0,70,7 7,7 7,7k k k k= = + = +r r r r r C r  (4.22) 
 
 Note that 
 

  3

3

(7)
7 17,74

(7) (2 / 3)
7 17,75

(7) (2 / 3)
7 17,76

r

r e

r e

π

π−

⎫=
⎪
⎪

= ⎬
⎪

= ⎪⎭

u

u

r u

r u

r u

%

%

   (4.23) 

 Hence, 
 
  4 7 1r= +r r Cu  (4.24) 
 
  3 (2 / 3)

5 7 1r e π= + ur r C u%  (4.25) 
 
  3 (2 / 3)

6 7 1r e π−= + ur r C u%    (4.26) 
 
 On the other hand, similarly to Eqs. (4.17) to (4.19), 
the location vectors of the spherical joint centers can also 
be expressed in terms of the joint variables as follows. 
 

  3 01 1 01
4 0 1 14 3r s e eφ θ= + u ur u u% %  (4.27) 

 
  3 3 02 1 02(2 / 3)

5 0 1 25 3( )e r s e eπ φ θ= +u u ur u u% % %  (4.28) 
 
  3 3 03 1 03(2 / 3)

6 0 1 36 3( )e r s e eπ φ θ−= +u u ur u u% % %  (4.29) 
 
 Eqs. (4.27) to (4.29) can also be written as shown 
below. 
 
  3 01 1 01

14 3 4 4 0 1s e e rφ θ = = −u u u x r u% %  (4.30) 
 
  3 02 1 02 3 (2 / 3)

25 3 5 5 0 1s e e e rφ θ π−= = −u u uu x r u% % %  (4.31) 
 
  3 03 1 03 3 (2 / 3)

36 3 6 6 0 1s e e e rφ θ π= = −u u uu x r u% % %  (4.32) 
 
 Note that 4 5 6, ,x x x  are known in terms of 4 5 6, ,r r r  
which are in turn known in terms of r and C. Hence, the 
joint variables belonging to the legs can be determined 
from Eqs. (4.30) to (4.32) as explained below. 
 When each side of Eq. (4.30) is premultiplied by its 
transpose, 14s  is obtained easily as follows. 
 
 T T3 01 1 01 3 01 1 01

14 3 14 3 4 4( ) ( )s e e s e eφ θ φ θ =u u u uu u x x% % % %  
 

  
T

T T

1 01 3 01 3 01 1 012
14 3 3

2 2
14 3 3 14 4 4

( )

( )

s e e e e

s s

θ φ φ θ− −

= = =

u u u uu u

u u x x

% % % %

 

 
 Note that 14 0s > . So, 
 

  T
14 4 4s = x x  (4.33) 

 Similarly, 
 

  T
25 5 5s = x x  (4.34) 

 

  T
36 6 6s = x x   (4.35) 

 
 As the next step, Eqs. (4.30) to (4.32) can be written 
as shown below. 
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  3 01 1 01
3 4 4 14/e e sφ θ = =u u u w x% %  (4.30) 

 
  3 02 1 02

3 5 5 25/e e sφ θ = =u u u w x% %  (4.31) 
 
  3 03 1 03

3 6 6 36/e e sφ θ = =u u u w x% %  (4.32) 
 
 Note that 4w , 5w , and 6w  are known at this stage 
and they represent the unit vectors along the legs of the 
manipulator. The product on the left hand side of Eq. 
(4.30) can be expanded as follows. 
 
 3 01 1 01 3 01

3 3 01 2 01 4( cos sin )e e eφ θ φ θ θ= − =u u uu u u w% % %  
 
  3 01 3 01

3 01 2 01 4cos sine eφ φθ θ− =u uu u w% %  
 

  3 01 2 01 01

1 01 01 4

cos cos sin
sin sin

θ φ θ
φ θ

− +

+ =

u u
u w

 (4.33) 

 
 Let T

4 4k kw = u w  for 1,2,3k = . Then, Eq. (4.33) 
leads to the following scalar equations. 
 
  01 43cos wθ =  (4.34) 
 
  01 01 41sin sin wφ θ =  (4.35) 
 
  01 01 42cos sin wφ θ = −  (4.36) 
 
 Eq. (4.34) implies that 
 

  2
01 1 43sin 1 wθ σ= −   with  1 1σ = ±  (4.37) 

 
 Hence, 01θ  is obtained with a sign ambiguity as 
 

  ( )2
01 2 1 43 43atan 1 ,w wθ σ= −  (4.38) 

 
 If 01sin 0θ ≠ , or if 43 1w ≠ , Eqs. (4.35) and (4.36) 
give sine and cosine of 01φ  as 
 

  
2

01 1 41 43

2
01 1 42 43

sin / 1

cos / 1

w w

w w

φ σ

φ σ

⎫= − ⎪
⎬
⎪= − − ⎭

   (4.39) 

 
 Hence, 01φ  is obtained without any additional sign 
ambiguity as 

 
  01 2 1 41 1 42atan ( , )w wφ σ σ= −  (4.40) 
 
 Depending on 1σ , Eqs. (4.38) and (4.40) imply that 
 
  ( ) ( )

01 01θ θ− += −   and  ( ) ( )
01 01φ φ π− += ±  

 
 These relationships in turn imply that the pairs 

( ) ( )
01 01{ , }θ φ+ +  and ( ) ( )

01 01{ , }θ φ− −  give the same appearance 
to the first leg of the manipulator except an undiscernible 
axial flip. Therefore, it is possible to take 1 1σ = +  
without any loss of generality. 
 On the other hand, if 01sin 0θ = , i.e. if 01 0θ = , the 
first leg of the manipulator will be in its singular 
position. In this singular position, the first leg stands 
vertically up as implied by the following reduced forms 
of Eqs. (4.34) to (4.36). 
 
  43 01cos 1w θ= = ,  42 0w = ,  41 0w =  
 
 These equations also show the fact that 01φ  becomes 
indefinite in the singularity. In other words, when the 
first leg is vertically up, it can be spun freely by the 
actuator controlling 01φ . 
 The solution procedure described above for the first 
leg can be applied to the other legs as well. Thus, Eqs. 
(4.31) and (4.32) lead to the following solutions for the 
joint angles of the associated universal joints, provided 
that the legs are not in their singular positions. As 
discussed for the first leg, the sign variables are taken to 
be positive for the other legs too. 
 

  ( )2
02 2 2 53 53atan 1 ,w wθ σ= − ,  2 1σ = +  (4.41) 

 

  ( )2
03 2 3 63 63atan 1 ,w wθ σ= − ,  3 1σ = +  (4.42) 

 
  02 2 2 51 2 52atan ( , )w wφ σ σ= −  (4.43) 
 
  03 2 3 61 3 62atan ( , )w wφ σ σ= −  (4.44) 
 
 As for the rotation matrices associated with the 
spherical joints, they can be determined by writing the 
orientation equations, i.e. Eqs. (4.11) to (4.13), as 
follows. 
 
  1 01 3 01

4 e eθ φ− −= u uR C% %  (4.45) 
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  1 02 3 02 3 3(2 / 3) (2 / 3)
5 e e e eθ φ π π− − −= u u u uR C% % % %  (4.46) 

 
  1 03 3 03 3 3(2 / 3) (2 / 3)

6 e e e eθ φ π π− − −= u u u uR C% % % %  (4.47) 
 
 Suppose, C is specified by specifying three Euler 
angles ( , , )α β γ  according to the 3-2-3 sequence. In 
other words, 
 
  3 32e e eα γβ= u uuC % %%  (4.48) 
 
 With the preceding expression of C, Eqs. (4.45) to 
(4.47) can be written as 
 
  1 01 3 01 32( )

4 e e e eθ α φ γβ− −= u u uuR % % %%  (4.49) 
 
  1 02 3 02 32( 2 / 3) ( 2 / 3)

5 e e e eθ α φ π γ πβ− − − += u u uuR % % %%  (4.50) 
 
  1 03 3 03 32( 2 / 3) ( 2 / 3)

6 e e e eθ α φ π γ πβ− − + −= u u uuR % % %%  (4.51) 
 
4.4. Forward Kinematics 
 
 The values of the actuated joint variables 

01 02 03 14 25 36( , , , , , )s s sφ φ φ  are specified. It is desired to 
determine the consequent position matrices (C and r) of 
the moving platform together with the twelve 
unspecified joint variables, which are 01θ , 02θ , 03θ , and 
the nine Euler angles of the three spherical joints. 
 The solution procedure can be started by writing the 
orientation and location equations, i.e. Eqs. (4.11) to 
(4.13) and Eqs. (4.17) to (4.19), as shown below. 
 
  3 01 1 01

4e eφ θ= u uC R% %  (4.52) 
 

  
3 3 02 1 02 3

3 01 1 01

(2 / 3) (2 / 3)
5

4

e e e e

e e

π φ θ π

φ θ

−

=

u u u u

u u

R

R

% % % %

% %
 (4.53) 

 

  
3 3 03 1 03 3

3 01 1 01

(2 / 3) (2 / 3)
6

4

e e e e

e e

π φ θ π

φ θ

−

=

u u u u

u u

R

R

% % % %

% %
 (4.54) 

 

  3 01 1 01
0 1 14 3 7 4 1( )r e e s rφ θ= + −u ur u u R u% %  (4.55) 

 

 
3 3 02 1 02

3 01 1 01

(2 / 3)
0 1 25 3 7 5 1

0 1 14 3 7 4 1

[ ( )]

( )

e r e e s r

r e e s r

π φ θ

φ θ

+ −

= + −

u u u

u u

u u R u

u u R u

% % %

% %
 (4.56) 

 

 
3 3 03 1 03

3 01 1 01

(2 / 3)
0 1 36 3 7 6 1

0 1 14 3 7 4 1

[ ( )]

( )

e r e e s r

r e e s r

π φ θ

φ θ

− + −

= + −

u u u

u u

u u R u

u u R u

% % %

% %
 (4.57) 

 
 For the sake of brevity, let 
 

  02 02 01

03 03 01

2 / 3
2 / 3

φ φ φ π
φ φ φ π

′ = − + ⎫
⎬′ = − − ⎭

 (4.58) 

  
 Then, Eqs. (4.53) and (4.54) can be written further 
as 
 
  1 02 3 02 1 01 3 (2 / 3)

5 4e e e eθ φ θ π′− −= u u u uR R% % % %  (4.59) 
 
  1 03 3 03 1 01 3 (2 / 3)

6 4e e e eθ φ θ π′− − −= u u u uR R% % % %  (4.60) 
 
 When Eqs. (4.58) and (4.59) are substituted, Eqs. 
(4.56) and (4.57) take the following forms. 
 

 
3 3 02 1 02

3 01 1 01 3

(2 / 3) ( 2 / 3)
0 1 25 3

(2 / 3)
14 3 7 4 1

[ ]

{ [ ] }

r e s e e

e e s r e

π φ π θ

φ θ π

+− +

= + −

u u u

u u u

I u u

u R I u

% % %

% % %
 (4.61) 

 

 
3 3 03 1 03

3 01 1 01 3

(2 / 3) ( 2 / 3)
0 1 36 3

(2 / 3)
14 3 7 4 1

[ ]

{ [ ] }

r e s e e

e e s r e

π φ π θ

φ θ π

− −

−

− +

= + −

u u u

u u u

I u u

u R I u

% % %

% % %
 (4.62) 

 
 Note that 
 

3 (2 / 3)
1 1 2[ ] ( 3 / 2)( 3 )e π − = − −u I u u u%    

and 
  3 (2 / 3)

1 1 2[ ] ( 3 / 2)( 3 )e π− − = − +u I u u u%  
 

 With these expressions, Eqs. (4.61) and (4.62) can 
be manipulated into the following ones. 
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1 01 3 02 1 02

1 01 3 01

25 3

0 1 2

14 3 7 4 1 2

( 3 / 2) ( 3 )

( 3 / 2) ( 3 )

s e e e

r e e

s r

θ φ θ

θ φ

′−

− −

−

− −

= − −

u u u

u u

u

u u

u R u u

% % %

% %  (4.63) 

 

  

1 01 3 03 1 03

1 01 3 01

36 3

0 1 2

14 3 7 4 1 2

( 3 / 2) ( 3 )

( 3 / 2) ( 3 )

s e e e

r e e

s r

θ φ θ

θ φ

′−

− −

−

− +

= − +

u u u

u u

u

u u

u R u u

% % %

% %  (4.64) 

 
 As additional definitions, let 
 
  3 01

0 1 2( 3 / 2) ( 3 )r e φ−= −up u u%  (4.65) 
 
  3 01

0 1 2( 3 / 2) ( 3 )r e φ−= +uq u u%  (4.66) 
 
  3 02 1 02

25 3s e eφ θ′= −u uf u p% %  (4.67) 
 
  3 03 1 03

36 3s e eφ θ′= −u ug u q% %  (4.68) 
 
  7 4 1(3 / 2)r=y R u  (4.69) 
 
  7 4 2( 3 / 2)r=z R u  (4.70) 
 
 Then, Eqs. (4.63) and (4.64) can be written 
compactly as follows. 
 

  
1 01 3 02 1 02

1 01

25 3

14 3

( )e s e e

e s

θ φ θ

θ

′−

−

−

= = − +

u u u

u

u p

f u y z

% % %

%
 (4.71) 

 

  
1 01 3 03 1 03

1 01

36 3

14 3

( )e s e e

e s

θ φ θ

θ

′−

−

−

= = − −

u u u

u

u q

g u y z

% % %

%
 (4.72) 

 
 When Eqs. (4.71) and (4.72) are premultiplied 
sequentially by T

1u , T
2u , and T

3u , the following scalar 
equations are obtained. 
  
  25 02 02 1 1 1sin sins p y zφ θ′ = − +  (4.73) 
 
  36 03 03 1 1 1sin sins q y zφ θ′ = − −  (4.74) 
 

  2 01 3 01 2 2cos sin ( )f f y zθ θ+ = − −  (4.75) 
 
  3 01 2 01 14 3 3cos sinf f s y zθ θ− = − +  (4.76) 
 
  2 01 3 01 2 2cos sin ( )g g y zθ θ+ = − +  (4.77) 
 
  3 01 2 01 14 3 3cos sing g s y zθ θ− = − −  (4.78) 
 
 Note that the components of y and z are functions of 
the three independent parameters of 4R , which can be 
taken as the Euler angles of the 3-2-3 sequence so that 
 
  3 47 2 47 3 47

4 e e eφ θ ψ= u u uR % % %  (4.79) 
 
 With this in mind, Eqs. (4.73) and (4.74) can be 
solved for 02θ  and 03θ  as follows if 02sin 0φ′ ≠  and 

03sin 0φ′ ≠ . 

  1 1 1
02 02

25 02
sin

sin
p y z
s

θ ζ
φ

− +
= =

′
 

 

    2
02 02 2 02cos 1θ ξ σ ζ= = − , 2 1σ = +  

 
  02 2 02 02atan ( , )θ ζ ξ=  (4.80) 
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  1 1 1
03 03

36 03
sin

sin
q y z
s

θ ζ
φ

− −
= =

′
 

 

  2
03 03 3 03cos 1θ ξ σ ζ= = − , 3 1σ = +  

 
  03 2 03 03atan ( , )θ ζ ξ=  (4.81) 
 
 Note that the sign variables 2σ  and 3σ  are both 
taken to be positive because the angles 02θ  and 03θ  can 
never be obtuse. On the other hand, the actuated joint 
angles 01 02 03( , , )φ φ φ  can be specified so that the 
singularity conditions, i.e. the equalities 02sin 0φ′ =  and 

03sin 0φ′ = , are avoided.    
 With 02θ  and 03θ  as obtained above, the 
components of f and g also become known as functions 
of the Euler angles of 4R . Proceeding with the solution, 

01θ  can be obtained twice from Eqs. (4.75) and (4.76) 
and also from Eqs. (4.77) and (4.78) as follows. 
 

 

14 3 3 3 2 2 2
01 01 2 2

2 3

14 3 3 2 2 2 3
01 01 2 2

2 3

( ) ( )
cos

( ) ( )
sin

s y z f y z f
f f

s y z f y z f
f f

θ ξ

θ ζ

− + − − ⎫′= = ⎪+ ⎪
⎬− + + − ⎪′= = −
⎪+ ⎭

 

 
    01 2 01 01atan ( , )θ ζ ξ′ ′=  (4.82) 
 

 

14 3 3 3 2 2 2
01 01 2 2

2 3

14 3 3 2 2 2 3
01 01 2 2

2 3

( ) ( )
cos

( ) ( )
sin

s y z g y z g
g g

s y z g y z g
g g

θ ξ

θ ζ

− − − + ⎫′′= = ⎪+ ⎪
⎬− − + + ⎪′′= = −
⎪+ ⎭

 

 
    01 2 01 01atan ( , )θ ζ ξ′′ ′′=  (4.83) 
 
 The two solutions obtained above for 01θ  must be 
the same. That is, 
 
  2 01 01 2 01 01atan ( , ) atan ( , )ζ ξ ζ ξ′ ′ ′′ ′′=  (4.84) 
 
 Moreover, the consistency of the equation pairs used 
above necessitates that 
 
 
 

 
  2 2 2 2

2 3 14 3 3 2 2( ) ( )f f s y z y z+ = − + + −  (4.85) 
 
  2 2 2 2

2 3 14 3 3 2 2( ) ( )g g s y z y z+ = − − + +  (4.86) 
 
 Note that Eqs. (4.86), (4.85), and (4.84) contain only 
three unknowns, which are the Euler Angles 

47 47 47( , , )φ θ ψ  of 4R . However, these equations are 
highly nonlinear and they can only be solved by means 
of a suitable numerical method. After they are solved 
though, the other unspecified joint variables 

02 03 01( , , )θ θ θ  become readily available as given by Eqs. 
(4.80), (4.81), and (4.82) or (4.83). Afterwards, Eqs. 
(4.59) and (4.60) give the rotation matrices 5R  and 6R  
of the other spherical joints 57J  and 67J . Hence, if 
desired, the associated Euler angles can be extracted 
from them. Finally, Eqs. (4.52) and (4.55) give the 
required position matrices C and r of the moving 
platform. 
 
4. Conclusion 
 A systematic approach is introduced in order to 
describe the kinematic features of the joints utilized in 
spatial mechanical systems. This approach is especially 
convenient for the systems that contain several closed 
kinematic chains with multi-joint links. After explaining 
the basic features of the approach, the convenience in its 
application is demonstrated on a parallel manipulator 
with six degrees of freedom, which has three legs 
between its fixed and moving platforms. The legs are 
connected to the platforms with the universal-prismatic-
spherical joint arrangements.  
 In the remaining part of the paper, the kinematic 
analysis of the same manipulator is carried out both in 
the inverse and forward senses. The inverse kinematic 
solution is obtained in a completely analytical way. The 
forward kinematic solution is obtained in a semi-
analytical way such that the number of scalar equations 
to be solved numerically is reduced from twelve to three. 
During writing the kinematic equations, simplifying 
them, and carrying out the solution operations, the 
manipulation of the matrix expressions are facilitated to 
a large extent by using the algebraic features of the 
rotation matrices in exponential form. Owing to the 
analytical nature of the solutions, the multiple and 
singular configurations are readily identified as natural 
by-products. The sign variables 1 2( , , etc)σ σ , which are 
introduced to denote the multiple configurations, turn out 
to be very useful to keep track of them along the solution 
steps. 
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Abstract 
This paper compares the kinematics of transforming mechanism 
of common pumping unit and geared linkage transforming 
mechanism of new constructive decision of mechanical drive for 
sucker-rod pumps.  
 
Keywords: Mechanical Drive for Sucker-road Pump, 
Transforming Mechanisms Velocity, Acceleration, 
Bifurcation  
 
 
1. Introduction 
 
 Implementation of pumping methods of oil recovery 
in oil industry has begun about a century ago. Steady 
increment of depths and transition to faster ways of 
production and exploitation of oil wells call for 
reconstruction of mechanisms used in oil industry and 
development of new constructive decisions of 
transforming mechanisms of mechanical drive for sucker-
rod pumps, that ensure stability of wellhead rod’s 
movement with the laws that are particularly close to 
harmonic laws, and also reduction of overall dimensions 
and increase of reliability level of mechanical drive for 
sucker-rod pumps.  
 With the introduction of bottom hole pumping in the 
oil industry it has been used four-bar linkage as a 
transforming mechanism whereas in the common beam-
pumping units the rod’s suspension point is situated on the 
continuation of arm in the opposite direction relative to 
rolling bearing [1,2]. In the uncommon beam-pumping 
units the four-bar linkage is moved from the end support 
bearing of the beam forward to the well. One of the main 
disadvantages of the modern mechanical drives for 
sucker-rod pumps – beam-pumping units is that by the 
long stroke of rod’s suspension point besides the 

increment of the overall dimensions of the pumping unit, 
the dimensions of the wellhead increase as well. It causes 
difficulties by the transportation, assembling and repair of 
the well. Using common beam with the arched horse head, 
it is formed chord arrow at any position of the mechanism. 
For the liquidation of the chord arrow the beam needs to 
execute compound motion in the direction of the beam’s 
bar. In this case the beam’s support has to have not the 
rigid attachment, but a joint, than enables translational 
motion. Under these circumstances it is required to use 
beam-pumping units with the floating beam having 
composite construction  
 In the known construction of the pumping unit the 
real law of variation of the way, velocity and acceleration 
of the rod’s suspension point has relatively complex 
pattern that significantly differs from the simple harmonic 
one. The pumping unit [3] consists of double- or triple-
reduction unit of classical execution that requires use of 
high power electric motors with extremely low 
frequencies of rotation and efficiency. This significantly 
increases the overall dimensions of the whole system and 
decreases the reliability.  
 Analysis and experience of exploitation of the 
operating schemes and constructions has revealed their 
following disadvantages:  
-laws of variation of way, velocity and acceleration of the 
rod’s suspension point of these mechanical systems don’t 
fully ensure qualitative functioning of deep-well pumps;  
 - high power electric motors with lower rotation 
frequency are used and this results in high energy 
consumption;  
 - share part of V-belt drive and reduction gear unit in 
the rated(nominal) load distribution is ensured irrationally.  
 On the assumption of the premises, the problem of 
increasing of technical level and performance figures of 
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mechanical drive for sucker-rod pumps sets before the 
researchers and constructors necessity to solve the 
problem to ensure best qualitative functioning of rod’s 
suspension point of mechanical drive for sucker-rod 
pumps and lower energy consumption by saving their 
main performance figures  
 One of the demands to meet by the kinematic scheme 
of pumping unit is conservation of the same value of the 
average velocity of rod’s suspension point by upward and 
downward motion, in other words time spent on upward 
and downward motion has to be the same.  
Inobservance of this condition can lead to following 
problems:  
1. V1>V2 or (t1<t2) is accompanied by the increase of 

dynamic load under the inertia of the rods and the 
liquid and hydraulic impact, which worsen the work 
of the pumping unit, this requires decrease of the 
static load and leads to underuse of the unit’s 
capabilities.  

2. V1<V2 or (t1>t2) is accompanied by the intensity 
increase of fluid weepage through the gaps between 
the plunger and pump cylinder.  

 Ensuring the symmetric pumping conditions, the 
above mentioned events take place only by average 
operating conditions. Moreover, this pumping condition is 
favorable for the operation of the mechanism as a whole, 
because the forces in the pieces of the mechanism have 
the same magnitude in both directions of motion or rod’s 
suspension point, which also enables use of more cheaper 
asynchronous electric motors with higher frequencies of 
rotation and lower power. 
 

 
Fig1. Kinematic scheme of the common beam-pumping 
units 
 
 Figure 1 presents the kinematic scheme of the 
common beam-pumping units. On the extreme positions 
A1 and A5 the crank FE and connecting rod AE are 

stretched into a straight line. By transfer of the tail half of 
beam from the position OA1 to the position OA4 the crank 
turns through angle φ1, and by the transfer from OA4 
position into OA1 – through angle φ2. 
 Thus, by rotation of the crank with the constant 
angular velocity:  

 
φ1/φ2=t1/t2=V2/V1=ki  

 
where t1 and t2 is time spent for the turn of the crank 
through angles φ1 и φ2; V2, V1 – average speed of point A 
by passing from A1 to A4 position and backwards; ki – 
velocity change coefficient of crank’s motion.  
 In the construction of modern beam-pumping units 
the crank and the connecting rod on the both extreme 
positions lie on the straight line, that passes through the 
rotation center of the crank. And velocity change 
coefficient of crank’s motion ki equals to one 1, thus 
ensuring same velocity of rod’s suspension point by the 
upward and downward motion. For the estimation of the 
way, velocity and acceleration of the rod’s suspension 
point of the common beam-pumping units for any position 
of the crank the following equations can be used [1]: 
 

 
 
 Where k=ОА- is the length of the tail half of beam, 
k1=ОВ – length of the front half of the beam, r- crank’s 
length, l- length of the connecting rod, n- rotation 
frequency of the crank, min-1, S0- the maximum stroke 
length of rod’s suspension point, φ – angle between the 
crank and the connecting rod, β- angle between the tail 
half of the beam k and the connecting rod, γ- angle 
between the tail half of the beam k and the pole р, δ- 
swing angle of the beam.  
 However, the real displacement of the plunger of the 
deep-pump performed by the common pumping units, as a 
rule, does not correspond to the made demands. As a main 
cause for this are considered elastic deformations of the 
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bars and rods, that are formed as a result of impose of 
variable in magnitude loads, influence of the inertial 
forces of flowing liquid masses and pumping bars, which 
substantially depend also on significant difference 
between laws of variations of way, velocity and 
acceleration of rod’s suspension point in common beam-
pumping units and simple harmonic laws.  
 At the department Machine Elements of Azerbaijan 
Technical University has been developed, made and tested 
fundamentally new constructive decision of mechanical 
drive for sucker rod pumps [4], (fig. 2).  
 And the execution of the transforming mechanism as 
a slide-crank mechanism with the embedded planetary 
gear possessing the laws that are particularly close to the 
theoretic laws of variation of way, velocity and 
acceleration of rod’s suspension point, and bifurcation 
enables to eliminate the beam in the present mechanical 
system, that has a relatively compound construction and 
leads to increase of the overall dimensions of the system.  
 

 
Fig. 2. New constructive decision of the mechanical drive 
for sucker rod pumps.  
 
 This way friction losses in kinematic pairs decrease, 
and stroke of wellhead rod’s bracket by oil extraction 
takes place in a wide range due to theoretically derived 
laws of motion of rod’s suspension point respectively 
cosinusoid - for way, sinusoid - for velocity and 
cosinusoid - for acceleration with the amplitudes r, rω and 
rω2 of mechanical drive of well pumps. Fig.3 shows 
scheme of transforming mechanism of patented beamless 
pumping unit with the unique design of geared linkage 
mechanism.  
 

 
Fig. 3 Design diagram of geared linkage mechanism of 
new constructive decision of mechanical drive for sucker 
rod pumps 
 
 Compared with beam-pumping units the developed 
beamless pumping unit has more reliability and 
infallibility, because it lacks such weak links as swivel 
horsehead and its supporting nodes. The pumping unit 
equipped with the developed transforming geared linkage 
mechanism has better dynamic behavior because the crank 
rotates uniformly, there are not significant unbalanced 
masses and acting on the base horizontally directed 
alternating forces that are characteristic for beam-pumping 
units. Since the horsehead with the beam is replaced by 
the fixed base with the positioned guide gear wheel, better 
centering with the wellhead is ensured.  
 And the equation of displacement of wellhead rod’s 
suspension point of new constructive decision of 
mechanical drive for sucker rod pumps can be found as 
difference between the sum of crank’s and connecting 
rod’s lengths and sum of lengths of their projection on the 
trajectory of last one [5]:  
 

 
 

 Now doubly differentiating the equation (4) it is not 
difficult to find analytical equations for the velocity and 
acceleration of rod’s suspension point:  
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 And parameters of the present mechanical system are 
rotation frequency n, length r, angle of rotation of crank φ 
and also dimensionless coefficient λ.=r/l. On the 
assumption of premises by using (4), (5), (6) it has been 
made a numerical experiment, which results are presented 
on the figure 4 and 5.  
 Based on the drawn results it has been established that 
by using new constructive decision of the mechanical 
drive for sucker rod pumps deviations of real maximum 
speed and acceleration from maximum speed and 
acceleration of ideal harmonic motion depending on the 
value of parameter «λ» make (2… 7%). This circumstance 
denotes reasonability of the use of new constructive 
decision of mechanical drive for sucker rod pumps by oil 
recovery. 
 Comparing with the proposed construction of new 
constructive decision of mechanical drive for sucker rod 
pump in the common pumping units exists a problem of 
“bifurcation” – output of system from the dead points. The 
quantitative value of rod’s suspension point’s holding 
time at these positions (consequently plunger’s as well) of 
mechanism can be estimated using the following 
equations (pic.1):  
 

 

 
 

 
Fig. 4. Behavior pattern of of rod’s suspension point of 

new constructive decision of mechanical drive for sucker 
rod pumps depending on the crank’s rotation angle � and 

dimensionless parameter λ 
 

 
Fig. 5. Behavior pattern of acceleration of rod’s 
suspension point of new constructive decision of 

mechanical drive for sucker rod pumps depending on the 
crank’s rotation angle φ and dimensionless parameter λ. 

 
 Thereby, comparing with the proposed construction of 
the new construction decision of mechanical drive for 
sucker rod pumps, plunger of the deep-well pump of 
common pumping units is staying at the lower and upper 
dead points longer for the time t* ,that can lead to the 
anticipatory deterioration of pump’s plunger because of 
the ingress of big amount of sand into the cavity of 
pump’s cylinder or incomplete use of whole capacity of 
the cylinder because of the ingress of condensate gases 
and oil displacement.  
 Approaching of the laws of variation of way, velocity 
and acceleration of rod’s suspension point of new 
constructive decision of mechanical drive for sucker rod 
pumps to the harmonic laws decreases additional dynamic 
load caused by rods’ vibrations and also inertial loads on 
the rods, which undoubtedly will increase their durability 
[6]. 
 
2. Conclusion 
 
 All the aforesaid proves higher efficiency and 
reliability of the new construction of mechanical drive for 
sucker rod pumps compared with the common beam-
pumping units.  
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Abstract 
This study is concentrated on one of the main areas of the 
fundamental mechanism and machine science as the structural 
synthesis of multi loop manipulators with general constraint one. 
The rigid body motions are defined to clarify the motions of the 
end effector in an overconstrained subspace. The multi-mobility 
loops with general constraint one are taken from the previous 
study of the same authors. Theory in the structural design of 
overconstrained multi loop manipulators is given and presented 
by several examples. 
 
Keywords: Overconstrained Multi Loop Manipulators, 
Structural Synthesis, Mobility Equations, General 
Constraint One, Overconstrained Rigid Body Motions 
 
 
1. Introduction 
 
 Study of structural synthesis on parallel manipulators 
is in a state of development during the last centuries. Due 
to this development many investigations on the subject are 
discussed in the area of mechanism and machine science.  
 Throughout the literature different methodologies are 
proposed for the structural design of parallel manipulators. 
Most apparent ones of these methods can be given as 
screw theory and group theory. In their researches Huang 
and Li [1-4] proposed a screw theory based method for the 
type synthesis of parallel manipulators. The proposed 
method can be summarized as finding constraints that are 
given to the end effector from limbs by using reciprocal 
screws. 3, 4, and 5 DoF non constrained and 
overconstrained manipulators are also revealed in these 
researches. Fang and Tsai [5-7] investigated 4 and 5 DoF 
parallel manipulators with identical limb structures and 3 
DoF translational and rotational non constrained and 
overconstrained manipulators by using theory of 
reciprocal screws. Kong and Gosselin [8-11] proposed a 
way for the type synthesis of parallel manipulators that 
composed of screw theory and virtual chain approach. In 
their investigations many parallel manipulators with 

different type of motions are introduced. Jin et. al. [12] 
examined the structural synthesis of parallel manipulators 
based on selective actuation by using screw algebra. The 
research resulted in 3 DoF spherical motions, 3 DoF 
translational motions, 3 DoF hybrid motion and 6 DoF 
spatial motions depending on the types of the actuation.  
Group theory can be given as another method that is used 
to define the displacement of rigid body. Herve and 
Sparacino [13] investigated the structural synthesis of 
parallel robots that generate translations by using the 
group theory. In this study the motion of the ends of the 
limbs is assigned to the same displacement groups and 
intersection of these subgroups result in the end effector 
motion as a main displacement group. In the research of 
Herve [14] the planar-spherical kinematic bond and its 
usage in structural synthesis of parallel manipulators is 
deeply investigated by using group theory. Angeles [15-
16] implemented the group theory in to the structural 
synthesis of parallel manipulators. Π, Π2 and Π3 type 
joints are utilized for the type synthesis. 
 Another procedure related with the parallel 
manipulator synthesis problem is proposed by Meng et. al. 
[17], where the set of desired end effector motions is in 
the form of Lie sub groups or regular sub manifolds of SE 
(3). In the study of Gao et. al. [18], methodology in the 
design of parallel manipulators based on Plücker 
coordinates is proposed. The only investigation known to 
authors so far about structural synthesis of 
overconstrained parallel manipulators is done by Zhao et. 
al. [19] and Gogu [20]. An analytical method of using 
equivalent screw groups is proposed in the study of Zhao. 
3RRC, 3CPR, 3UPU/SPS and 4UPU mechanisms are 
exposed. A method is proposed by Gogu for structural 
synthesis of 2 DoF parallel wrist manipulators with 
uncoupled motions by utilizing theory of linear 
transformations. 
 This study deals with the design of new multi loop 
manipulators with general constraint one by introducing 
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the procedure in the structural design of overconstrained 
multi loop manipulators. 
 
2. Rigid Body Motions of the End Effector 
 
 The general constraint for a rigid body can be defined 
as the restrictions that are imposed by external elements. 
Similarly, for a manipulator, it is the restrictions applied 
by the geometrical conditions of the linkages and joints. 
The general constraint of a manipulator can be calculated 
from the difference of the maximum possible achievable 
motion of the end effector in general space and the 
maximum possible achievable free motion of any end 
effector in its subspace. The formulation for the general 
constraint of rigid body can be given as, 

6d λ= −                                   (1) 
where in Eq.(1) d stands for the general constraint of the 
system , λ is the space or subspace number and 6 is the 
general degrees of freedom in space. 
 It is clear that, in space any rigid body has six 
independent motions that consist of three translations and 
three rotations (PPPRRR) with respect to the orthogonal 
Cartesian coordinate system. On the other hand, in the 
subspace with general constraint one, the rigid body can 
only reach two independent motions as three translations 
and two rotations (PPPRR), or two translations and three 
rotations (PPRRR). 
 Before describing the rigid body motions in subspace 
λ=5 in detail, the related surfaces and their generators 
must be clearly defined. The spherical surface shown in 
table 1.1 can be generated by at least two intersecting 
revolute joints. As shown in table 1.2 planar surface can 
be generated by RR, RP or PP dyads, whose screw axes 
are parallel. Note that in planar surfaces, number of 
prismatic joints can not exceed two. The elliptic cylinder 
surface ECS can be generated by the combination of 
prismatic joint and revolute joint, whose screw axes are 
not parallel (table 1.3). The hyperbolic surface shown in 
table 1.4 can be generated by a RP dyad with arbitrary 
screw axes. The elliptic torus surface ETS presented in 
table 1.5 can be generated by two revolute joint dyads, 
whose axes are arbitrarily placed. Now the general 
constraint one or the subspace λ=5 can be prescribed with 
the relation of two rigid body surfaces that are defined in 
table 1. The rigid body motion PPP-RR is described by 
the motion of a planar surface with respect to a planar 
surface or a hyperbolic surface HS. PP-RRR motion can 
be described by the contact motion of a spherical surface 
or an elliptic torusoidal surface ETS on a planar surface. 
P-RRRR motion is shown by the respective motions of 
ECS on spherical surface, HS on spherical surface or HS 
on ETS. Finally RRRRR motion is described by the 
motions of a spherical surface on spherical surface or on 

ETS and motion of ETS on ETS. Note that, although there 
are more than 3 rotational motions in some examples, the 
excessive ones can be represented by translational 
motions (table 2). 
 

Table 1. Surfaces and Motion Generators 

 Surface 
Generators 

Structural  
Bonding Figure 

1 
 

Spherical Surface 

( )RR  

 

2 
 

Planar Surface 
 

 
_____

RR   

____

PR  
 

____

PP  

 

3  
Elliptic 

Cylindrical 
Surface 

PR  

 

4 
 

Hyperboloid 
Surface  

RP  

 

5  
Elliptic Torusoidal 

surface 

RR  
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Table 2. Summary of Rigid Body Motions in Subspace 
λ=5 

 Structure Motion 

1 Planar Surface-Planar Surface PPP-RR 

2 Hyperbolic Surface- Planar 
Surface PPP-RR 

3 Planar Surface- Spherical 
Surface PP-RRR 

4 ETS-Planar Surface PP-RRR 

5 ECS-spherical surface P-RRRR 

6 HS- Spherical Surface P-RRRR 

7 Hyperbolic Surface-ETS P-RRRR 

8 Spherical Surface- Spherical 
Surface RRRRR 

9 ETS-Spherical Surface RRRRR 

10 ETS-ETS RRRRR 

 
 It should be noted that, all the structural motions 
mentioned in table 2 can be also generated or represented 
by one DoF mechanisms of general constraint one (table 
3). 
 After the description of rigid body motions of the end 
effector in subspace λ=5, the procedure in the structural 
synthesis of multi loop manipulators can be given. As a 
definition, multi loop manipulator can be specified as a 
closed loop mechanism with an end-effector that is 
connected to the base by at least two independent loops 
and its actuators should be distributed to each leg. These 
manipulators have some advantages when compared with 
serial manipulators such as higher precision, robustness, 
stiffness and load carrying capacity. It is also obvious that 
multi loop manipulators should consist of multi mobility 
loops. As a result of this the structural bonding of multi 
mobility loops with general constraint one should be 
identified before explaining the structural design of multi 
loop manipulators. The method of creation of multi 
mobility loops with angular and linear-angular conditions 
can be found in the study of Alizade et al. [21]. In their 
study the structural bonding of multi-mobility loops are 
illustrated. 
 
 

3. Structural Synthesis of Overconstrained Multi 
Loop Manipulators 
 
 In addition to the previous definition, multi loop 
manipulators can be referred as the manipulators that have 
more than two legs and consist of either one platform or 
many platforms that are connected by hinges or branches. 
During the structural synthesis of overconstrained   multi 
loop manipulators, both legs and the loops of the 
manipulator should be considered and the general 
mobility formula for multi loop manipulators with 
variable general constraint should also be developed. 
 
Definition 1: The total number of linear independent close 
loops L is defined as the difference L N C B= − −  [22], 
where B is the number of platforms, C is the number of 
connections between platforms and N is the number of 
joints on the platforms. 
 
 By using definition 1, the structural formula for the 
multi loop manipulators with variable general constraint 
can be introduced as 

( )iM m N C B qλ= − − − +∑                (2) 

where, im  is the ith  independent displacement variable of 
manipulator associated with the relative displacements at 
a joint [23] and q is the number of excessive links. If the 
displacement variables exactly correspond with the DoF 
of relative motions at joints than the Eq. (2) will become 

1

( )
j

i p
i

M f N C B q jλ
=

= − − − + −∑             (3) 

Where,  j is the total number of joints, if  is the total DoF 

of the ith joint, and pj  is the number of passive joints. 
 Using Eq. (3) the general structural formula for multi 
loop manipulators with variable general constraint one 
that are composed of only one DoF pairs with no passive 
joints or excessive links can be given as, 

1

, 5( )

5( )

j

i
i

f j M j N C B

j M N C B
=

= = − − −

= + − −

∑
          (4) 

As the number of loops also equals to the 1L j l= − +  
[24], the number of moving links 1n l= −  (l = number of 
total links of the manipulator including the ground link) 
for the related manipulators can be also described as 
follows. 
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1

1
j

i
i

j L l L n

n j N C B f N C B
=

= + − = +

= − + + = − + +∑
           (5) 

 From this point, using Eq. (4) and Eq. (5)  the general 
procedure of the structural synthesis of multi loop 
manipulators with general constraint one that are 
composed of only one DoF pairs with no passive joints or 
excessive links in subspace (λ=5) can be given after 
introducing another definition, 
 
Definition 2: In order to construct a valid multi loop 
manipulator with general constraint one, the constraint 
conditions of the whole multi loop manipulator should be 
consistent with the constraint conditions of the selected 
first loop.  

• Define the motion for the end effector of the 
multi loop manipulator. 

• Decide the number of the platforms (B), the 
joints on the platforms (N), and the connections 
(C) with their types (hinges, branch loops or 
both). 

• Select the motions of the platforms from table 2. 
• Calculate the number of independent loops L=N-

C-B. 
• Determine the mobility (M) and calculate the 

number of one DoF joints from Eq (4). 
• Calculate the number of moving links (n) by 

using Eq. (5). 
• Select the subspace conditions [21] for the first 

loop. 
• Add legs/loops to the first loop with same or 

different subspace conditions to fulfill definition 
2. 

• Choose the actuated joints. 
 

Example 1: Let us design an overconstrained multi loop 
manipulator for a desired motion. Firstly an 
overconstrained manipulator with 3 DoF is decided to be 
designed where the end effector motion can be prescribed 
by two orientations along a circular arc. Number of 
platforms is decided as one (B=1, C=0) and the platform 
type is selected as triangular (N=3). In order to reach this 
configuration, total number of joints and independent 
loops that are needed can be calculated as

3 0 1 2L N C B= − − = − − = 5 3 5.2if M L= + = +∑  
13= . Joints will be distributed to the legs as 4-4-5. The 

subspace condition of loop 1, which is formed by the legs 

1 and 2 is selected for 3DoF as  [21]. 
Then one leg is attached to the platform as shown in table 
4 that will compose a loop that belongs to subspace λ=5 

with leg 1. Note that leg 2 can also be selected. Finally all 
the actuated joints are selected as shown in Table 4. 
During the design of this manipulator if the distribution of 
joints on legs is selected as 3-5-5, another design can be 
introduced. For the loop that composed by legs 1 and 2 
assembly condition is selected for 3DoF as  
[21]. And the second loop, which is formed by legs 2 and 
3 has the condition of intersecting axes in 2 points (table 
4). It can be seen clearly that leg 2 fits the conditions of 
each loop. The actuated joints and the construction of 
manipulator are also shown in Table 4. 

 
Table 3. One Dof Generators of General Constrained One 
# Structure   

1 
 

Planar Surface-Planar 
Surface 

6 

 
HS- Spherical 

Surface 

2 
 

 Hyperbolic Surface- 
Planar Surface 

7 
 

Hyperbolic Surface-
ETS  

3 

 
Planar Surface- 

Spherical Surface 

8 
 

Spherical Surface- 
Spherical Surface 

4 

 
ETS-Planar Surface 

9 

 
 

 
ETS-Spherical 

Surface 

5 
 

ECS-spherical surface 

10 

 
 

 
ETS-ETS 

Table 4. Steps for Constructing Overconstrained 
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Manipulators. 
First loop Added leg Manipulator 

   

a b c 

   

d e f 
 
Example 2: Let us design an overconstrained serial multi 
loop manipulator with 4 DoF. The manipulator is decided 
to have two triangular platforms that are hinged together 
(N=6, B=2, C=1). It is obvious that each platform should 
have at least two legs. The number of joints and the 
independent loops will be L = N – C – B = 6 – 1 – 2 = 3 

5 4 5.3if M L= + = +∑ 19= . The joints could be 
distributed in a combination of 5-5+4-4 (Figure 1). 
 

  
Fig. 1. Structure of Overconstrained Serial Multi Loop 

Manipulator. 
 
 For the combination 5-5+4-4 first loop is defined for 8 

joints as  [21]. Then second loop is 
constructed for 10 joints as  [21]. The 
platforms are connected with a hinge which also fits the 
conditions of subspace. Finally the actuated joints are 
selected as shown in Table 5. 

Table 5. Construction Steps for Overconstrained Serial 

Multi Loop Manipulator. 
First loop Manipulator 

 
a 

c 

Second loop 

 
b 

 
Example 3: Let us design an overconstrained parallel 
multi loop manipulator with 4 DoF. The manipulator is 
decided to have two rectangular platforms that are 
connected by one branch loop from subspace λ=3 (N=8, 
B=2, C=2). The number of joints and the independent 
loops of the manipulator will be

8 2 2 4L N C B= − − = − − = . As the manipulator 
consists of loops from variable subspaces, another general 
mobility equation for the manipulators with variable 
general constraint can be used [23], i kf M λ= +∑ ∑  

4 (5 5 5 3) 22= + + + + = . Note that as the number of 
general constraint of the branch loop is higher than the leg 
loops it is selected as the forth independent loop. The 
joints are decided to be distributed to the legs and branch 
as seen in figure 2. 

 

 
Fig. 2. Structure of Overconstrained Parallel Multi Loop 

Manipulator. 
 

For the system in figure 2 the first loop is defined for 10 
joints as   [21]. Then second loop is 
constructed for 11 joints with respect to the 

 [21]. The platforms are connected 
with a branch loop which also fits the conditions of the 
subspace with general constraint one as . Finally 
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the actuated joints are selected as grounds shown in figure 
3.  

 

 
Fig. 3. Overconstrained Parallel Multi Loop Manipulator. 

 
Example 4: Let us design an overconstrained serial-
parallel multi loop manipulator with 5 DoF. The 
manipulator is decided to have two rectangular platforms 
and one triangular platform that are connected by one 
branch loop from subspace λ=3 and a hinge  
(N=11, B=3, C=3). The number of joints and independent 
loops of the manipulator will be 

11 3 3 5,L N C B= − − = − − =  i kf M λ= +∑ ∑ . 

5 (5 5 5 5 3) 28= + + + + + = . The joints are decided to be 
distributed to the legs and branch as seen in figure 4. Note 
that again as the number of general constraint of the 
branch loop is higher than the leg loops it is selected as 
the forth independent loop.  

 

 
Fig. 4. Structure of Overconstrained Serial-Parallel Multi 

Loop Manipulator. 
 

For the system in figure 4 the first loop is defined for 9 

joints as   [21]. Then second loop is 
constructed for 9 joints in the configuration of 

 [21]. Then third loop is constructed for 9 

joints as  [21]. The platforms are connected 

with a branch loop which also fits the conditions of the 

subspace of general constraint one as  and a hinge. 
Finally the actuated joints are selected as grounds as 
shown in Figure 5.  

 

 
Fig. 5. Overconstrained Serial-Parallel Multi Loop 

Manipulator. 
 

4. Conclusion 
 
 During this study, one of the fundamental area of the 
mechanism and machine science “structural synthesis” is 
applied and developed for the multi loop manipulators 
with general constraint one. After the rigid body motions 
of the end effector are clarified in an overconstrained 
subspace by the help of multi mobility loop tables from 
the previous study [21], a new procedure for the structural 
synthesis of multi loop manipulators are proposed.  
Several examples are given for both parallel platform, 
serial platform and serial-parallel platform manipulators 
with overconstraint one. Using this study and tables from 
the previous study of the same authors [21] any designer 
can develop multi loop manipulators with over constraint 
one with respect to the desired motion of the end effector, 
platform kinds and manipulator type. 
 
References 
 
[1]. Z. Huang, Q.C. Li, General methodology for type synthesis of 

symmetrical lower-mobility parallel manipulators and several 
novel manipulators, The International Journal of Robotic Research 
Vol.21,No2, February (2002), pp. 131-145. 

[2]. Z. Huang, Q.C. Li, Type synthesis of 4-dof parallel manipulators, 
Proceedings of the 2003 IEEE International Conference on 
Robotics & Automation, Taipei, Taiwan, September 14-19  (2003), 
pp. 755-760 

[3]. Z. Huang, Q.C. Li, Type synthesis of 5-dof parallel manipulators, 
Proceedings of the 2003 IEEE International Conference on 
Robotics & Automation, Taipei, Taiwan, September 14-19  (2003), 
pp. 1203-1208 

[4]. Z. Huang, Q.C. Li, On the type synthesis of lower-mobility parallel 
manipulators,  Proceedings of the workshop on Fundamental Issues 
and Future Research Directions for Parallel mechanisms and 
manipulators Quebec, Canada ( 2002), pp. 272-283. 
 

[5]. Y. Fang, L.W. Tsai, Structure synthesis of a class of 4-dof and 5-
dof parallel manipulators with identical limb structures, The 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

84 
 

International Journal of Robotic Research, Vol.21, No. 9, 
September (2002), pp. 799-810. 

[6]. Y. Fang, L.W. Tsai, Analytical identification of limb structures for 
translational parallel manipulators, Journal of Robotic Systems, 
Vol. 21 No.5(2004), pp. 209-218 

[7]. Y. Fang, L.W. Tsai, Structure synthesis of a class of 3-dof 
rotational parallel manipulators, IEEE Transactions on Robotics 
and Automation, Vol.20, No.1, February (2004), pp. 117-121. 

[8]. X. Kong, C.M. Gosselin, Type synthesis of 3T1R 4-dof parallel 
manipulators based on screw theory, IEEE Transactions on 
Robotics and Automation, Vol.20, No.2, April (2004), pp. 181-190. 

[9]. X. Kong, C.M. Gosselin, Type synthesis of 4-dof SP-equivalent 
parallel manipulators: A virtual chain approach, Mechanism and 
Machine Theory, 41(2006), pp. 1306-1319. 

[10]. X. Kong, C.M. Gosselin, Generation of parallel manipulators with 
three translational degrees of freedom based on screw theory, 
Proceedings of CCToMM Symposium on Mechanisms, Machines 
and Mechatronics, Montreal, Canada (2001) 

[11]. X. Kong, C.M. Gosselin, Type synthesis of parallel 
mechanisms,Springer (2007)  

[12]. Y. Jin, I.M. Chen, G. Yang, Structure synthesis and singularity 
analysis of a parallel manipulator based on selective actuation, 
Proceedings of the IEEE International Conference on Robotics and 
Automation, 6 April-1 May (2004), pp. 4533-4538. 

[13]. J.M. Herve, F. Sparacino, Structural synthesis of parallel robots 
generating spatial translation, Fifth International Conference on 
Advanced Robotics, 'Robots in Unstructured Environments' (1991), 
pp. 808-813. 

[14]. J.M. Herve, The planar-spherical kinematic bond: Implementation 
in parallel mechanisms, (2003), Available from: 
<http://www.parallemic.org/Reviews/ review013.html>.  

[15]. J. Angeles, The qualitative synthesis of parallel manipulators, 
Proceedings of the workshop on Fundamental Issues and Future 
Research Directions for Parallel Mechanisms and Manipulators, 
Quebec, Canada, October 3-4 (2002), pp.1-10 

[16]. J. Angeles, The degree of freedom of parallel robots: A group 
theoretic Approach, Proceedings of the 2005 IEEE International 
Conference on Robotics and Automation, Barcelona, Spain, April 
(2005), pp. 1005-1012 

[17]. J. Meng, G.F. Liu, Z. Li, A geometric theory for synthesis and 
analysis of sub-6 dof parallel manipulators, Proceedings of the 
2005 IEEE International Conference on Robotics and Automation, 
Barcelona, Spain, April (2005), pp. 2938-2943 

[18]. F. Gao, W. Li, X. Zhao, Z. Jin, H. Zhao, New kinematic structures 
for 2-,3-,4-, and 5-dof parallel manipulator designs, Mechanism 
and Machine Theory 37 (2002), pp. 1395-1411. 

[19]. T.S. Zhao, J.S. Dai, Z. Huang, Geometric analysis of 
overconstrained parallel manipulators with three and four degrees 
of freedom, JSME International Journal Series C, Vol. 45, No. 3 
(2002), pp.730-740. 

[20]. G. Gogu, Fully-isotropic over-constrained parallel wrists with two 
degrees of freedom, Proceedings of the 2005 IEEE International 
Conference on Robotics and Automation, Barcelona, Spain, April 
(2005), pp. 4014-4019 

[21]. R. Alizade, O. Selvi, E. Gezgin, Structural design of parallel 
manipulators with general constraint one, Mech. Mach. Theory 45-
1 (2010), pp. 1-14. 

[22]. R. Alizade, C. Bayram, Structural synthesis of parallel 
manipulators, Mech. Mach. Theory 39 (2004), pp. 857-870. 

[23]. F. Freudenstein and R. Alizade, On the degree of freedom of 
mechanisms with variable general constraint, IV World IFToMM 
Congress (1975), England, pp. 51-56.  

[24]. R. Courant, H. Robbins, I. Steward, 1996, What is mathematics, 
Euler’s formula, NY, USA, 1752, pp 235-240. 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

85 
 

 
Multifunctional 7R Linkages  

 
Karl Wohlhart1 

1 Graz University of Technology, Institute for Mechanics 
A8010 Graz, Kopernikusgasse 24  

wohlhart@tugraz.at  
 
 

Abstract 
In this paper we present the results of a study on the impact of 
an “insertion” of mobile over-constrained kinematic chains 
(such as the 6R Bricard chains, the Goldberg 5R chain or the 
Bennett 4R chain) into a closed kinematic chain with seven 
rotary joints (a 7R linkage), which in general is movable with 
one degree of freedom. Let us assume that in a certain position 
of a 7R linkage, six (or five, or four) of its rotor joint axes are 
chosen in such a way that, if rigidly connected, they would 
present an over-constrained but mobile 6R (5R, 4R) kinematic 
chain; in other words, by blocking the „remaining“ rotary 
joint (joints), the 7R linkage could alternatively move as a 
kinematic 6R (5R, 4R) chain. Then such a manipulated 7R 
linkage is evidently a multifunctional mechanism. Depending 
on the starting position any point on such a mechanism could 
describe two different paths in space which are either totally 
separated or intersect each other at one or more points. Of 
special interest is the case when the paths do not intersect but 
only touch each other at a point. At such a point the two paths 
smoothly bifurcate. In this paper the existence of such peculiar 
smooth bifurcations is demonstrated on a number of cases. 
 
Keywords: Over-constrained spatial linkages, bifurcation, 
smooth bifurcation.  
 
 
1. Introduction 
 
 A closed kinematic chain consisting of seven rigid 
bodies held together by seven rotary joints (R7) is 
theoretically finitely movable if body-interferences are 
excluded (or disregarded). The degree of mobility ranges 
from one to four, depending on the permanent relative 
positions of the joint axes or the mutual linear 
dependency of the joint axes. The topological Grübler-
Kutzbach structure formula yields the lower limit for the 
general kinematic (one-loop) chain, and the upper limit 
for the planar or the spherical kinematic chain in which 
all joint-axes are permanently parallel or intersect one 
another at one point. If four or five or six adjacent joint 
axes are permanently parallel or meet at one common 
point, the degree of freedom of the kinematic chain 
becomes one, two, three, respectively. Now we assume 
that, in a special position a part of the seven joint-axes of 

the7R linkage shows, exactly the configuration of a 
mobile over-constrained linkage. We want to know how 
this fact effects the mobility of the 7R linkage: will it 
start moving like an over-constrained linkage and block 
the remaining rotary joints, or will it ignore this 
configuration and start to move on with seven active 
joints? Does the inclusion of an over-constrained linkage 
change the overall degree of freedom? In special cases 
the answer can be given immediately. Let us look at the 
7R linkage shown in Fig. 1, in which four adjacent rotary 
joint axes are permanently held parallel, i.e. a 7R linkage 
in which a planar 4R linkage is inserted. By opening the 
joint k we get two open kinematic chains, a planar chain 
and a spatial one. The spatial chain has four degrees of 
freedom relative to the base, just sufficient to be 
mounted onto the planar chain with a rotary k joint, but 
only as a rigid chain. Therefore its three inner joint can 
never become active. Consequently, this special 7R 
linkage never moves as a genuine 7R linkage but only as 
a 4R linkage with one degree of freedom and each of its 
points can only move along one path. The same can be 
shown for a 7R linkage with four adjacent joint axes 
intersecting in one point. 
 

 
Fig. 1: Path of a point on a special R7 linkage with four 

permanent parallel adjacent joint axes 
 
 In the following it will be shown that in general the 
existence of an over-constrained linkage topology within 
the seven axes of a 7R linkage does not change its degree 
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of freedom, but there are then two possible paths for 
each linkage point. These two paths either intersect each 
other nowhere, or intersect at one or more points. The 
two path-tangents at an intersection point are in general 
different, but occasionally they are even identical. The 
intersection points are bifurcation points because at such 
positions the linkage moving into this position can 
continue to move differently. At a common bifurcation, 
i.e. if the path-tangents at this position are different, the 
linkage must be stopped to avoid infinite accelerations, 
But if the path-tangents are identical, the linkage can 
pass the bifurcation at full speed. We shall call this 
peculiar kind of bifurcation a smooth bifurcation. The 
main object of this paper is to identify several 7R 
linkages that permit common or smooth bifurcations and 
which are therewith multifunctional 7R mechanisms. 
 
2. Planar 4R linkage within a 7R linkage  
 

If the four axes of the implanted 4R linkage are not 
adjacent in series as shown in Figure 1, the behavior of 
the 7R linkage becomes essentially different: it can move 
either as a pseudo 4R linkage with three inactive joints 
or as a genuine 7R linkage with all seven joints active. 
Figure 2 shows such a special linkage together with the 
different paths one of its points can move along. Its 
Denavit-Hartenberg parameters [1] are collected in Table 
1.  

 

 
Table 1: Denavit-Hartenberg parameters of a 7R linkage 

which includes a planar 4R linkage 
 

The two paths intersect each other in two points as 
shown in Figure 3. At these points the linkage is in a 
position from which it can move on differently. Both 
points are bifurcation points but only one of them is a 
smooth bifurcation point. In the projection shown in 
Figure 3 the tangents on the two curves at both 
intersection points seem to be identical. But another 
projection of these curves (Figure 4) reveals that at only 
one intersection point the bifurcation is smooth, i.e. the 
path tangents coincide. 
 The intersection points divide each point-paths into 

two parts. These parts can be combined to the six 
different closed curves shown in Figure 5. 
 Thus the 7R linkage which contains a 4R topology is 
a multifunctional linkage because in can be made to 
work in six different ways.  
 

 
Fig. 2: Planar 4R linkage configuration within a 7R 

linkage 
 

 
Fig. 3: The intersection points of the two paths 

 

 
Fig. 4: Another projection of the two paths in Fig.3 
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The intersection points are “stations” on the paths at 
which some manipulations are necessary in order to 
switch to another connected path. These manipulations 
consist in blocking or re-activating some joints or 
inverting the path direction. 
 
3. Bennett R4 linkage within a 7R linkage 
 

The system parameters of the 7R linkage shown in 
Table 2 are interconnected in such a way that it can be 
brought in a position in which a Bennett configuration 
[2] appears. 
 
 
 
 
 
 
 
 
 
 
 
Table 2.  Denavit-Hartenberg parameters of a 7R linkage 

containing a Bennett linkage 
 

The conditions in Table 2 are the well-known 
Bennett conditions:  

 
 

a5 = a1  
α2 + α 3 + α 4 = α6 + α 7 , 

a2 + a3 + a4 = a6 + a7 = −a1 sin ( α 2 + α 3 + α 4 ) / sin α1 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
This linkage can either move as a 4R Bennett linkage 

(with three joints blocked) or as a genuine 7R linkage 
with all joints active. The corresponding two paths of a 
point on the linkage intersect each other in two points, 
signaling the possibility of bifurcations at two “stations”. 
While the projection of the two paths shown in Figure 6 
is misleading, Figure 7 reveals that there is no smooth 
bifurcation. 

The points of intersections divide each path into two 
parts. By combining two parts we obtain (as in chapter 2) 
six closed paths this multifunctional 7R linkage can 
move along. 
 
 
 
 
 
 
 
 
 
 
 

Fig.5.  Six possible closed paths of the   
multifunctional 7R linkage 

Fig.6.  4R Bennett configuration within a 7R linkage

Fig.7.  The points of intersection of the two possible 
paths 
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4. Orthogonal Bricard 6R linkage in a 7R 
linkage 
 

If in a link of an orthogonal over-constrained Bricard 
6R linkage [3,4] a rotor joint is implanted, a 
multifunctional 7R linkage is obtained.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 3 gives the Denavit-Hartenberg parameters of this 
7R linkage and it can be seen that the Bricard conditions 
for the orthogonal 6R linkage are fulfilled: 
 
                                 

 
α2 + α 3 = − 90o,  

a7 = (a1
2 + a4

2 + a6
2 ) − ((a2 + a3)2 + a5

2 ) . 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

As Figure 10 shows, the two paths intersect at four 
points, whereby two of the intersections are smooth. The 
intersection points divide both paths into four parts. 

 
 
 
 
 
 
  

 

Table 3.  Denavit-Hartenberg parameters of the R7 
linkage containing an orthogonal Bricard 6R linkage 

Fig.8:  Orthogonal Bricard 6R linkage in a 7R  
linkage in the starting position together with the 

two possible paths 

Fig.9. Multifunctional 7R linkage moved 
out of the starting position in two different ways 

Fig.10: The four  intersection points of the two 
paths 
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By combining these parts we find 16 closed paths 

leading through the four intersection points, which we 
call ”stations” in which path directions have to be 
changed if the tangents of the successive paths are 
different (Fig.11). 

 
5.  Planesymmetric Bricard 6R in a 7R linkage 
 
 By adding a rotor joint into one of the six links of a 
planesymmetric Bricard 6R linkage [4] we again obtain a 
multifunctional 7R linkage. 
 Figure 12 shows this multifunctional 7R linkage in the 
position from which it can smoothly bifurcate (first 
picture) and  the two different positions into which it can 
move (second and third pictures). Table 4 gives the 
corresponding Denavit-Hartenberg parameters.  
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 13 shows two projections of the two possible 
paths of a point on this multifunctional linkage. It can be 
seen that the two paths contact each other at only one 
point where the path-tangents coincide. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig.11: The 16 closed paths together with   
the “stations” 

Fig.12.  R7 linkage in the position from where it can 
smoothly bifurcate in two different ways, together 

with the corresponging two point-traces  

Fig.13.   Two projections of the two paths of a 
point on the multifuntional 7R linkage  

 

 
 

Table 4.  Denavit-Hartenberg parameters of the 7R 
linkage which contains a planesymmetric 6R linkage 
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As there is only one (smooth) intersection point, the 
paths are not divided and therefore a point of this linkage 
can only describe two closed curves, in other words it is 
a bifuntional linkage. 
 
6.  Goldberg 5R linkage within a 7R linkage 
 
 By implanting rotor joints into two links of a Goldberg 
5R linkage [5], a multifunctional 7R linkage is obtained. 
This linkage is shown in Figure 14. The first picture 
shows it in a position of bifurcation from which it can 
start to move in two different ways. The second and the 
third pictures show the linkage on these ways. 
Table 5 collects the Denavit-Hartenberg parameters of 
this linkage, which confirm the conditions a generalized 
Goldberg 5R linkage has to comply with [6]: 
 

               
a3 + a4 = a7 , α 3 + α 4 = α 7 , a5 = a6 ,
      a6 = sin α 6 a7 / sin α 7 s2 = s7

          s2 = s7 ,  a1 + a2 < 2a5 .
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

As can be clearly seen from the projection of the two 
paths shown in Figure 15, the paths do not touch each 
other but intersect at two points. So the bifurcations are 
common bifurcations. The intersection points divide 
each path into two parts, and with the four parts six 
closed paths can be formed in the same way as in section 
2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
7. Conclusions 
 
The formal insertion of a mobile over-constrained 
linkage with four, five or six axes into a 7R linkage 
results in a multifunctional linkage because it can 
bifurcate in a number of different ways, depending on 
the number of intersections (genuine or tangential) of the 
two basic point curves. An overview of all the known 
over-constrained linkages with less than seven rotary 
joints that can be used to synthesize a multifunctional 
linkage with seven rotor joints can be found in [7].  

Fig.14.  7R linkage in the position where it can 
bifurcate in two different ways, together with the 

two corresponding traces of one of its points 

Table 5. Denavit-Hartenberg parameters of the 7R 
linkage which contains a generalized Goldberg 5R 

linkage 

Fig.15.  The two intersection points of the two paths 
a point of the 7R linkage traces in space 
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The first derivation of the 32nd degree polynomial 
displacement equation for the general 7R linkage was 
given by J. Duffy and C. Crane [8] in 1979. A direct way 
to determine for any input angle the corresponding six 
position angles of the 7R linkage is shown in the 
appendix. Therewith the position of any point on the 7R 
linkage can be found.   
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Appendix 
 
With the vectors 

N 0 = {0, 0,1},
n 0 = {1, 0, 0},
p 0 = {0, 0, 0},

 

 
N1 = {− sinα1 N0 × n0 + cosα1 N0},
n§ = {cosθ1 n0 + sinθ1 N1 × n0},
p1 = p0 + a§ n0 + s1 N1,

 

 
N2 = − sinα2 N1 × n1 + cosα2 N1,
n2 = cosθ2 n1 + sinθ2 N2 × n1,
p2 = p1 + a2 n1 + s2 N2 ,

 

N3 = − sinα3 N2 × n2 + cosα3 N2 ,
n3 = cosθ3 n2 + sinθ3 N3 × n2 ,
p3 = p2 + a3 n2 + s3 N3,

 

 
N4 = − sinα4 N3 × n3 + cosα4 N3,
n4 = cosθ4 n3 + sinθ4 N4 × n3,
p4 = p3 + a4 n3 + s4 N4 ,

 

 
n6 = cosθ7 n0 − sinθ7 N0 × n0 ,
N6 = cosα7 N0 + sinα7 N0 × n6 ,
p6 = p0 − s7 N0 − a7 n6 ,

 

 
n5 = cosθ6 n6 − sinθ6 N6 × n6 ,
N5 = cosα6 N6 + sinα6 N6 × n5 ,
p5 = p6 − s6 N6 − a6 n5 .

 

 
nn4 = cosθ5 n5 − sinθ5 N5 × n5 ,

NN4 = cosα5 N5 + sinα5 N5 × nn4 ,

pp4 = p5 − s5 N5 − a5 nn4 .
 

 
the following set of vector equations can be obtained 
which contains nine ordinary equations: 

 
G1 = p4 − pp4 = 0,
G2 = n4 − nn4 = 0,
G3 = N4 − NN4 = 0.

 

 
For a given full set of Denavit-Hartenberg parameters six 
of the nine equations are sufficient to determine for any 
value of the input position angle θ1  the corresponding 
values of the angles θ2 ,θ3,θ4 ,θ5 ,θ6 ,θ7  via the FindRoot 
formula in Mathematica. If not all Denavit-Hartenberg 
parameter are known at the outset, the nine equations can 
be used to determine the lacking geometric parameters 
together with the position angles. 
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Abstract 
This study concentrates on the development of rigid body 
geometries by using method of intersections, where simple 
geometric shapes representing revolute (R) and prismatic (P) 
joint motions are intersected by means of desired space or 
subspace requirements to create specific rigid body geometries 
in predefined octahedral fixed frame. Using the methodical 
approach, space and subspace motions are clearly visualized by 
the help of resulting geometrical entities that have physical 
constraints with respect to the fixed working volume. Also, using 
the idea a new mechanism with variable general constraint one 
is created and illustrated along with its design procedure for 
further reference. 
 
Keywords: Subspace, Method of Intersections, Rigid Body 
Motions, General Constraint. 
 
1. Introduction 
 
 Investigation of rigid body motions in space and 
constrained subspaces is the fundamental tool for 
designing different new kinds of mechanisms in the area 
of mechanism and machine science. Although there are 
not so many studies that are solely concentrated on rigid 
body movements and subspaces, the idea is indirectly 
found in the works such as mechanism designs and 
mobility calculation criterions. 
 Zhao et al. [1] points out in the beginning of their 
study that, determination of the independent motions of 
the end effectors is the main problem in mechanism 
analysis. Müller [2] mentions in the part of his study about 
mobility criteria based on motion groups, where the main 
idea is to identify the group of rigid body motions. Herve 
[3] introduces the lie group of rigid body displacements as 
an important tool for mechanism design. Alizade et al. [4] 
presented the history of structural formulations, where 
space or subspace number λ was introduced in many 
works of different authors. Also in their papers [4-6], they 
proposed new mobility and end effector motion 
formulations by taking into account subspace of the 
platforms, leg loops, branch loops and legs. Using these 
formulations along with the design procedures, they 

created different kinds of manipulators. Gogu [7] 
proposed a new mobility calculation formulation for 
parallel mechanisms with elementary legs. In his 
formulation, the independent motion parameters of the 
platform and the legs must be observed with respect to the 
fixed frame. 
 Throughout the works in the literature, it is apparent 
that, the visualization of the end effector motions and 
determination of the space or subspace number λ  have 
vital importance. Multiple kinds of manipulators are 
designed or analyzed after these sequences are fulfilled. 
To make this process simpler, rigid body motions in space 
and subspaces should be understood clearly. 
 
2. Rigid Body Motions 
 
 Starting from the clearest example, a rigid body with 
no general constraints ( 0d = ) has six independent 
motions in Cartesian space ( 6λ = ), three revolutions 
around and three translations along ,x y and z axes (figure 
1). These motions can be represented as RRRPPP , where 
R and P stand for revolute rotations and prismatic 
translations respectively. It is very important to note that, 
any rigid body whether in space or subspaces can not have 
more than three independent rotations or translations; due 
to the fact that, there exist only three independent 
directions in Cartesian space. 
 

 
Fig. 1. Rigid Body Motions in Cartesian Space 6λ =  
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Table 1. Possible Independent Motion Configurations of Rigid Bodies in Subspaces 
λ  1 2 3 

Motions ,R P  , ,RR RP PP  
,
,

RRR RRP
RPP PPP

 

Examples 

 
Cube in Slot 

 
Cylinder in Slot 

 
Cube on Plane 

λ  4 5 6 

Motions 
,RRRP RRPP

RPPP
 

RRRPP
RRPPP

 RRRPPP  

Examples 

 
Cylinder on Plane 

 
Sphere on Plane 

 
Sphere in Space 

  
 Considering this rule, achievable independent motions 
of the rigid bodies in various subspaces can easily be 
tabulated. As it is seen in table 1, one example for a 
specific motion related with each of the subspace is given 
for different rigid body geometries and fixed frames. In 
the cases of examples, cube in a slot is simply a prismatic 
joint that have only one translational motion ( P ) along 
the z axis. If the cube is changed by a cylindrical rigid 
body, it gains additional capability to rotate ( R ) around 
the z axis keeping its translational motion, so that its 
subspace is increased by one. On the cube on plane case, 
without losing area of contact, the rigid body can rotate 
around the z axis and translate along the ,x y axes (

, 3RPP λ = ). If the area of contact is changed with line of 
contact by using cylinder instead of a cube, the rigid body 
gains another rotation around x or y axis preserving its 
other motions ( , 4RRPP λ = ). Similarly if the cylinder is 
replaced by a sphere, its line of contact is transformed into 
a point of contact that means another rotational capability 
around x or y axis ( , 5RRRPP λ = ). Note that, if there is 
no contact constraint, RRRPPP  motion in 6λ =  is being 
reached. 
 Although representing rigid body motions like this  
way clears the subspace concept, it is difficult to find  
examples for all motion configurations that preserve one 
common analogy. As a result, this study contributes the  

 
literature an easy approach that simplifies the 
visualization of rigid body motions in space or subspaces 
by introducing unique methodology called method of 
intersections. 
 
3. Method of Intersections 
 
 Briefly, the idea behind the methodology is based on 
the construction of the octahedral fixed frame, which will 
be called “moi space” hereafter, and the intersections of 
the simple geometric shapes that carry the behaviors of 
the prismatic or revolute motions (figure 2). 
 

 
Fig. 2. Simple Geometric Rigid Bodies with Unique 

Motion Behaviors and moi Space 
 
 It can be easily seen from the figure that the selected 
cube element is just capable of exiting three translational 
motions along ,x y and z axes unless any other constraints 
prevent it to do so. The other three unique cylinders 
represent three distinct rotational motions around the 
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Cartesian axis and the moi space is composed of three 
slots with square cross sections that are orthogonally 
combined. Assuming the sides of the cube, the height and 
the diameter of the cylinders and the side of the inner 
square cross section of the moi space slots are equal, the 
following procedure can be performed to visualize the 
rigid body motions in a specific subspace. 

• Select the desired space or subspace number
( 1, 2, ..., 6)i iλ = . 

• Select the motion configuration of the 
determined subspace from table 1. 

• Intersect the geometrical representations of 
individual motions to end up with a unique 
geometrical shape. 

• If there exist missing translational motions, 
remove a slot from moi space that is representing 
missing translational motion axis to create 
constrained moi space (Note that, if there are not 
any translational motions in the selected motion 
configuration, the constrained moi space will just 
transformed into a hollow cube). 

• Put the resultant geometrical shape into moi or 
constrained moi space to identify the rigid body 
motion in determined space or subspace. 

The idea can appear confusing; however, examples will 
clarify the subject. 
 
Example 1: Consider that subspace 5λ =  is selected with 
the motion configuration 

x yR R PPP . After the intersection 
of the related simple geometrical shapes, the resultant 
rigid body is placed into the moi space (figure 3). Due to 
the fact that the rigid body has a square cross section on 
xy plane, its rotation around z axis is constrained as 
desired. On the other hand circular cross sections on xz
and yz planes makes the rotations around x and y axes 
possible. Also note that all of the translations can be 
fulfilled thanks to the unconstrained moi space. 
 

 
Fig. 3. Visualization of Rigid Body Motions 

x yR R PPP  in 
5λ =  by Method of Intersections 

 
Example 2: Consider that again subspace 5λ =  is 

selected, but with different motion configuration
x yRRRP P

. As translation along the z axis is not included, z slot of 
the moi space is removed. After the intersection of the 
related simple geometrical shapes, the resultant rigid body 
is this time placed into the constrained moi space (figure 
4). Due to the fact that the rigid body has circular cross 
sections on all planes, its rotations around x , y and z axes 
are possible. 
However, removed z slot of the moi space constraints the 
z translation of the rigid body, while other translations are 
achievable. 
 

 
Fig. 4. Visualization of Rigid Body Motions 

x yRRRP P  in 
5λ =  by Method of Intersections 

 
 Despite of being a useful tool for visualization of rigid 
body motions in space or subspaces, the methodology 
explained in this study can also be used for designing new 
mechanisms. In the light of example 1, two dyads are 
needed to represent two cylinders, where they should be 
assembled together and articulated in the Cartesian frames 
to end up with a 5λ = mechanism. The dyads are selected 
as P R R− − chains as they are sufficient for cylinder 
creation and assembled orthogonally, where prismatic 
joints are translated along the x and y axes. Finally a new 

5λ =  mechanism with mobility 1M = is created by using 
the idea behind method of intersections (figure 5). 
 

 
Fig. 5. 5λ = , 1M = Mechanism by Method of 

Intersections 
 
Note that by fixing another link instead of the one in the 
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figure, different motions of the end effector in 5λ = can 
be achieved. 
 
4. Conclusion 
 
 As mentioned earlier in the study, this investigation 
contributes the literature a unique methodology called 
method of intersections, where rigid body motions in 
space or subspaces are clearly visualized. All of the space 
and subspace motions can be described by using this 
method in a common analogy behind the given examples. 
Moreover the method is proved to be used for the creation 
of new mechanisms by introducing the design of 5λ =  
mechanism with mobility 1M = . 
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Abstract 
This study represents structural synthesis of several novel 
parallel manipulators. Invention of single-loop RPRPR and 
RRRRR mechanisms enables us the idea of designing novel 
overconstrained parallel manipulators. These manipulators are 
constructed by using RP (revolute and prismatic are indicated 
by R and P, respectively) kinematic chain whose motion 
generates a hyperboloid. The platforms of some novel 
manipulators have three translational and one rotational 
motion in space due to the fact that RP chain makes the 
platforms be constrained. A novel 5 DoF parallel manipulator 
is constructed by using a planar branch between two platforms. 
Furthermore, a novel 4 DoF parallel manipulator including a 
spatial branch-loop is invented.   
 
Keywords: structural synthesis, parallel manipulators, 
intersection of hyperboloids and spheres, Overconstrained 
mechanism, branch-loop. 
 
 
1. Introduction 

 
 Structural synthesis always enables researches to 
find the new way and formulations when they design 
new structures. This new structures are essential for the 
development of simulators, medical devices, CNC 
milling machines, measurement devices and even 
retractable roof of some buildings.   
 If all translational and rotational motions in space 
are not needed for an application, the overconstrained 
manipulators are good choice. Overconstrained 
manipulators have an important role due to the fact that 
they require less kinematic pairs and motors. This is the 
reason of low cost and less manufacturing process.  
 The first step of overconstrained manipulators’ 
synthesis is to design single-loop overconstrained 
mechanism.  Then, the special geometric condition of the 
single-loop mechanism can be applied to the 
construction of multi-loop overconstrained parallel 

manipulators’ limbs  [1, 2, 3].      
 The first single-loop 6R overconstrained mechanism 
was invented by Sarrus in 1853 [4]. In the light of this 
invention, a lot of overconstrained mechanisms have 
been proposed by researchers. Waldron emphasized that 
all 4 link overconstrained mechanisms with lower pairs 
are determined [5]. The 3 link overconstrained 
mechanisms are also invented because they are known as 
a special case of the 4 link ones. However, very few 5 
link overconstrained mechanisms are found [5].   
 Mavroidis and Roth stated that most known 
overconstrained mechanism were invented by the 
researcher’s geometric intuition rather than analytical 
mathematic methods [5].  In this study, 5 link 
overconstrained mechanisms are proposed by geometric 
intuition since the intersection of two 3D geometric 
shapes is used during the design.  However, it is also 
possible to verify the proposed mechanisms by means of 
analytical method that is represented in their research of 
Mavrodis and Beddows [6].   
 Aim of the study is to show that the intersections of 
two identical 3D geometric shapes such as hyperboloids 
and spheres can be used to construct single-loop 5 link 
overconstrained mechanisms. Furthermore, novel 
parallel manipulators are invented by means of special 
geometric condition of these single-loop mechanisms.  
 
2. Single-Loop RPRPR Kinematic Chain 
  
 A single loop RPRPR kinematic chain can be 
constructed by using idea of two hyperboloids’ 
intersection. A hyperboloid is a ruled surface with its 
centre at the origin and its symmetric planes coinciding 
with the origin [7] (see Fig.1. (a)). The equation of the 
ruled hyperboloid is usually in the form  
 

⁄ ⁄ ⁄ 1 0 
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(a) (b) 

Fig. 1. (a) A ruled  hyperboloid by generating equation 
               (b) RP open kinematic chain 

 
 A hyperboloid can be represented by an open 
kinematic chain consisting of revolute and prismatic 
pairs [8]. It is similar to kinematic chain shown in 
Fig.1(b).  
 

 
 

Fig. 2. Intersection of two hyperboloids 
 

 Intersection of two hyperboloids ends up with an arc 

as shown in Fig.2. If we use two RP kinematic chains 
generating two intersected hyperboloids and we connect 
two RP kinematic chains by one revolute pair moving on 
the intersection arc, the RPRPR closed kinematic chain 
shown in Fig. 3 is constructed. 
 

 
 
Fig.3. Single-loop RPRPR overconstrained mechanism 

 
 The RPRPR overconstrained mechanism shown in 
Fig.3 works due to linear dependence of lines and it has 
one degree of freedom. Therefore subspace of the 
kinematic chain is four. The system suits explanations in 
the section 11.6 linear dependence of lines in the book 
written by Hunt [7]. (Especially see the Fig. 11.6) The 
same system was preferred as a branch loop for a new 
advanced serial–parallel Euclidean platform robot 
manipulator. [9]  
 

2. Single-Loop RRRRR Kinematic Chain 
 
 By using the idea of sphere-sphere intersection, 
RRRRR closed kinematic chain is able to be constructed. 
Intersection of two spheres is a circle whose center A 
lies on the line O1O2 in Fig.4.   
 Two revolute pairs whose axes are intersected at one 
point give spherical surface similar to Fig. 4 . By adding 
a revolute pair on the circle of intersection such a way 
that axis of revolute pair is aligned to center of circle, 
RRRRR closed kinematic chain is formed.  Here, two 
twist angles α1   and  α2 are equal when distances |O1A| 
and |O2A| are also equal. These are linear and angular 
constrains for the mechanism. Intersection circle can be 
named mirror plane of the mechanism.   
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Fig. 4.  Single-loop RRRRR overconstrained mechanism 
 
 
3. Structural Synthesis a 4 DoF Parallel 
Manipulator 
 
 The manipulator is designed by using equation 3 in 
structural synthesis study of Euclidean platform robot 
manipulators [9]. This equation was written in the form 
 

 (1) 

where λ is the number of independent parameters 
describing the positions and orientations of any rigid 
body 
in space or subspaces,  jh is the number of hinges 
between platforms, ∑  is the total DoF of all the 
kinematic pairs on the legs cl, and λl is the general 
constraint of each 
leg (λl = 2,. . . , 6). 
 Now, it is desired to create 4 DoF manipulator 
(M=4) with four legs (cl=4). For one platform, jh is set to 
be zero. The leg shown in Fig. 1 (b) constrains two 
rotational motions in space (λl=4). Therefore subspace 
of platform (λ=4) will also be four if these legs are used.   
By using Eq. (1), total DoF of kinematic pairs of the legs 
can be calculated as ∑ ∑
4 16 4 0 16. Therefore, in the design of the 
manipulator, all leg will consist of four kinematic 
pairs ∑ 4. Using exchangeability of 
kinematic pairs and RP kinematic chain similar to Fig. 
1(b), the design of manipulator can be completed.  So 
that, RPRR kinematic chain is selected for each leg of 
the manipulator.    

 Structural bonding of the manipulator can be 
represented as follows, 

 

 
 

 Three dimensional model of the designed 
manipulator is depicted in Fig. 5. Four revolute motors 
are connected to the ground to generate three 
translational and one rotational of the platform. Motion 
of the motors are defined as  10 sin 5   
, 5 sin 5  , 5 sin 3  , 
5 sin 4  .  Here t is time and the motion of the 
manipulator is simulated for                    0 5.12  . 
Orientation and position of the platform are plotted in 
Fig. 6 and Fig. 7, respectively. Variation of one rotation 
is observed from orientation plot whereas all translations 
are varied in time.  The motion of the platform can be 
described by adding translation about z to planar motion. 

 
 
 

 
 

Fig. 5. 4 DoF Parallel Manipulator 
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Fig. 6. Orientation of the platform 

 

 
Fig. 7. Position of the platform 

 
 Similar motions including one rotation and three 
translations can be generated by the manipulator shown 
in Fig. 8. At the first glance, it can be considered that this 
manipulator is better than the designed one due to usage 
of less kinematic pairs. However, there are some 
distinctions between this manipulator and the designed 
one. For example, three revolute motors must be lifted 
by pneumatic cylinder for the manipulator in Fig. 8. But 
all revolute motors are connected to ground for the 
designed one. Another example is that platform weight is 
distributed to the four legs for the designed manipulator 
when three legs must carry the weight for the 
manipulator in Fig. 8. 

 
Fig. 8. 4 DoF 3 PRRR Parallel Manipulator  

 
4. Structural Synthesis a Novel 5 DoF Parallel 
Manipulator that Includes a Planar Branch-
Loop 
 
 The design of novel manipulator is proposed by 
means of equation 8 in structural synthesis of Euclidean 
platform robot manipulators [9]. The equation was 
written as follows, 
 

 (2) 

where n is the number of branch-loops, is the number 
of independent, scalar, loop-closure equations associated 
with each independent loop, ∑ is the total DoF of 
kinematic pairs on the branch-loops. 

Assume that platforms of a 5 DoF parallel 
manipulator (M=5) are connected to the ground by 
means of five similar legs in previous design 
(cl=5, λl=4). It is desired to use a planar branch-loop 
(n=1, λL=3) between two platforms is configured in the 
same manner with kinematic chain in Fig. 9. 
 

 
 

Fig. 9. Two platforms are connected by a planar loop 
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 By substituting known parameters into Eq. (2), total 
DoF of kinematic pairs of the legs can be calculated as 
∑ ∑ ∑ 5 20
4 1 20. Therefore, in the design of the manipulator, 
all leg will consist of four kinematic pairs   

∑ 4. Again, RPRR kinematic chain is 
selected for each leg of the manipulator.   
 Structural bonding of the manipulator can be 
illustrated as follows, 
 

 
 
 After drawing structural bonding, there dimensional 
model of the manipulator is created by means of 
Computer Aided Design programs.  The designed 
manipulator is shown in Fig. 10. There are five motors 
that generate three translations and one orientation for 
both platforms of the manipulator.    
 
 

 
 
Fig. 10. Novel 5 DoF Parallel Manipulator that includes 

a planar branch loop. 
 

5. Structural Synthesis a Novel 4 DoF Parallel 
Manipulator that Includes a Spatial Branch-
Loop 
 

The design of this manipulator is also accomplished 
by means of Eq. (2) that is used in previous example. 
The platforms of  4 DoF parallel manipulator (M=4) are 
connected to the ground by four similar legs in Fig.1 (b) 
(cl=4, λl=4).  In the design, two platforms will be 
connected a spatial branch-loop (n=1, λL=6) shown in 
Fig. 11. 
 

 
Fig. 11. Spatial branch-loop 

 
 Total DoF of kinematic pairs of the legs can be 
calculated as ∑ ∑ ∑

4 16 4 4 12. Hence, all leg will consist 
of three kinematic pairs   ∑ 3.  
 By considering exchangeability of kinematic pair 
and special geometric conditions, RPR kinematic chain 
is preferred for each of the manipulator.   
 Structural bonding of the manipulator can be shown 
as follows, 
 

 
 
 The design of novel manipulator is completed by 
converting structural bonding to 3-D model shown in 
Fig. 12.  The first platform of the manipulator has three 
translational and one rotational motion with respect to 
the second platform.    
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Fig.12. Novel 5 DoF Parallel Manipulator that includes a 

spatial branch loop. 
 
6. Structural Analysis of a Novel 3 DoF Parallel 
Manipulator 
 
 The novel 3 DoF manipulator is depicted in Fig.13. 
This manipulator is different from the designed 
manipulators in previous sections due to the fact that its 
legs are different. Two legs of the manipulator are in 
same configuration (RPRR) when the remaining one is 
different (RRS). Two same legs are working in subspace 
four when the leg including spherical pair is working in 
space. The platform is also working in subspace four 
although one leg is in space. The reason of this is that 
platform motion is constrained by other two legs. By 
using Eq. (1), the DoF of the manipulator is calculated 
as, 

 

 
4 0 4 4 4 4 5 6 3 

 

 
Fig. 13. Novel 3 DoF Parallel Manipulator 

Conclusions 
       
 In this study, two overconstrained mechanisms are 
invented by means of intersection of two 3-D shapes 
such as hyperboloid and sphere. The special geometric 
conditions (linear and angular constraints) for these 
mechanisms play an important role for the design of 
novel parallel manipulators. The novel parallel 
manipulators are presented by using structural synthesis 
formulations proposed in a previous research [9]. In that 
research, Euclidean parallel manipulators are built by 
using legs in space (RRS, RRSt etc.). However, the 
presented work show that these formulations can also be 
used for the overconstrained parallel manipulators whose 
legs in subspace (RPRR).  It is observed that these legs 
constraint the platform motion of the manipulator. Future 
work of this study: 
• New overconstrained mechanism will be invented by 

using intersections of two cylinders, two torus d etc. 
• New overconstrained parallel manipulator will be 

invented by using special geometric features of 
RRRRR single-loop overconstrained mechanism. 

• Prototypes of novel manipulators will be prepared 
for industrial applications. 
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Abstract 
A family of foldable shelters have been designed. The frame of 
the shelter is an assembly of 5 Bennett linkages. In order to get a 
compact folding while keeping the large interior space for 
deployed shelter, the alternative form of the linkages has been 
used. The assembly has only one degree of mobility, which is 
used for the deployment and folding of the shelter. The shelter 
has only two kinds of components, the joints and bars. By 
changing the length of the bars, the size of the shelter can be 
modified easily, which makes the proposed design have wide 
applications.  
 
Keywords: foldable shelter; Bennett linkage, alternative 
form, mobile assembly. 
 
 
1. Introduction 
 
 Shelter is a structure providing privacy and protection 
from all sorts of dangers. Most of shelters are for 
temporary use, such as emergency housing for homeless 
people after natural disasters, medical centre in many 
emergent cases, and a number of military command or aid 
centres and storages. All of them request rapid set-up, 
easy transportation, light weight and robust structure. 
Therefore, the foldable shelters are more favorable 
comparing with the conversional assembling shelters.  
There are two major methods for the erection and folding 
of the shelters, the internal mobility and deformation of 
the shelter components. The first kind is either in large 
scale or in modular to integrate into different outlays, 
while the second is either inflated shelter or the 
deformable-truss one with extra covers, both of which are 
in relative smaller size.  In this paper, we intend to 
propose a foldable shelter with only single internal 
mobility, whose size can be changed easily for different 
purposes.  
 The proposed shelter is based on Bennett linkage, 3D 
4R over-constrained mechanism consisting of four rigid 
links connected by revolute hinges whose axes of rotation 
are neither parallel nor concurrent. see Fig. 1. If we define 

the length and the twist as the shortest distance and skew 
angle between the axes of two adjacent revolute joints, the 
conditions for the linkage to have single degree of 
mobility are as follows [1-3]. 
 (a) Two alternate links have the same length and the 
same twist, i.e. 
  aaa == 3412 , baa == 4123  
  ααα == 3412 , βαα == 4123  
 (b) Lengths and twists should satisfy the condition  

  
ba

βα sinsin
=  

The closure equation of the linkage is  
πθθ 231 =+     (1) 
πθθ 242 =+     (2) 

And set 1θθ =  and 2θϕ = , then 

 
)(

2
1sin

)(
2
1sin

2
tan

2
tan

αβ

αβϕθ

−

+
=    (3) 

When the linkage are in the special equilateral case, ba =
, then πβα =+ , and (3) becomes 

α
ϕθ

cos
1

2
tan

2
tan =       (4)  

 

 
 

Fig. 1: Bennett linkage. 
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 Chen and You [1, 2] have used Bennett linkage as 
basic element to form a family of mobile assemblies. 
When the construct element is equilateral Bennett linkage, 
the structure can be used as deployable shelters [3]. 
However, the patented deployable shelters can be folded 
only in one direction while the dimension in another 
direction increases as demonstrated in Fig. 2. Then the 
alternative form of Bennett linkage has been proposed [4, 
5], which offers the most compact folding. In the 
proposed foldable shelter, the alternative form of Bennett 
linkage has been used as construct unit. 
 

 
Fig. 2: The folding process of the mobile assembly of 

equilateral Bennett linkage. 
 
 The layout of the paper is as follows. Section 2 
introduces alternative form of Bennett linkage. The 
detailed Shelter design is presented in Sections 3. The 
conclusions and discussion follow in Section 4. 
  
2. The alternative from Bennett linkage  
 
 The mathematical representation of the Bennett 
linkage defines the length of the rigid links as the shortest 
distance between two adjacent axes. The links are always 
perpendicular to the axes at their ends, which we call the 
original form. In the alternative form, the axes of the 
revolute joints are extended and the joints are connected 
with the links that are not perpendicular to the joint axes. 
It has been found that by doing so, the Bennett linkage can 
be retracted to a bundle. Previous study [7, 8] has shown 
that the condition of existence of alternative forms of the 
linkage, which can achieve the most compact folding and 
maximum expansion so that the linkage can be used as 
basic building blocks for large deployable structures. And 
a simple method to build the Bennett linkage in its 
alternative form has been introduced and verified. Such 
example is shown in Fig. 3.  
 

 
Fig. 3: The folding process of the alternative form of 

Bennett linkage. 
 

 Here we expand the alternative form to any spatial 
shape with four equilateral links rather than flat rhombus.  
In Fig. 4, the linkage is in such a shape that the angle 
between the plane formed by links 12 and 41 and the one 

formed by links 23 and 34 is not restrict to π .  

 
Fig. 4: The alternative form in the spatial quadrilateral.  

 
Such linkage with square cross-section bar can be 
constructed by following steps.  
1. Put the bar  with cross-section  as an a x a square  and 

length as b along the z-axis in coordinate system as 
shown in Fig. 5(a);  

2. Rotate the bar counterclockwise an angle λ about z-
axis, see Fig. 5(b); 

3. Rotate the bar clockwise an angle ω about x-axis, see 
Fig. 5(c); 

4. Rotate the bar counterclockwise an angle ξ about z-
axis, see Fig. 5(d); 

5. Cut the bar at the near end with plane 0=z , which is 
the xoy plane passing point A, to get a parallelogram 
AJKL, and cut the bar at the far end with plane

ωξ sincosby = , which is the plane parallel to xoz 
plane passing point E to get a parallelogram EIUQ, 
see Figs. 5(e) and 5(f). the single bar in Fig. 5(f) is 
links 12 and 34 in Fig. 4, while the links 23 and 41 
are the mirror images of the link 12; and  

6. Connect such four links with four hinges located in 
the position marked by dark lines in Fig. 4 to form the 
alternative form.  

 

 
(a)     (b) 

 
(c)    (d) 
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(e)    (f) 

Fig. 5: A single link of the alternative form. 
 

 In such a way, the alternative form is still a spatial 4R 
linkage with single degree of mobility, which is in fact 
corresponding to an equilateral Bennett linkage. And at 
the deployed configuration, the angle between the plane 
formed by links 12 and 41 and the one formed by links 23 
and 34 is equal to ξπ 2− .  Meanwhile, this alternative 
form can be folded into a compact bundle as shown in Fig. 
6.  

 
Fig. 6: The motion sequence of the alternative form from 

deployed to folded configuration. 
 
3. Assembly of Bennett linkages for shelter design  
 
  A number of the same flat alternative forms can be 
connect into a mobile assembly with single degree of 
mobility as shown in Fig. 7(a) [8]. So with the same 
method, the spatial alternative form we have just derived 
can also form a mobile assembly following the plane 
tiling, which could be used as roof of certain buildings, 
see Fig. 7(b). However, here we explore the possibility to 
construct a shelter with four-side support.  
 

 
(a) 

 
(b) 

Fig. 7: The motion sequence of the assemblies of the flat 
(a) and spatial (b) alternative forms from deployed to 

folded configuration. 
 
 Firstly, a U-shape connection of two spatial 
alternative forms is constructed by cutting the joint 1 
corner of the alternative form in Fig. 4 with the plane  

MM yxyx +=+ ζζ tantan   (5) 
where ),,(M MMM zyx is the middle point of edge AJ. So 
the cutting plane is formed by rotating xoz plane 
clockwise an angle ζ about z-axis and parallel moved to 
pass point M, see Fig. 8 (a) and (b). Then the edge SP will 
be the position of hinges, through which such two frames 
can be connected together. The four hinges in the top 
corner of the assembly (see Fig. 8 (c) and (d)) form 
another alternative form of Bennett linkage. Therefore, the 
whole assembly is still mobile with 1 DoF. In the front 
view of the assembly in Fig. 8(c), the two cutting angles 
should satisfy  

ξζ 2=       (6) 
so that both sides are vertical.  
 

 
(a)    (b) 

 
(c)    (d) 

Fig. 8: Connection of two alternative forms on left and 
right sides. 

 
 Secondly, the legs in the front and rear sides are 
added. Geometrically, the pair of legs should be similar as 
the left and right ones, i.e., they are vertically positioned. 
Kinematically, two additional bars added in the front or 
rear side should also form the alternative forms of bennett 
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linkage with existing bars on the roof so that the whole 
assembly is kept in one DoF. Therefore, the additional 
two bars should put in the vertical plane if viewed from 
side-view of the U-shape frame we constructed earlier, see 
Fig. 9(a). Dut to the symmetric characteristics of the 
spatial alternative frame, the the hinge lines, which 
connect the additional two bars with the two bars on the 
roof in the front part to form the spatial alternative frame, 
should be generated by cutting the two bars on the roof by 
a plane angled ξπ −2/  to the plane formed by two roof 
bars, see Fig. 9(a). Fig. 9(b) shows the details, in which 
line XY is the new hinge position. The same construction 
can be carried out in the rear side as well. Then two legs 
can be added as the transparent ones in Fig. 9(c).  
 
 Because the spatial alternative form applied here 
consists of four links in the same length, in order to make 
sure the front and rear legs in the same vertical length as 
two side legs, the top view of the assembly should be a 
square. The design parameters must satisfy the following 
conditions generally. 
 

12sintan =⋅ ξω     (7) 
 

 
(a)    (b) 

 
(c) 

Fig. 9: Coonection of two alternative forms in the front 
and rear sides 

 
 In such a way, a shelter frame has been constructed. 
There are totally five alternative forms of Bennett 
linakges, four in four sides of the shelter and a small one 
in top corner of the shelter. Two linkages on the left and 
right sides have the same twist, so do two linkages on the 
front and rear sides. The whole frame has only one degree 
of mobility, which make it easy to control the deployment 
and folding process manually or automatically by certain 
actuation method. Fig. 10 shows the motion sequence of 
the shelter example with all the bars in the same cross 

section and length. The design parameters are  
°= 45λ , °= 1.49ω ,  

°= 30ξ , and °= 60ζ . 
 

 
Fig. 10: The motion sequence of the shelter frame from 

deployed to folded configuration. 
 
 
4. Conclusions and discussion  
 
  In this paper, we have designed a family of foldable 
shelter frames. It is in fact an assembly of the spatial 
alternative forms of Bennett linkages. The folding of the 
frame is achieved by the internal single degree of 
mobility, which makes the frame folded and deployed 
repeatedly without inducing any strain to the components.  
 
The length of the bar and the size of the square cross 
section can be selected based on the application. The four 
angle design parameters, only λ  and ξ  are independent, 
while ω  and ζ  are constrained by ξζ 2=  and 

12sintan =⋅ ξω . λ  is to decide the orientation of the bars 
and ξ  is to decide the overall shape of the shelter frame. 
The selection of λ  and ξ  will affect not only the 
kinematic behavior of folding and deployment process but 
also the static behavior of frame serving as the shelter. 
Therefore, in the detailed design, these two parameters 
should be optimised carefully.  
 
For a real product, the frame can be divided into two types 
of components, the joints and the bars in the same length 
as shown in Fig. 11. For the same set of joints, the 
dimension of the shelter can be modified linearly by 
assembling the joints to twelve bars in a different length. 
And the cover should be attached after the shelter is 
deployed.   
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Fig. 11 A product design of the foldable shelter frame.  
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Abstract 
 Designing the surface has been one of the major problems 
throughout the history in architecture. To achieve this goal, 
architects has benefited from the mathematics to reach beauty, 
stability or new construction methods. Mathematical tessellation 
technique has been usually used to design planar surfaces. 
Moroever, due to rapid change in social activities of modern 
society in XXth century, need of adaptation has appeared. This 
appearance has caused the rise of the concept of motion or 
kinetic architecture. The main purpose of this study is to develop 
a methodology to design kinetic planar surfaces with 
mathematical regular tessellation technique in the light of 
architectural, mechanical and mathematical interdisciplinary 
approach.  
 
Keywords: Kinetic Tessellation, Periodic Tiling, Planar 
Surface, Duality 
 
1. Introduction 
 
 The main purpose of this study is to develop a 
methodology to design kinetic planar surfaces with 
mathematical tessellation techniques in the light of 
architectural, mechanical and mathematical 
interdisciplinary approach.  
 Geometry plays a central role in both of the design of 
buildings and the analysis of these buildings with 
architectural and engineering aspects at the same time. 
Throughout the history, many architects and artist have 
benefited from some mathematical and geometrical 
knowledge such as golden ratio, fractal geometry and 
tessellation. Liapi [1] claims that complex and 
sophisticated knowledge and use of geometry underlines 
the conception, design and construction of the most 
significant achievement in the history of buildings. In the 
ancient times, proportioning systems were the most 
essential elements of visual order and aesthetics, thus 
architects and artist benefited from the golden ratio in 
their works. Moreover, in the XXth century, many 
architects such as Renzo Piona, and Santioga Calatrava 
have developed their designs by using the relationship 
between geometry and structure. 
 Tessellation is a kind of mathematical technique that 
has been the common method to cover plane without any 
gaps or overlaps. Due to this property of the technique, it 
has been usually used on the planar surfaces such as 

facade of the buildings. 
 In today’s life many buildings give negative impact to 
the economy and environment due to consuming much 
more natural and human resources. Meanwhile, because 
of the rapid change in the activities of modern society and 
the development in building technology, building parts are 
in need of change in terms of shape and form to adapt to 
different function and weather conditions to reach positive 
impact on the economy and environment. As a result, 
architecture has developed a new aspect that is called 
kinetic architecture. In the literature there aren't many 
studies which deal with the relationship between 
mathematic and kinetic architecture that may be used as 
the design of kinetic building parts. 
 Kinetic architecture is an interdisciplinary study 
between architecture and mechanism science. Kinetic 
aspect of the architecture mainly suggests a new concept 
of form with the kinetic parts that is capable of being 
transformable, deployable or foldable. Many researchers 
deal with a particular type of mechanisms. However, a 
method is necessary to construct a network with planar 
mechanisms for variable building surfaces. 
 During the design process of kinetic building parts, 
many questions might be a problem such as how many 
links should be used, what kind of joints and platform 
should be chosen and finally the mobility of the whole 
kinetic system. In the cases of these questions, architects 
need a method or a tool that is currently lacking in the 
literature when designing kinetic systems. 
 This investigation will focus on developing a 
methodology to design planar surfaces by using 
mathematical tessellation method by considering kinetic 
aspects. In the light of this aim, this study coherently 
addresses tessellation technique that fall within usage of 
tessellation on architecture and briefly presents 
tessellation technique with mathematical aspect.  
 
2. Usage of Tessellation  
 

Basically, tessellation means to cover a plane without 
any gaps or overlaps by considering some methods. 
Another term synonym with tessellation is tilling. 



 

Proceed

 

 

Tessellation is a kind of mathematic
is used in different fields, such as 
architecture (Figures 1-3).  
 

Fig. 1. Tessellation and x-ray Cry
(Encyclopedia Britanica 1

 

Fig. 2. Origami tessellatio
 

Fig. 3. A tessellation of surface in 
 
2.1. Tessellation and Architecture 
 

Tessellation technique is mainly 
of geometric repetition, continuity
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Fig. 6. Periodic tiling from the A
 

3. Tessellation with Mathematical 
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Fig. 10.Semi- Regular tessellation 

 
3.3. Duality of the Tessellation 
 

The dual of tessellation is formed by joining the 
center of each polygon as a vertex and joining the centers 
of all neighboring polygons. The number of sides remains 
the same. Moreover, Grünbaum and Shephard describe the 
dual tessellation on their book as, “two tilings are said to 
be dually situated to each other if they lie in the same 
plane, every vertex of one is an interior point of a tile of 
the other, every tile of one contains precisely one vertex of 
the other, and crosses, just one edge of the other“. 
Moreover, they claim that, tessellation and its dual are 
homomorphic to one of the two dually situated 
tessellations. Thus, any motion or change of scale affects 
each other [7]. 

The triangular and hexagonal tessellations are duals 
of each other, while the square tessellation is its own dual. 

 

 
Fig. 11. Dual of regular tessellations 

 

 
Fig. 12. Dual of semi- regular tessellations 

 
4. Design of Kinetic Planar Surface with the 
Regular Tessellation 
 

This section presents a method to design a kinetic 
planar surface by using the mathematical tessellation 
technique. Thus, in the first step, this study hands out the 
tessellation with regarding to their shape that is regular 
tessellation and semi regular tessellation with respect to 
the platform shape. 

The investigation deals with the regular tessellation. 
The planar surface will be covered with regular platforms 
in order to reach kinetic regular tessellation. In this case, 
the most important point is, the planar mechanism reaches 
the regular tessellation on the first point of the motion and 
on the last point of the motion. In the light of this aim, 
developing a method, this paper tries to find an answer to 
the question of how a kinetic tessellation can be reached 
by using regular platforms. 
 
4.1. Method of the Study 
 

As mentioned before, the main problem is how a 
regular kinetic tessellation can be reached by using regular 
platforms. This problem will be approached by using a 
method based on duality of the tessellations. Moreover, 
this kinetic tessellation unit will be iterated according to 
periodic tiling. 

Within the scope of this study, the main points 
requiring the realization of the method will be the decision 
of link type, platform type, and joint type to be used as 
well as their connection combinations to reach planar 
mechanism. Therefore, this method examines the kinetic 
tessellation in three steps successively building upon each 
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The final step is determined the placement of the 
combination of link and platform. To achieve this aim we 
have to look at the intersection of the square tessellation 
and it’s dual. Firstly, platform of the mechanism will be 
placed to the point where the square tessellation and its 
dual intersect, and then the links of the mechanism will be 
added to that platform (Figure 18). 
 

 
Fig. 18. Placement of the kinetic regular tessellation 

 

 
Fig. 19. Open and closed forms of the kinetic regular 

tessellation 
 

 
Fig. 20. Kinetic Square tessellation  

 

This methodology can be applied to all of the regular 
tessellations. Figure 21 displays the process of obtaining 
the kinetic square tessellation and figure 23 displays the 
process of obtaining the kinetic hexagonal regular 
tessellation. 

Due to triangle and hexagonal tessellation dual of 
each other, the process of triangular tessellation is near the 
hexagonal one. In this case, form of the first link is 
consisting of 6 legs and platform is triangle (Figure 24).  
 

 
Fig. 24. Platform and link of triangle tessellation  

 

 
Fig. 21. Process of the obtaining kinetic square 

tessellation 
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Fig. 22. Kinetic hexagonal tessellation 

 

 
Fig. 23. Process of the obtaining hexagonal tessellation 

 
4.3. Mobility of the Kinetic Regular Tessellation 
 

After explaining method of the regular kinetic 
tessellation, now let’s construct the mobility calculation 
algorithm of the kinetic regular tessellation by using two 
different mobility formulation (Equations 1-2) [10]. 

   MJqf p

L

k
ki =−+−∑ ∑

=1

λ                  (1)   

 
According to Freudenstein - Alizade mobility 

criterion formulation, fi is the degrees of freedom of ith 
kinematic pair, λk is the space or subspace number of the 
kth independent loop, L is the total number of independent 
loops, q is the number of excessive links and Jp is the 
number of passive joints. 

 

  ∑
−

=

=−+−−−
1

1

)()1(
λ

λλ
i

pi MJqPij         (2) 

 
According to Grübler mobility criterion formulation, 

j is the total number of links including ground link and Pi 
is the total number of joints with ith degrees of freedom. 

As the study deals with the planer cases ( λ =3), the 
equations will become; 

 
MJpqLP =−+− 31  

MJpqPj =−+−− 12)1(3  
 
In order to start the process the smallest mobile 

element of the regular tessellation should be considered 
(Figure 25). As shown in table 1 if the equation variables 
are inserted to the formulations, the mobility of the 
smallest system will be calculated as unity (M=1). 
 

 
Fig. 25. The smallest mobile element of regular 

tessellation 
 

Table 1. Equation variables of figure 22 
L j Jp q P1
4 9 0 1 12 

 
After calculating the mobility of the first module, 

let’s iterate the system by sharing loops (Figure 26). As 
seen in figure, two modules are sharing one loop and the 
equation variables are shown in table 2. 
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Fig. 26. The first iterated mobile regular tessellation 

modul 
 

Table 2. Equation variables of figure 23 
L j Jp q P1
7 14 0 1+1 20 

 
Note that each addition of module that shares only 

one loop will add one more excessive link to the system. 
If the mobility of the resulting system is to be calculated, 
it will be revealed again as unity (M=1). Now let's iterate 
the structure with one more module. 
 

 
Fig. 27. The second iterated mobile regular tessellation 

module 
 

Table 3. Equation variables of figure 24 
L j Jp q P1

10 19 0 2+1 28 
 

Similar to the second iteration the third module (Figure 
27) will add an additional excessive link to the system. 

Using the parameters in table three the mobility of the 
resulting system will also revealed to be one (M=1). 

After two identical iterations, let’s carry out the most 
important one. This time the iterated module will share 
two loops with the previous system (Figure 28). 

 

 
Fig. 28. The fourth iterated mobile regular tessellation 

module 
 

Table 4. Equation variables of figure 25 
L j Jp q P1
12 20 0 4+1 32 

 
Using the new variables of the system (Table 4), the 

mobility of the system will again be calculated as unity. 
It should be again noted that, the most important 

point in the last iteration is the fact that sharing two loops 
with one additional module will add two more excessive 
links to the system instead of one. If the iteration 
procedure is combined, a new theorem can be introduced 
to the literature related with the mobility calculations of 
the regular tessellations. 
 
Theorem: Number of redundant or excessive links is 
equal to the one plus the number of loops that will be 
shared during the whole iteration process. 
 
5. Conclusions 

 
This study firstly tries to develop an aspect to the 

methodology which considers the kinetic systems in the 
light of architectural, mechanical and mathematical 
interdisciplinary approach. 

In order to achieve this aim, this investigation focuses 
on the mathematical tessellation technique. The area of this 
work has been restricted by the regular tessellations. It 
develops a methodology to reach kinetic planar surfaces by 
using regular tessellations and their duals. Moreover, this 
study demonstrates the mobility calculations of the created 
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mechanisms by using two different formulations. Both of 
the formulations proved that the mobility of the kinetic 
regular tessellation will always be one.   

In conclusion, this study has therefore arrived at the 
conclusion that the relationship between mathematical 
knowledge, mechanism science and building parts deserves 
more serious consideration in kinetic architecture field. In 
the future, this investigation aims to apply this methodology 
to the existing eight semi regular tessellations.   
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Abstract 
This paper introduces a novel scissor-hinge structural 
mechanism (SSM) which is designed as a transformable roof 
structure. Most of the current deployable SSMs have predefined 
open and closed body forms; and transformations occurs 
between these two forms by using one of the various 
transformation types such as sliding, deploying, and folding. 
However, the proposed SSM system can transform between 
rectilinear geometries and double-curved shapes without 
changing the size of the covered area. In order to achieve such 
kind of form flexibility, a new primary element called modified 
scissor-like element (M-SLE) has been developed. In the paper, 
first, main principles of current SSMs are summarized. Then, 
primary elements, geometric and kinematic principles of the 
proposed SSM have been explained. Finally, potential 
architectural uses of this novel structural mechanism are 
introduced.  
 
Keywords: Kinetic Structures, Deployable Structures, 
Scissor-hinge Structures, Adaptive Structures 
 
 
1. Introduction 
 
 In all periods of history, humans have tried to 
construct flexible buildings which are capable of adapting 
to ever-changing requirements and conditions. Kinetic 
architecture’s primary objective is the design of adaptable 
building envelopes and spaces as the major components of 
the building using mechanical structures [1]. Recent 
developments in construction technology, robotics, 
architectural computing and material science have 
increased the interest for deployable and transformable 
structures. The reasons behind this interest relate to the 
growing need for functional flexibility, adaptability, 
sustainability and extended capabilities of structural 
performance. 
 Scissor-hinge structural mechanisms (SSMs) are one 
of the most common types of deployable structures. Since 

1960s, many designers have studied to develop novel 
SSMs. Piñero, Escrig, Valcarcel and Hoberman are the 
important figures on the research of SSMs.  
 Piñero is the first researcher, who developed and used 
SSMs as portative covers. He designed reticulated single 
and double-layer domes and various foldable spatial grids 
with scissor systems [2]. Escrig and Valcarcel mainly 
focused on development of new spatial grids and patterns 
for deployable arches, geodesic domes and large scale 
umbrellas [3-7]. While developing these novel grids, they 
proposed several connection details, and connection 
elements for various patterns. After Piñero, Hoberman is 
the most important figure in the research area of 
deployable SSMs. Following the development of the 
angulated element, which is a variation of the simple SLE, 
he designed various deployable spatial SSMs like Iris 
Dome or Hoberman Sphere [8]. 
 When all current deployable SSMs are examined, it 
can be seen that all of these structures have definite 
“deployed” and “contracted” body forms; and 
transformations occur between these two body forms. 
Moreover, all these examples change the size of their 
cover area during the transformation process. Thus, it can 
be claimed that existing deployable structures are not 
adequate to be used as permanent transformable coverings 
which can achieve multiple shapes without changing the 
size and boundaries of the covered area. Aiming to 
provide a solution to this, the primary objective of this 
study is to introduce a novel SSM which is designed as a 
roof structures, and has a wide range of form flexibility 
without changing the size of the covered area. 
 
2. Main Principles of Current SSMs 
 
 To form the primary unit of an SSM, two bars are 
connected to each other at an intermediate point through a 
pivotal connection allowing them to rotate freely about an 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

117 
 

axis perpendicular to their common plane but restraining 
all other degrees of freedom [9]. This scissor unit is called 
scissor-like element (SLE) (Figure 1). By the addition of 
some other intermediate elements, all planar and spatial 
SSMs arise from the concatenation of SLEs. 
 

 
Fig. 1: Scissor-like element (SLE) 

 
 When straight bars are used as members, two different 
primary SLE unit type can be obtained according to the 
location of the pivot point: translational and polar units. 
Each unit types give rise to specific configurations with 
different deployment behavior and kinematic properties. 
First group is called translational scissor structures. The 
SSM which is composed of these units can only slide 
without any rotation. The main rule to meet this condition 
is that all unit lines should be parallel to each other 
(Figure 2a). Second group is called curvilinear scissor 
structures. For this group, the axes intersect and are 
rotated around their intersection points during deployment 
(Figure 2b). Both of these groups can only transform on 
one axis; so it is only possible to constitute contracted, 
deployed and some semi-deployed forms. 

 

 
Fig. 2: Translational (a) and Polar (b) SSMs 

 
 One of the most important requirements of SSMs is 
that the configuration is able to be contracted in a compact 
shape. Figure 3 shows a basic scissor structure. According 
to this shape, it can be said that in the compact shape, the 
three units will have theoretically one dimension, and Ai-1, 

Bi-1, Ci-1, Ai, Bi, Ci, Ai+1, Bi+1, Ci+1 will be co-linear. To 
meet this condition, the sum of the lengths of the bar 
segments on either side of an SLE, should be equal to the 
sum of the lengths of the corresponding bar segments of 
the adjacent SLEs [9-10]. When this rule is generalized: 
 
 iiii baba +=+ −− 11         (1) 
 

 
Fig. 3: SLE and Deployability Condition for SSMs 

 

 All common SSMs are M=1 structural mechanisms. 
This means, when a single SLE moves, all the other SLEs 
imitate this transformation as well. This property is valid 
not only for planar SLEs but also spatial scissor-like 
elements (S-SLEs). An S-SLE is graphically illustrated in 
Figure 4. The unit in this figure is fixed to the ground 
from the “element A”. When “element B” is slid through 
y axis, all the other elements adapt themselves to this 
movement. As a result of this movement, all distances 
between elements, and the size of the whole structures, 
change (a1<a2, b1<b2, c2<c1). 
 Another deficiency of the common SSMs can be seen: 
When Figure 4 is investigated, it can be seen that these 
common examples are not suitable to cover a defined area 
as a permanent roof. This is because, when the structure 
transforms, the size of the covered area under it changes. 
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Fig. 4: Transformation of the unit of a common SSM 

 
3. Primary Units of the Proposed Spatial SSM 
 
 In order to understand the logic of the proposed SSM 
and its transformation capability, first, the proposed 
primary units should be investigated. Proposed spatial 
SSM has three primary units: Spatial scissor-like element 
(S-SLE), Modified spatial scissor-like element (MS-SLE) 
and the Hybrid element which is a half MS-SLE (See 
Figure 5). 
  

 
Fig. 5: Primary units of the proposed spatial SSM 

 
 All these primary units are based on the principles of 
Polar SSMs. Main difference of these units from the 
common spatial scissor units is the connection type of the 
struts. At common scissor units, struts are connected from 
the hinge points with an intermediate element. As it can 
be seen in Figure 4, when one member of the unit moves, 

all the other members move as well. However, the units in 
Figure 5 have a different connection detail, and each strut 
can move individually. This individuality constitutes the 
main advantage of the proposed system. 
 
4. Main Properties of the Proposed Spatial SSM 
 
 The proposed spatial SSM is generated by 
multiplication of the primary units in Figure 5. 
Emplacement of these primary units is illustrated in 
Figure 6. The SSM in Figure 6 has 25 S-SLEs, 4 MS-
SLEs, 20 Hybrid Elements and eight special SLEs for the 
support points. The SSM is connected to the ground from 
eight points (A1 to A8). Span of the structure is 1400cm in 
both directions; and the lengths of the struts are 270 cm. 
 

 

 
Fig. 6: Isometric and top view of the proposed SSM 
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5. Kinematic Analysis of the Proposed Spatial 
SSM 
 
 In order to understand the kinematic analysis of the 
system, first mobility of the system should be found. In 
this study, Freudenstein and Alizade formula [11] is used. 
According to this formula: 
 

  
p

j

i
i jqLf −+−=∑

=

λ
1

M
        (2) 

where;  
 L = Number of closed loops in the system  
 M = Mobility 

 
∑

=

j

i
if

1  = Sum of DoF all joints 
  λ = DoF of space where the mechanism operates 
(λ=3 for planar systems and  λ=6 for spatial systems) 
 q = Number of over-constraint links 
 jp = Passive mobilities in the joints 
  
 Kinematic analysis of the proposed spatial SSM is 
investigated in two phases: Analysis of a single unit (S-
SLE) and analysis of the whole system. 
 
5.1. Kinematic Analysis of a Single S-SLE 
 
 As it can be seen in Figure 5, all struts of the primary 
elements of the proposed SSM can move individually and 
rotate 360° unless they collide with the other struts. 
Mobility of this unit can be found as four by Alizade-
Freudenstein formula. 
 Transformation capability of an S-SLE is directly 
related to the dimensions of intermediate element and the 
struts. An example to express the importance of these two 
factors can be seen in Figure 7. In this figure, it can be 
seen that when the intermediate element gets bigger, α and 
β angles which define the rotation of struts increase as 
well. This means, when l2>l1, then α2>α1; β2>β1. From this 
example, it can be understood that the bigger intermediate 
elements increase the transformation capability of the unit. 
However, a bigger intermediate element increases the 
weight of the SLE and decreases the feasibility.  
 Another factor which affects the transformation 
capability of the S-SLE is the width (w) of the struts. 
When the length (w) increases, transformability range of 
the struts and of course α and β angles decreases. 
 
 

  
Fig. 7: Transformation limits of the S-SLE 

 
 An S-SLE can be thought as the combination of two 
perpendicular SLEs. These SLEs constitute individual 
planar systems, unless they collide with the perpendicular 
SLE. Shape limit of an S-SLE directly depends on the 
shape limit of one SLE. When a simple example of SLE 
as in Figure 8 is investigated experimentally, it can be 
observed that the angle θ1 must be bigger than 180o, 
because when it is smaller than 180o, the whole system 
gives error. According to the result of this experimental 
study, the maximum and minimum limits of γ1 and α1 
angles can be found as follows:  
 

oo 0180 1 ≥≥ θ                                     (3) 
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Fig. 8: Shape limit of SLE 

 
 
5.2. Kinematic Analysis of the Whole System 
 
 Similar to the common deployable structures, 
additional actuators are needed to fix and transform the 
proposed spatial SSM. After the experimental studies with 
small prototypes, it was seen that these actuators should 
be utilized on the scissor axes which connect the support 
points (A1-A6, A2–A5, A3-A8, A4-A7 axes). By this way, 
these four planar sub-structures become the main 
transformation elements of the whole structure. The other 
elements which are called as the “cover scissors” are 
secondary members and do not have a distinguishing role 
at form transformations. They only adapt themselves to 
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the actual positions of the main load bearing scissors (See 
Figure 9). At kinematic analysis of the proposed spatial 
SSM, transformation capability of the main scissors was 
investigated thoroughly; but the transformation of the 
cover scissors was not taken into consideration. 
 

 
Fig. 9: Main and cover scissors of the proposed SSM 

 
 To find the number of additional actuators, mobility 
of the structure should be calculated. To facilitate this 
calculation, main scissors in Figure 9 were abstracted and 
presented in Figure 10. At this figure, it can be seen that; 
due to the use of revolute joints at connections of struts, 
all the subsystems (A3CBA8, A4EDA7, A2CEA5 and 
A1BDA6) cannot deviate from their planes, and can 
achieve only planar transformations. Besides, subsystems 
intersect at some certain points (B, C, D and E) which are 
called as “knots”. In order to keep the planes of the main 
axes, knots can only slide through (z) direction. This 
property is very important factor for the transformation 
capability of the proposed spatial structure. 
 

 
Fig. 10: Abstraction of the main scissors 

 
 When Freudenstein-Alizade Formula is applied to 
find the mobility, it is seen that the abstracted system in 

the figure has 40 joints and 12 loops (such as A3CG, 
A3CEA4, A4EI, etc.). All sub-systems are planar, so λ is 
equal to three. According to these variables, mobility of 
the system can be found as;  
 
  431240M =×−=  
 
 From the Figures 9 and 10, it can be seen that the 
main scissors of the proposed spatial SSM is composed of 
four identical perpendicular planar sub-systems. In this 
paper, kinematic analysis of the whole system was made 
with one of these planar sub-systems (The system between 
A1 to A6). The analysis was made according to Denavit-
Hartenberg method, and the formulations were tested with 
a Microsoft Excel® based computer program. 
 When a rigid body transforms, it has four different 
kinds of rotation and transformation matrix: Rotation 
angle around z axis ( ), rotation around x axis ( ), 
shortest distance between the z axis ( ), and shortest 
distance between x axis ( ). All these four 
transformations can be shown with a matrix equation and 
the multiplication of these matrices give Denavit-
Hartenberg general transformation matrix. 
 

ωϕ
z

a
z

d
zzn

n TTTTT ×××=−1          (6) 
 
 According to the aforementioned parameters, general 
Denavit-Hartenberg transformation matrix is written as; 
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 When this transformation matrix is applied to the 
analyzed planar sub-system of the proposed SSM (A1- 
A6), ωn and dn variables become 0, because the system is 
planar. Denavit-Hartenberg parameters of the sub-system 
A1 to A6 can be seen in Figure 11. 
 To apply Denavit-Hartenberg matrices to the system, 
the whole system was considered as two individual parts. 
First part includes the upper part which consists of the 
bars |OA|, |AB|, |BC|, |CD|, |DE|, etc; and second part 
includes the bars which consists of the bars |OA’|, |A’B|, 
|BC’|, |C’D|, |DF|, |FE’|, etc. These two individual systems 
intersect in the pivot points of each SLE (such as points B, 
D, F). 
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Fig. 11: Denavit-Hartenberg parameters of the planar 

scissor 
 

 By using Denavit-Hartenberg general transformation 
matrix, coordinates and rotation of a point according to 
the in Cartesian system can be found. This is possible with 
the multiplication of transformation matrices. For 
example, when the rotation and orientation of point A is 
needed, according to the upper system, the transformation 
matrix can be written as; 
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        (8) 

 
 In this multiplication,   is the expression of 
transformation of the first strut according to x0 Cartesian 
coordinate;  is the rotation of tx1 bar axis to the x0 
Cartesian coordinate system; cos  is the x 
component of the point A, and  sin  is the y 
component of point A. Moreover, when the coordinates 
and rotation of point F according to the O point is 
required, transformation matrices from point O to point F 
must be multiplied. This multiplication can be written as; 
 
  A A A A A A A             (9) 
 
 For the upper side of the system, when the equations 
from tx1 to tx21 are calculated, system constitutes a 

closed loop. Thus, the result of this transformation matrix 
comes to the point O. This means, at point O, the 
orientation is 0, and the rotation is 180. When the general 
form of the matrix is written; 
 

  …  

1    0 0 0
   0 1 0 0
   00    00

1
0

0
1

      (10) 

 
 To verify the kinematic analysis based on Denavit-
Hartenberg Method, a Microsoft Excel 2007® based 
program was prepared. This program is efficient to see the 
final shape of the main scissors according to the inputs. In 
this program, span of the whole structure, dimension of 
the elements, angles between the elements (θ2, θ4) and 
location of the perpendicular axes which define the 
location of knots are the input variables. By spin buttons, 
users can vary input angles and lengths, According to the 
changes on these input variables, the graphic interface can 
update itself simultaneously. In addition, the system gives 
error for unavailable shapes or inconsistent input 
configurations. Thus, if the algorithm fails for an input 
configuration, it is understood that this shape is 
unavailable for those inputs. The interface of this program 
is given below in Figure 11. For further information about 
the kinematic analysis of the planar sub-scissors, please 
look at the article of the authors [12]. 
 

 
Fig. 11: Interface of the computer program for the 

proposed spatial SSM 
 

6. Conclusions 
 
 This study has proposed a flexible and transformable 
SSM. This proposed SSM expands the transformation 
capability, adaptability and form flexibility of deployable 
structures. Until now, deployable structures have been 
only used as portative building components. However, 
after the model proposed in this study, deployable 
structures will also be used as permanent transformable 
building coverings. 
 As a hypothetical example, such a transformable SSM 
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can be used as roof of an exhibition hall. According to the 
activity and the necessities for the activities in that hall, 
the shape of the roof can be transformed by the users. This 
kind of a transformation offers great flexibility for spaces. 
As an example of functional need, the proposed scissor-
hinge model can be used as a solar roof. It can be rotated 
according to the location of the sun and benefit from the 
sun more than the conventional solar panels. Scissor-hinge 
structures are conveniently used with control systems, so 
by using a few motors, these transformations can be 
performed easily. An example application of the proposed 
SSM as a roof structure, and its sample transformations 
can be seen in Figure 12. 
 

 
Fig. 12: Transformation of the proposed spatial SSM as a 

roof structure 
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Abstract 
By the development of new materials and construction 
techniques, double curved geometries including hyperbolic 
paraboloids (hypars) have become a trend in contemporary 
architecture. However, most of the constructed architectural 
examples of the hypars are static and cannot offer any form 
variability. Bennett linkage is a spatial mechanism which can 
constitute deployable hypar, but it has many geometric 
limitations. In this paper, a novel mechanism is introduced 
which is derived from the basic design principles of Bennett 
linkage. By its distinctive connection details and the additional 
links, this novel mechanism has a superior transformation 
capability over common Bennett linkage; and can change its 
form between planar geometries to various hypars. In the paper, 
first, use of hypars in architecture is introduced briefly. Then, 
main principles and deficiencies of the Bennett linkage are 
presented. Finally, geometric principles, shape limitations and 
potential uses of the proposed novel mechanism are explained.  
 
Keywords: Deployable, Bennett Linkage, Hypar, 
Transformation, Kinetic Architecture 
 
 
1. Introduction 
 
 Parallel to the development at construction 
technologies and materials, non-orthogonal forms have 
become the demand of contemporary architecture. 
Architects design double-curved geometries as different 
building components, mostly roof or façade elements. As 
one of these double-curved geometries, a hyperbolic 
paraboloid (hypar) surface is obtained by sweeping a 
straight line over a straight path at one end and another 
non-parallel straight path. Hypar is a ruled surface which 
has convex one way along the surface and concave along 
the other. When the potential use of such surfaces in 
architecture is investigated, it is seen that many static 
examples have been constructed as shell structures. Being 
as spatial lightweight ruled surfaces, these shell structures 
are capable of carrying their own weights and additional 
loads due to their curvature and twist. Constructed from 
masonry, concrete, a grid of steel or timber members, they 

are assembled to large-span buildings in which a large 
space is realized without columns. A concrete shell 
example of hypar which is designed by Felix Candela can 
be seen in Figure 1. 
 

 
Fig. 1: Gas Station Building by Felix Candela 

 
 Although the hypars offer non-traditional architectural 
forms, constructed structures don’t change shape and form 
of the buildings. However, from the demand for today’s 
dynamic, flexible and constantly changing activities, a 
need for the adaptive buildings and building components 
has emerged in architecture. Today, the most impressive 
examples which meet this need are the deployable 
structures that are capable of large geometric 
transformations. When present solutions of such structures 
are investigated, it is seen that many concepts have been 
proposed by varying in size, geometry, retraction methods 
and structural systems in terms of their morphological and 
kinematic characteristics. However, most of the 
deployable structures do not offer real flexible alternatives 
and have only two configurations; transformation from a 
closed compact configuration to a predetermined, 
expanded form in which they are stable and can carry 
loads. Moreover, only few have been constructed at full-
scale for architectural applications due to the mechanical 
complexity of their systems during the deployment and 
folding process [1]. 
 It is possible to generate deployable hypar surfaces 
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with Bennett linkage which is a 4R spatial linkage. 4R 
closed chains can be classified into two types: the axes of 
rotation are all parallel to one another or they intersect at a 
point, leading to planar 4R or spherical 4R linkages. Any 
disposition of the axes different from these two special 
arrangements is known rigid chain and so furnishes no 
mechanism at all. But there is an exception, which is the 
Benneth linkage.     
 Bennett linkage is one type of spatial overconstrained 
mechanisms consisting of four straight rods. Discovered 
by G.T. Bennett in 1903, Bennett linkage is a spatial 4R 
closed chain whose four rigid links are connected by four 
revolute joints (Figure 2). It has the simplest geometric 
form and is the only 4R spatial linkage with revolute 
joints among all overconstrained linkages. The axes of 
revolute joints are neither parallel nor concurrent while 
they are either parallel or concurrent in common 4R 
linkages. This special characteristic of Bennett linkage has 
attracted the attention of many researchers and engineers. 
Most research has focused on kinematic characteristics, 
mathematical descriptions, geometric configurations and 
combination methods of Bennett linkage to generate new 
mechanisms for further applications.  
 In his “skew isogram mechanism,” Bennett [2] proved 
that all hinge axes of Bennett linkage can be regarded as 
the same regulus on a certain hyperboloid at any 
configuration of the linkage. Yu [3] found that Bennett 
linkage is directly related to the hyperboloid defined by its 
joint axes. He set up the Plucker coordinates of its four 
hinge axes and derived the equation of hyperboloid. Later, 
Yu [4] and Baker [5] investigated quadric surfaces 
associated with the Bennett linkage. While Yu studied 
sphere which pass through the vertices of the Bennett 
linkage and generated a spherical 4R linkage, Baker 
scrutinized J-hyperboloid defined by the joint axes of the 
Bennett linkage and L-hyperboloid defined by the links of 
the Bennett linkage. In his later works, Baker focused on 
the relative motion [6] and the axodes of the motion of the 
Bennett linkage [7]. He found that relative motion could 
be neither purely rotational nor purely translational at any 
time. Moreover, he demonstrated that the fixed axode of 
the linkage is ruled surface. 
 On the other hand, Huang [8] explored finite 
kinematic geometry of Bennett linkage based on the 
intersection of two basis screws associated with two RR 
dyads. Because the combination of two screws forms a 
cylindroid that is one type of ruled surface, the axis of 
cylindroid coincides with the line symmetry of the 
Bennett linkage. Further, Perez and McCarthy [9] 
established that the cylindroids can be generated directly 
from the three position synthesis of a spatial RR chain. In 
addition, by using the Bennett linkage as the basic 
element, Chen and You [10] developed large mobile 
assemblies for aerospace applications. They offered many 

alternative forms of the linkage to obtain the most 
compact folding and maximum expansion for large 
structures [11]. For this purpose, they introduced and 
verified simple methods to build the linkage in its 
alternative form [12]. Furthermore, Y Yu [13] proposed a 
deployable membrane structure based on the alternative 
form of the Bennett linkage. Besides, many other 
structural mechanisms associated with Bennett linkage 
have been developed by combining two or three linkages 
in such a way that common link is removed and adjacent 
links are attached to each other, but this paper does not 
cover the studies about 5R and 6R linkages based on 
Bennett linkage. 
 To understand the main principles and superiority of 
the proposed noval mechanism, its ancestor Bennett 
linkage should be thoroughly investigated.   
 
2. Geometric and Kinematic Principles of Bennett 
Linkage 
  
 It is known that the mobility M of a spatial linkage 
can be determined by Grübler mobility criterion. 
 

                   i
i

pinM ∑
=

−−−=
5

1
)6()1(6                          

 
where n is number of links and {pi}

5
1  is number of degree 

of freedom (DOF) of joints. According to the above 
equation, mobility of Bennett linkage can be calculated as 
follows. 
 

24.5)14(6 −=−−=M  
 

It must be rigid chain. Even though Bennett linkage does 
not meet the mobility criterion, it has full-range mobility. 
Bennett is an exception like all other overconstrained 
mechanisms because of their special geometry conditions 
among the links and joint axes.  
 The dimension of active motion of rigid body for 
planar mechanisms is RPP, for spherical mechanism is 
RRR, and for Bennett is RRP. So the dimension of 
subspace is λ=3 and all mechanisms moving in this 
subspace are called overconstrained mechanisms. All the 
kinematic joints will have constraint d=6- λ, or d=3. The 
Grübler formula for subspace λ=3 gives: 

 
14.2)14(32)1(3 21 =−−=−−−= ppnM  
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Fig. 2: Abstraction of Bennett Linkage 
  
 The movement of Bennett is allowed due to its special 
configurations. The conditions defined by Bennett are as 
following:  
 
a) The twists that are the skewed angles between the 

axes of two revolute at the ends of links and the 
lengths of the bars on opposite sides are equal. 
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b) The twists and the lengths must satisfy the condition 

of 
 

  
βα sinsin
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c) Because the skewed angles α and β are restricted to 

the range (0, π), the displacement closure equations 
based on the four variable joint angles θi can be 
written as: 
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These closure equations are only in use when one of the 
revolute variables θi is independent. In addition to above 
conditions, there is a special case in which a different type 
of Bennett linkage is generated. When α+β=π and a=b, an 
equilateral linkage is obtained (Figure 2). Therefore, Eq. 
(4) becomes 

   α
θθ

cos
1

2
tan

2
tan 21 =

       (5) 
 
2.1. Deficiencies of Bennett Linkage 
 
 The revolute joints used in the Bennett linkage are 
mechanically simple but their placement along each link 
and angle between the pin axes are complicated. There is 
a need to determine the link cross-sections or design new 
joints for architectural applications. 
 On the other hand, the geometry of the Bennett 
linkage defines a hypar surface, intermediate links are 
necessary to attach the cover plates. However, it is 
impossible to cover its surface with straight rods whose 
lengths are identical to the linkage, because the 
connection points of the intermediate links on opposite 
sides of the linkage which subdivide the surface into equal 
parts come closer during the deployment. Therefore, 
during the deployment process each intermediate link 
must extend or shorten. This argument can easily be 
proved by Denavit-Hartenberg (DH) convention. The 
transformation matrix of D-H is: 
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where θi is joint angle, αi is link twist, ai is link length and 
di is link offset. By using Eq. (6) for equilateral Bennett 
linkage in Figure 3: 
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Because a12 = a23 = a34 = a41 and α12 = α23 = α34 = α41, θi is 
variable. By using Eq. (5), θ2 can be found as: 
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The distance between midpoints of a23 and a41 can be 
calculated as follows: 
 

  ( ) ( ) ( )222 czbyaxD −+−+−=    (11) 
 
 By using Eqs. (9), (10) and (11), a numerical example 
can be solved. Let take a12=a23=a34=a41=100cm, α12= 
α23=α34=α41= 45o and θ1=90o. 
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According to aforementioned solution, the coordinates 

of midpoints a23 is found as (-33.3, 83.3, 33.3) while the 
midpoint of a41 is (-50, 0, 0). Therefore, D=91.25cm. 
When θ1=45o, the coordinates of midpoints a23 is (27.5, 
54.4, 19.1) and the midpoint of a41 is (-50, 0, 0). 
Therefore, D=96.59cm. The results show that the 
dimensions of intermediate links between a23 and a41 will 
change when the linkage deploy, therefore intermediate 
links require prismatic joints which allow translation 
during deployment.  

 
Fig.3. Equilateral Bennett linkage 

 
As it is seen, Bennett linkage has many limitations to 

offer flexible solutions. Due to the restrictions of the 
linkage, researchers have sought for alternative forms of 
Bennett linkage. For instance, Chen[14] explores the 
possibilities of constructing large structural mechanisms 
using Bennett linkage as the basic element. For this 
purpose, first of all Chen identifies basic element from 
Bennett linkage with skew square cross-section bars to 
obtain compact folding and maximum expansion (Figure 
4). With this particular example Chen shows that 
construction of a Bennett linkage with compact folding 
and maximum expansion is not only mathematically 
feasible, but also practically possible. Secondly she 
develops a way by which the basic element can be 
connected to form a large deployable structure while 
retaining the single degree of freedom.  
  

 
Fig.4. Chen’s Bennett linkage 

  
 Basic element based on the alternative forms of 
Bennett linkage provide the most efficient compact 
folding with a maximum expansion, but it limited to 
deployable mechanism whose DoF is one. Basic element 
transforms from a closed compact configuration to a 
predetermined, expanded form. Therefore it is not 
possible to change its form between planar geometries to 
various hypars. To obtain real flexible solutions for 
transformable structures, there is a need to develop novel 
mechanism whose DoF is more than one.  
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3. Proposed Novel Structural Mechanism 
 
 Figure 5 shows three equilateral Bennett linkages with 
same joint angle θ1. Even though these three linkages have 
same lengths and same joint angle, their configuration is 
different because of the different skewed angles α12 and 
α23 for each Bennett linkage. Consequently, skewed 
angles are different but constant for each linkage, so any 
linkage cannot transform to another one.  
 

 
Fig.5. Equilateral Bennett Linkages with same θ1. 

  
 Main idea is to develop an equilateral mechanism 
with variable α12, α23, α34, α41 so that it can take form of 
any equilateral Bennett linkage. Proposed mechanism is 
an 8R closed chain system with eight cylindrical link 
cross-sections (Figure 6). Revolute joints between links 
1and 2, 3 and 4, 5 and 6, 7 and 8 let rotations around the 
links’ axes. This rotation makes skewed angles α12, α23, 
α34, α41 variables.  By its additional links and joints this 
novel mechanism has a superior transformation capability 
over common Bennett linkage.  
 

Fig.6. Proposed Novel Mechanism 
 
  

 Kinematic diagram of this novel mechanism is 
represented in Figure 7. 
 

 
 

Fig.7. Kinematic Diagram of the Proposed Novel 
Mechanism 

 
 According to Grübler’s criterion, the mobility of this 
novel mechanism is: 
 

  28.5)18(65)1(6 1 =−−=−−= pnM  
 
 As one of the most important superiority of this novel 
system over classical Bennett linkage, the system can 
physically move with overlapped links. This property 
increases the transformation capability of the original 
Bennett linkage and the novel mechanism can stow and 
deploy completely. Furthermore, both side of the 
mechanism can move individually, and the system can 
achieve both planar geometries and various hypars. Figure 
8 shows example shape alternatives of the proposed novel 
system. 
 

 
Fig.8. Transformation Capability of the Proposed Novel 

Mechanism 
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 As it is mentioned above, the proposed structural 
mechanism can constitute various hypars and the 
geometry of these hypars can change according to the 
needs. Thus, this mechanism can be used as an adaptive 
building component (such as a roof, façade system, or 
furniture, etc.) which can change its shape according to 
the expectations of the users or the exterior conditions.   
 As an example architectural application, the proposed 
mechanism has been developed as an adaptive roof. In 
order to use this system as a roof structure, some 
additional struts which are needed to fix the cover 
material are necessary. Kinematic diagram of this adaptive 
roof system with these additional elements can be seen in 
Figure 9. Mobility of this system can be found by 
Freudenstein-Alizade Formula [15] as; 
 

  2)64(26
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==
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K
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where fi is degree of freedom of i-kinematic pair, λK is 
number of space or subspace of k-closure loop, L is 
number of independed loops. 
 
 According to Grübler’s equation: 
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Fig.9. Kinematic Diagram of the Proposed Novel 
Mechanism with additional struts 

 
  

By multiplying the intermediate links which connect the 
main frame of the proposed structural mechanism, an 
adaptive roof structure has been obtained. This structure 
can change its form with additional struts on it which is 
needed to assemble cover material (Figure 10). 
 

 
 

 
 

 
 

Fig.10. Deployed and Stowed Forms of the Proposed 
Novel Mechanism as an Adaptive Roof 

 
4. Conclusions 
 
 This paper has exposed a novel structural mechanism 
which is based on Bennett linkage. General principles, 
superiority over original Bennett linkage have been 
thoroughly explained. Finally, application of this novel 
structural mechanism as an adaptive roof structure has 
been presented. 
 This study shows that well-known mechanisms, 
especially overconstrained mechanisms can be used as a 
building component with some small modifications.  
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Abstract:  
The nodes are the main component of the space structures, but 
standardize the form of the structures. The target of this paper 
is to propose a single module which gives capability to 
maintain spherical space structures with variable volumes. As 
the natural structures always form in minimum energy shapes, 
the proposed three armed node is inspired by the structural 
behaviour of the natural structures. The assembly of the 
proposed node has only one degree of freedom obtained by 
trihedral case of Bricard linkage which has capability of 
forming from tetrahedron to hexahedron and dodecahedron 
and further provides stability to the unstable ones. 
 
Keywords: structural mechanism, Bricard linkage, space 
frames, minimum energy structures, modular three-arm 
node 
 
 
1. Introduction 
 
 Structure is the skeleton which carries the whole 
load and the main component for defining space with 
variable geometric forms. Architects and engineers 
usually think of parts such as beams, trusses and frames 
when defining a closed space. However, the structural 
behaviour of these planar beams and trusses are two-
dimensional. On the other hand, the space structures 
such as space grids, trusses and geodesic dome, etc. is 
concerned by their three dimensional behaviour as they 
spread the loads in three axes. In that case, the 
understanding of the three-dimensional behaviour of the 
structures is significant in the design process of space 
structures [1]. 
 In nature, every structure tends to be in the 
configuration of minimum potential energy. One of the 
fundamental geometric principles that nature solve 
repeatedly is packing the objects close together in 
minimal ways [2, 3]. Even we can see these structures in 
natural environment, such as in bee’s honeycombs, 
basalt blocks and in our muscles etc, the efficiency of 
minimal ways is not considered deeply while building 
the manmade environment. The analysis of close-

packing in minimum energy configuration can give 
benefits on architecting variety and diversity on forms, 
saving material and energy and maintaining long-time 
structures. 
 Therefore, in this research, the natural structures 
configurations will be examined in the light of the books 
of Keith Critchlow “Order in Space”, Peter Pearce 
”Structure in Nature is a Strategy for Design” and 
Siegfried Gass, Frei Otto and Wolfgang Weidlich, 
“Experimente = Experiments IL 25” in which the 
significance of minimal energy structures are highlighted 
[4, 5, 6]. The natural structures lead to the significance of 
the three arm node which has three-dimensional 
behaviour with minimum potential energy.  
 The nodes are the most important consideration 
point for space structures. The nodes are mainly solute 
by rigid components for gaining stability. As this 
approach limits the form of the structures, the mobility 
of linkage mechanisms gives possibilities to verify the 
forms of space structures. Therefore, analyzing the space 
frames and linkage mechanisms are significant. 
 The node design has always been the most particular 
unit for defining the space structures. When triangulation 
which provides stability, applied to the space frames, the 
node becomes complex. Therefore, in this research, a 
Bricard linkage module is proposed for stabilizing the 
unstable polyhedrons; hexahedron/cube and 
dodecahedron and maintaining 3 different stabilized 
volumes by just adding the same module; from 
tetrahedron, to hexahedron and further dodecahedron.  
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2.2.2. Three-arm node 
When associate with other equal size bubbles, the 

more economical configurations occur [5]. When two or 
three bubble foams get together, the three angles are all 
equal [10]. The bubbles tend to form triangle as their 
tendency is to arrange themselves in triangulation for 
minimum energy shape as triangle is the only stable 
polygon even with flexible joints [2,3,5,6]. The 
characteristic feature of all minimal way systems is the 
three arm node with the constant angle of 120o [6,10]   
(Fig. 4). 
 

 
Fig. 4. Two and three bubbles joining with an external 

angle 120o [3, 6] 
 

The invisible forces which form the three arm node 
in 120o appear when the bubbles get together. Three-arm 
node consists of three arms and one nodal/junction point 
is the main module in the formation of minimum 
potential energy shape. 

After locating three bubbles on a glass surface, the 
forth bubble directly locates on top of them forming 
tetrahedron [2]. Tetrahedron is the simplest and most 
stable arrangement of spheres in three dimensions, as 
triangulation is the natural structural behaviour [3, 11]. 
In nature, even in the early embryo the four cells arrange 
as tetrahedron which is one of the platonic solids.  
 
2.2.3. Platonic solids 

Plato was one of the people who attempted to 
describe the geometry in natural structures. While 
analyzing the natural structures, he explored the basic 
geometric shapes, five regular polyhedrons. These are 
called Platonic solids, which are the only the three 
dimensional figure defined by a closed set of same 
polygon faces, defining a sphere. Briefly, polyhedron is a 
volume which occurs from plane surfaces in which all 
vertices are equal. [5]. 
 

 
Fig. 5. The platonic solids 

tetrahedron (4 faced) octahedron (8 faced) hexahedron (6 faced), 
icosahedron(20 faced) dodecahedron (12 faced) 

 
As defined before, tetrahedron is the prime solid, 

which is the first and most economical configuration. 
After tetrahedron, the next most economic regular 
grouping of spheres is octahedron which is possible to be 
seen in the bones of birds [3,10]. In octahedron all 
spheres touch the other four in triangulated 
configuration. By adding eight spheres to octahedron, the 
hexahedron, cube occurs. The cube is the dual of the 
octahedron. The icosahedron is the third regular 
grouping of sphere which is in triangulated 
configuration. By adding spheres, dodecahedron occurs 
[4] (Fig. 5). 
 
3. Space frames and Structural Mechanism 
 

It is advantageous to study simple, regular, 
polyhedral shapes for understanding the structural 
behaviour stability of the space frames, either lattice or 
plate structures [1]. The formation of the regular 
polyhedral shapes has always been a research field in 
mathematics, physics, chemistry, mechanics, architecture 
and engineering. In this study, platonic solids are chosen 
because of their minimum energy shape configurations 
and obtained by the same modules; bars, joints and 
plates.  
 
3.1. Unstable spherical space frames 

 
In space frames, the bar structures are especially 

used. The type of the node used for construction 
qualifies the identity of the structure [1]. However, when 
these five figures are constructed by bars, the cube and 
dodecahedron will collapse as not being triangulated fat 
their nodes, differently from the other three (Fig. 6). 
Triangulation gives strength to the structures even before 
the physics of materials is taken into account. On the 
other hand, the complexity of the junction points is one 
of the merits of triangulated systems [5]. As triangulation 
gives rigidity to living and nonliving structures, this 
paper is searching a triangulated system for the nodes for 
the unstable space frames. 
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Fig. 6. The lattice structures of platonic solids, 

Tetrahedron, octahedron, icosahedron are stable  
but hexahedron and dodecahedron are unstable, movable. [1] 

 
As the cube and dodecahedron let more efficient 

volume to use, this study considers a linkage method for 
obtaining stability by different triangulation system. In 
that case, the design of the node becomes more critical in 
the design process. 
 

 
Fig. 7. Three arm nodes in stable tetrahedron and 

unstable hexahedron and dodecahedron 
 

As seen in figure 7, the forms of tetrahedron, 
hexahedron and dodecahedron are generated by the three 
arm nodes. The three-armed node, as described before, is 
a key issue in economic packing of the structures. 
Therefore, a module design with multiple parallel axis 
with right angles give advantages for obtaining three-
dimensional structural behaviour in bar structures. The 
angular relationships, dihedral angles, the angles 
between the adjacent faces and vertex angles, the angles 
between the edges are significant while designing the 
three arm node module.  
 

 
Fig. 8. The angular properties of tetrahedron, hexahedron 

and dodecahedron 
 

The angular relationship is shown in Figure 9. The 
angles between blue lines are all 60o, the oranges 90o, 
and the grey 108o. The red lines refer to the minimum 
energy configuration that was pointed in Fig. 4. When 
one of the edges, X1, X2, X3, X4 is fixed as shown in 
the Fig. 9, the other two legs of the node is changing its 
angle on the same circular axes. In this perspective, a 
module which has three dimensional motion from planar 
to spherical is needed for the node design.  
 

  
Fig. 9. The angular relationship between tetrahedron, 

hexahedron and dodecahedron  
 

In the research for stabilizing cube and 
dodecahedron, a structural mechanism which can deploy 
from planar to spherical will be the main considering 
path for achieving the target.  
 
3.2. Structural Mechanism  

 
The structural synthesis of over-constrained 

mechanisms is a geometrical methodology for generating 
the dedicated structural design [12]. Over-constrained 
geometry is mostly chosen in mechanisms which offer a 
preference for extra stiffness [13]. The structural rigidity 
is one of the main requirements in space structures. 
Although, the structures are mostly designed by rigid 
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connections, alternate structures which are capable of 
geometrical transformation also exist [8]. These 
structures are mainly classified as deployable structures. 
Especially, closed loop linkage mechanisms had its place 
in literature with its ultra lightweight applications of 
solar arrays, radar structures by Dr. J.M. Hedgepeth [14]. 

The closed loop mechanism with 6 Revolute joints, 
trihedral case of Bricard linkage in which all three axis 
meet at a point and generating 120o in its planar form is 
chosen for generating the right angles.  

In trihedral case of the Bricard linkage, the full 
cycle mobility of the chain is achieved [15]. The 
geometrical configuration of this type of Bricard linkage 
is  
 

a²12+a²34+a²56=a²23+a²45+a²61  

 
Ri=0 for all I 

 

 
Fig. 10. The trihedral case of Bricard Linkage 

 
In platonic solids as all the edges are equal, this 

geometrical configuration can easily be applied as using 
the same distances between the rotational axes, 
 

a12=a34=a56=a23=a45=a61=a  

 
Ri=0 for all i 

 
In this form of the trihedral Bricard linkage, the 

closed loop can be continuously turned through its centre 
[13]. For determination of the lengths of the faces and 
their relations among joint angles, the following 
equations are applied [15]. 
 

 
 

 
The number of independent parameters which are 

gained from the particular positioned of the structure can 
be defined as the mobility of a mechanism [8]. From 
these independent equations, as the lengths are all equal, 
we can determine that all the angles that meet in one 
point are all equal. 
 

     
 

In the planar case, this structural mechanism form 
in triangle, and the three rotation axes form 120o. That 
means the desired three dimensional behaviour of the 
three arm node can be achieved as all the angles change 
dependently to each other.  

 
4. Application 
 

The design process of the joints and the structural 
components need appropriate considerations for gaining 
performance of the structure in order to provide 
flexibility and interchangeability of spaces that extends 
the lifecycle of built structure [16]. In that case, 
considering a three-dimensional module give more 
benefits than approaching partially for designing the 
space. 

Therefore, an object which has capabilities of 
portability, reusability, easy to construct, minimizing the 
cost and material usage and reducing application time is 
passing through designing a three-dimensional module 
which can be used as joint in many space frames. 
 
4.1. Proposed Bricard Linkage Module 

 
In trihedral case of the Bricard Linkage, three 

rotation axes meet in one point at a constant angle 120o 
as shown in Fig. 11. However, for obtaining three arm 
node, the design of the structural mechanism should be 
modified. 

 
Fig. 11. The formation of trihedral case of Bricard 

Linkage from planar 120o to 3D  
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The design of the linkages can be obtained by 
taking the axes into consideration. Each rod has two joint 
axes which are perpendicular to each other. At the axes 
which intersect at one point, a leg is fixed to the rod to 
obtain three arm node module.  

 

 
Fig. 12. The linkage designs in the process of making the 

three arm node. 

 
The mobility of the mechanism enables to obtain 

the angular relationships that the three armed platonic 
solids have, regarding to the independent parameters that 
trihedral Bricard linkage has. 
 

 
Fig. 13. The dihedral and vertex angles of tetrahedron, 

hexahedron and dodecahedron. 
 

4.2. Case Studies 
 
The main consideration of this research was to 

obtain a single module which provides diversity in space 
structures. By analyzing deeply the structural behaviour 
of the three arm nodes, obtaining stable cube form 
without triangulation in between the bar structures is also 
possible. The three arm node module gives more 
opportunities then it was expected.  
 
4.2.1. Tetrahedron 
 

   
Fig. 14. The formation of tetrahedron by using four three 

arm node modules 

When three of the module added in the form of 
triangle, the third arms of the Bricard linkages enables 
the forth module easy to construct. In this case, even if 
triangle and tetrahedron are stable even with flexible 
joints, the structural mechanism loses its mobility and 
gain stability.  
 
4.2.2. Hexahedron (cube) 

 
When four of the module added in the form of a 

square the structure directly gains stability. In this case, 
it is possible to say that this Bricard linkage module 
discarded the needs for triangulating the bar structures. 
 

  
Fig. 15. The formation of stabile hexahedron by using 

eight three arm node modules.  
 
4.2.3. Dodecahedron 

 
When five of the module added in the form of a 

pentagon the structure gains stability. By adding the left 
modules, the stable spherical space is obtained with huge 
openings with no need of triangulation. 
 

 
Fig. 16. The formation of stabile dodecahedron by using 

four twenty arm node modules. 
 

This structural difference also provides variety in 
volumes of the spaces. 
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Fig. 17. The variety of spaces defined by the same three 

arm node module  

 
4.3. Future Works 

 
This study shows the significance of analyzing the 

structural behaviour in three dimensions give benefits for 
variety of forms and stationary. The Archimedean solids 
are the further research field for different node analysis, 
with other over-constrained mechanisms. The other types 
of Bricard linkages have potential for deep analysis on 
space filling and obtaining multiform. The modular 
foldable covering plates or membranes are the further 
research fields in the demand of designing the whole 
concept for space frames. However, the stability which is 
gained by this over-constrained mechanism needs 
calculations to understand if it is efficiency to use in 
applications. 
 
5. Conclusion 
 

“One could almost redefine biology as the natural 
history of deployable structures. An organism is 
successful partly because it uses minimum amount of 
material to make its structure and partly because it can 
then optimize its use of that material so that it can 
influence as much of its local environment as possible.” 
[] 
The three dimensional behaviour of the structures and 
the minimum way of close-packing property in natural 
structures is a treasure to focus on maintaining space 
structures. The clues from nature provide richness and 
efficiency in the design process. The three arm node 
obtained by the minimum energy configuration from 
natural structures is modified into Bricard linkage 
mechanism for a modular node design. This module 
enables variable forms for space structures and also 
maintains stability for the unstable hexahedron and 
dodecahedron by triangulating ability of the node. 
This study shows the huge possibilities of space 
structures by analyzing the three dimensional behaviour 

of structural mechanisms.  
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Abstract 
Jitterbug-like linkages are polyhedral linkages with single link 
for each face and edge. They comprise revolute joints only. 
When proper geometric conditions are satisfied, more links can 
be added to these assemblies without any change in the motion 
of original links. Cardan motion is used in making these 
additions. Then, further new linkages can be obtained by 
removing certain links/joints. 
 
Keywords: Polyhedral Linkages, Jitterbug, Cardan Motion  
 
 
1. Introduction 
 
 The Jitterbug is discovered and entitled by R. 
Buckminster Fuller. As described by Fuller, it consists of 
24 struts which constitute 8 triangles able to move with 
respect to each other [1]. The connections are such that 
the assembly goes through a single degree-of-freedom 
(dof) transformation. Originally introduced as a 
conceptual system, the motion of the Jitterbug described 
in Fig. 460.08 of [1] was brought to life as a mobile 
sculpture in a research exhibition in Zürich and became to 
known as the Heureka Octahedron [2]. 
 The Heureka Octahedron comprises 8 ternary, 12 
binary links and 24 revolute joints. Although such an 
assembly generally has 6(20 – 24 – 1 ) + 24 = –6 dofs, this 
assembly is mobile with single dof. The 3 revolute joint 
axes of a ternary link are parallel and equidistant while the 
2 joint axes of a binary link are intersecting. When the 
linkage is its most compact form, it resembles a regular 
octahedron and during the motion the centers of the 
triangular links remain on the three-fold symmetry axes of 
a regular octahedron (Fig. 1). At any configuration, the 
planes of the triangular faces bound an octahedral region, 
hence as the linkage expands/contracts, a dilation of an 
octahedron is realized. The binary links are used to 
preserve the dihedral angle along the edges of the 
bounded octahedron. 
 Although became famous in the Zürich expo in 1991, 
use of dihedral angle preserving (dap) links was proposed 
by Verheyen in 1989 [3]. In [3], Verheyen explores many 
Jiterbug-like linkages, which he calls as dipolygonids. 

Dipolygonids consist of equilateral polygonal links sliding 
along and rotating about fixed axes in space, just like the 
Jitterbug. These axes all intersect at a common point. 
 

 
 

Fig. 1: The Jitterbug motion 
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 Whether the transformation is a dilative one or some 
less special conformal transformation depends on the 
geometry of the supporting polyhedron. For example, if a 
supporting polyhedron has an inscribing sphere, it is a 
sufficient condition for the associated linkage to result in a 
dilative transformation. This case was investigated by 
Röschel in [6] and Wolhart in [13]. Which geometries 
result in which cases is not discussed in this study. 
 A much more special case can be obtained when there 
is a one-to-one correspondence between the faces, edges, 
and vertices of the supporting polyhedra and polygonal 
links, dap links and spatial loops of the linkage. To 
formulate this, let E, F, V, ni denote the number of edges, 
faces, vertices and valency of ith vertex (i = 1, …, V) for a 
polyhedral shape P. Then the corresponding linkage has E 
many binary (dap) links, F many polygonal links and V 
many loops comprising 2ni revolute joints. Some 
properties of such linkages were extracted in [8] as: 
 

i. The valencies of vertices of a polyhedral shape to be 
dilated should be even. 

ii. Polyhedral geometries that obey Euler’s formula 
contain at least one 8R (revolute) loop. 

iii. The spherical indicatrix (See [14]) of a spatial loop is 
immobile and the dimensions of the spherical 
indicatrix of a loop around a vertex are uniquely given 
by the dihedral angles associated with the edges and 
planar angles of the faces meeting at this vertex. The 
immobility of the spherical indicatrix demands that 
the polygonal links go through a Schoenflies motion 
and the dap links are in pure translation. 

iv. If a 2nR loop is constrained such that the spherical 
indicatrix is immobile, the loop is in general 
overconstrained. 

v. The assembly of spherical indicatrices associated with 
the vertex figures results in a spherical polyhedron, 
which is a spherical projection of the supporting 
polyhedron. 
 

 How such assemblies are constructed is not the 
subject of this study. In the following sections the linkages 
are assumed to be given and modifications are performed 
on them. 
  
3. The Cardan Motion Associated with the 
Polygonal Links 
 
 Consider a spatial loop around a vertex according to 
the definition in §2, like the one in Fig. 4. The corners of a 
side AB of a polygonal link will be constrained to move 
on two adjacent edges. Since ∠VAB remains constant 
during the motion of a Jitterbug-like linkage, the motion 
of the segment AB on the associated face is equivalent to 
the coupler link of a double slide mechanism (Fig. 5). The 

motion of the coupler link with respect to the fixed frame 
in Fig. 5 is a Cardan motion, hence a coupler point, in 
general, traces an ellipse (See ex. [15]). In Cardan motion, 
the moving and fixed centrodes are circles and the fixed 
centrode radius is twice as the moving centrode radius. 
The trajectories of the points on the moving centrode 
degenerate into straight lines, so Cardan motion is widely 
used for exact straight line motion generation. 
 

 
 

Fig. 4: An 8R loop around a 4-valent vertex 
 

 
 

Fig. 5: A double slide mechanism 
 

 There is a special point C on the moving plane, the 
center of the moving centrode, the trajectory of which is a 
circle. Given the planar angle α and the length c = |AB|, 
this point is located easily. Since points A and B have 
straight line trajectories, they are on the moving centrode. 
Also the center of the fixed centrode (point V in Fig. 4) is 
on the moving centrode at all times, so the moving 
centrode is uniquely given by points V, A and B. Then by 
inscribed angle theorem ∠BCA = 2α and hence |CA| = 
|CB| = c/2sinα. This uniquely locates point C. 
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 How is this information useful for the Jitterbug-like 
linkages? If for every side AB, a link VC is attached at the 
proper point C, then all such attached links around a 
vertex can be connected to a common link without 
disturbing the original motion. In the next section, 
examples of such linkages are presented. 
4. Attaching Links to Jitterbug-Like Linkages - 
Examples 
 
 The first example shall be the Jitterbug. By addition 
of the extra joints to the triangular links, the polygonal 
links of the jitterbug become regular hexagons. Some 
snapshots of the obtained mechanism is given in Fig. 6. 

 

 
 

Fig. 6: The Jitterbug with extra links 
 
 Remember that the supporting polyhedron of the 
jitterbug is a regular octahedron. In the following two 
examples, the supporting polyhedra are the regular 
tetrahedron and the cube (Figs. 7-8). Note that for the 
tetrahedron and the cube the vertex valencies are 3, so 
they cannot directly be used as supporting polyhedra for a 
Jitterbug-like linkage. The trick is considering a double 

tetrahedron/cube instead of a single one and double the 
number of faces, edges and vertices (See [Kiper1]). 
 

 
 

Fig. 7: Tetrahedral dipolygonid with extra links  
 

 Similarly, links can be added to the remaining two 
Platonic solids, i.e. the dodecahedron and the icosahedron 
(See, ex. [16] for classification of polyhedra). Among the 
polyhedra with regular faces, the non-Platonic deltahedra 
(triangular dipyramid, pentagonal dipyramid, snub 
disphenoid, triaugmented triangular prism and 
gyroelongated square dipyramid) can also be used as 
supporting polyhedra. However, Archimedean solids are 
not suitable for the purpose; an example is already 
presented in Fig. 2. 
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Fig. 8: Cubic dipolygonid with extra links 
 

 The Archimedean duals, i.e. Catalan solids have an 
insphere, so they can be used here. As an example, the 
linkage obtained from a tetrakis hexahedron is given in 
Fig. 9. The tetrakis hexahedron is the only Catalan solid 
all vertices of which are of even valency, so the double 
polyhedra of remaining 12 should be used to obtain a 
linkage - just like the tetrahedron and the cube. 
 The examples given in Figs. 6-8 turn out to be some 
special cases of linkages presented in [17], where some 
polygonal linkages are introduced and used in the faces of 
polyhedral linkages. The cubic linkage in Fig. 8 is also the 
subject of [18]. What is not in [17] are issued in the next 
section. 

 
 

Fig. 9: Linkage obtained from a Tetrakis hexahedron  
 

5. Obtaining New Linkages by Removing Some 
Links and Joints 
 
 Again the first example comes out of the Jitterbug. 
Moving out two hexagonal links and the twelve binary 
links connected to these two polygonal links of the 
linkage in Fig. 6, the linkage in Fig. 10 is obtained. The 
supporting polyhedron of this linkage is a hexahedron 
with equilateral rhombic faces. 
 Another linkage can be obtained by keeping 4 
adjacent hexagonal links meeting at a vertex and deleting 
the remaining four (Fig. 11). In this case, a pyramidal cap 
like geometry is obtained: the planes of the polygonal 
links do not bound a finite volume. 
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Fig. 10 
 

 
 

Fig.11 
 

 Next, consider the tetrahedral linkage of Fig. 7. 
Deleting one of the polygonal links on each face one 
obtains the linkage in Fig. 12. Note that there is no dap 
link in this linkage. This type of linkages was synthesized 
by Wohlhart [19]. 
 Alternatively one can remove a pair of polygonal 
links of a face. Furthermore, the binary links opposite to 
the removed polygonal links may be removed. The 
resulting linkage has still single dof (Fig. 13). 
 As another alternative, the three vertices of the 
tetrahedron may be chopped off to get a pyramid cap like 
in Fig. 14. 
 Similar linkages can be obtained from other linkages. 
When the links to be removed are chosen properly, the 
new linkage still possesses the single dof, basically 
because the remaining links are still constrained to move 
exactly as in the original linkage. 

 
 

Fig. 12 
 

 
 

Fig. 13 
 
 

 
 

Fig. 14 
 
 
 
 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

143 
 

6. Conclusions 
 
 In this study, a method is presented to obtain 
polyhedral linkages by addition of links to Jitterbug-like 
linkages using Cardan motion. The obtained linkages 
better represent their supporting polyhedra visually than 
the associated Jitterbug-like linkages. 
 By removal of proper link groups new linkages are 
obtained. The new linkages have single dof thanks to the 
overconstrainedness of the original linkages. 
 This “First (furher) overconstrain a linkage and the 
remove some links/joints to obtain new linkages” is a 
quite handy trick in obtaining new linkages. This idea is 
used for example in synthesizing planar six bar linkages 
with translator coupler link [20]. The idea can be used 
whenever it is possible to add links to a linkage without 
disturbing the motion of the remaining links. 
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Abstract 
In this paper, demonstrated the efficiency of Soft Computing 
technology combined with the fuzzy logic and neural network 
methods. Specifically, we diagnose the technical condition over 
time of an aviation Gas Turbine Engine (GTE) when the flight 
information is fuzzy, limited and uncertain. Multiple fuzzy linear 
and non-linear models are trained with high accuracy, using 
fuzzy regression equations on fuzzy statistical data. Further, we 
propose additional models of GTE technical condition that 
analyse the dynamics of the skewness and kurtosis coefficients. 
Research into the changes in skewness and kurtosis coefficients 
suggests that the distributions of the GTE work parameters are 
fuzzy. Hence, we conclude that fuzzy skewness and kurtosis 
coefficients should be taken into account. Investigating the 
dynamics of GTE work parameters allows us to use Fuzzy 
Statistical Analysis for preliminary assessments of an engine’s 
technical condition. For a more comprehensive overview of GTE 
technical condition diagnosis, we also explore Fuzzy 
Thermodynamic Models in this paper. We use the outlet gas 
temperature of the gas turbine (turbine exhaust gas temperature 
or EGT) expediency as the output parameter of our model. Semi-
empirical models are also used, in an effort to address the 
limitations associated with controllable parameters. 
 
Keywords:  
 
 
Nomenclature 
 
H   =  flight altitude [m] 
M   =  Mach number 
TH

*   =  atmosphere temperature [oC] 
pH

*   =  atmosphere pressure [Pa] 
nLP   =  low pressure compressor speed (rotate         
                          per minute - RPM) [%] 
T4

*   =  exhaust gas temperature [oC] 
GT   =  fuel flow [kg/h] 
pT   =  fuel pressure [kg/cm2] 
pM   =  oil pressure [kg/cm2] 
TM   =  oil temperature [oC] 
VBS   =  back support vibration [mm/s] 
VFS   =  forward support vibration [mm/s] 

 
a1, a2, a3,...  regression coefficients in the initial 

linear multiple regression equation of 
the GTE condition model 

 
a1

’, a2
’, a3

’,...  regression coefficients in the actual 
linear multiple regression equation of 
the GTE condition model 

 

1
~a , 2

~a , 3
~a ...  fuzzy regression coefficients in the 

linear multiple regression equation of 
the GTE condition model 

 
YX ~,~

 

measured fuzzy input and output 
parameters of the GTE condition model 

 
rX,Y   correlation coefficients between the 

GTE work parameters 

YX
r

,
~

 

fuzzy correlation coefficients between 

the GTE work parameters 
 
⊗    fuzzy multiplier 
 
+~

  

fuzzy summation of results that are 
output by various methods 

 
ini    initial 
act    actual 
cor    corrected 
 
1. Introduction 
 
 One of the important requirements for conditional 
maintenance of the modern aviation gas turbine engine 
(GTE) is the availability and proper operation of an 
efficient parametric technical diagnostics system. The 
difficulty of GTE diagnosis for certain aircraft models lies 
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primarily in the fact that the onboard objective control 
systems may fail to register all engine work parameters. 
This circumstance requires the additional manual 
registration of other GTE work parameters. Consequently, 
it is necessary to create a diagnostic system that can 
monitor GTE conditions and thereby output a precise 
recommendation regarding further GTE maintenance 
procedures, using data recorded either manually or from 
onboard systems. 
 Today, airlines around the world operate with a 
variety of automatic diagnostic systems (ADS) that 
monitor the technical condition of the GTE [1-10]. The 
ADS outputs flexible ranges for the recorded parameters. 
It takes into account the engine operating time and 
compares it with other parameters, through point or 
interval estimations. 
 We feel that statistical data processing using the 
aforementioned method generally assumes that the 
recorded parameters follow normal distributions, 
impacting the reliability of the GTE technical condition 
monitoring process. It may also lead to can cause errors in 
GTE diagnosis and operation. [1-13]. In addition, 
sometimes identical combinations of changes in various 
GTE work parameters can be caused by different 
malfunctions. Finally, this method complicates the 
definition of the defect address. 
 Other aviation GTE diagnosis methods are not 
universal and are applied, as a rule, only to concrete cases 
[1-10]. Research has shown that with accessible 
computing power it is possible to create a complex GTE 
diagnosing system based on a combination of methods. 
The kernel unit in the complex analysis system may 
operate on the basis of fuzzy logic. The development of 
modern information technologies facilitates the creation of 
an effective GTE condition monitoring system. 
 Our condition monitoring system is grounded in 
comprehensive analysis (CA) of GTE thermo-gas-
dynamic and mechanical parameters, and incorporates the 
methods shown in Fig. 1 (see Appendix): 
 
M0 - GTE Condition Monitoring Technique (CMT), using 
Non-Destructive Testing Methods, oil analysis, etc., 
M1 - GTE CMT using Mathematical Models, 
M2 - GTE CMT using Classical Statistics methods, 
M3 - GTE CMT using Kalman type filters, 
M4 - GTE CMT using Fourier and Wavelet analyses, 
M5 - GTE CMT using Soft Computing methods, 
M6 - GTE CMT using Hybrid Methods. 
 Thus, soft computing methods are applied separately 
and in combination with other methods (for example, the 
М1 +~ М2®CА subsystem, etc., see Fig.1), allowing for a 
stage-by-stage estimation of the GTE technical condition 
(TC). 

 
Fig.1. Structure of Aviation GTE Complex Condition 

Monitoring System 
 
Let us consider a GTE diagnosing process using a М2 +~
М5→CА subsystem. At the first stage of diagnosis (after 
the start of maintenance operations), when the incoming 
information is insufficient and fuzzy, the GTE Technical 
Condition (TC) is estimated using fuzzy logic and neural 
network methods (Fig. 2). The preliminary estimation of 
the fuzzy performance of the GTE work parameters is 
carried out using Fuzzy Statistics. Furthermore, by using 
fuzzy correlation and fuzzy regression analyses, fuzzy 
relations between work parameters and identified fuzzy 
models of the GTE can be determined. The advantage of 
this monitoring stage is that we may identify initial 
patterns on the basis of fuzzy information. Once certain 
information is accumulated (second stage), the GTE 
technical condition can be estimated with mathematical 
statistics (MS). Furthermore, by means of the Least 
Squares Method (LSM), multiple linear regression 
equations for modeling changes in the GTE technical 
condition can be identified during the initial maintenance 
stage of each checked and working engine. On the basis of 
regression analysis (influence monitoring), we can 
evaluate how certain coefficients may change the 
dynamics and we may then use this information to further 
estimate the GTE technical condition. In the third stage, 
ridge-regression is used with the LSM to compile actual 
models of the GTE technical condition and compare the 
actual values of regression (influence) coefficients with 
their known base or tolerance ranges. 
 The М1 +~ М2 +~ М5→CА subsystem of stage-by-
stage diagnosis deals with the analysis of thermodynamic 
parameters such as GT, T4

* and nLP. The М0 +~ М2 +~ М4 +~
М5→CА subsystem identifies the GTE technical 
condition on the basis of analyzing parameters’ such as 
the concentration of metals in the scavenged oil and the 
vibration rate. 
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 The final estimation of the GTE technical condition is 
carried out through a complex comparison of all 
diagnostic subsystems outputs by means of fuzzy logic. 
Thus, separate diagnostic subsystems are used to compare 
and make decisions based on the GTE work parameters. 
 
2. Fuzzy-Neural Identification of GTE Technical 
Condition (Preliminary Stage) 
 
 A combined GTE monitoring and diagnosis method, 
based on the evaluation of engine parameters by soft 
computing methods, mathematical statistics (high order 
statistics), and regression analysis, is suggested. The 
method provides stage-by-stage (3-step) evaluation of 
GTE technical conditions (Fig.2). Experimental 
investigations using manual records confirm that, at the 
beginning of monitoring, 40 to 60 accumulated parameter 
measurements from a GTE in good working order fail to 
follow a normal distribution. 
 Consequently, in the first stage of the diagnostic 
process (at the preliminary stage of GTE operation), when 
initial data is insufficient and fuzzy, the GTE condition is 
estimated by soft computing methods – namely fuzzy 
logic (FL) and neural networks (NN). In spite of the rough 
parameter estimations, this stage presents the advantage of 
the possible creation of an initial image (initial condition) 
of the engine, based on uncertain information. 
 

 
Fig. 2. Flow chart for the aircraft gas turbine engine fuzzy-

parametric diagnostic algorithm 
 
 One method of GTE technical condition estimation 
used in practice is the exhaust gas temperature control, 
together with analysis of the changes in temperature 
during operation. Applications of various mathematical 
models described by the regression equations for aviation 
GTE condition estimation are presented in [14, 15]. 
 Let us consider the following linear and non-linear 
models of the aviation GTE temperature described by 

fuzzy regression equations: 
 

 
 
where iY~  is the fuzzy output parameter (e.g., GTE exhaust 

gas temperature T4
*), jx~  or 1

~x , 2
~x are the input 

parameters ( H , M , TH
*, pH

*,nLP, GT , pT , pM ,TM ,VBS 
,VFS), and ija~ and rsa~  are the calculated fuzzy 

parameters (fuzzy regression coefficients). 
 

 
Fig. 3. Neural identification system 

 
 The general task is to define the fuzzy values ija~  and 

rsa~ in equations (1) and (2) on the basis of the input 

coordinates jx~ or 1
~x , 2

~x and the output co-ordinate Y~ of 

the model.  
 Let us consider using FL and NN [16-18] to approach 
this task. NN consists of interconnected fuzzy neuron sets, 
with input signals composed of the fuzzy values of the 
variables ( X~ = 1

~x , 2
~x ,..., nx~ ) X~  = ( 1

~x , 2
~x ) andY~ . 

 The parameters of the network are the fuzzy values of 
the parameters ija~  and rsa~ . We shall present fuzzy 

variables in the triangular form, in which membership 
functions are calculated using the formula: 
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 The basic problem in using the NN method is training 
the parameters ija~ and rsa~ . To train the parameters, we 

shall take advantage of an α -cut [18]. Imagine that 
statistical fuzzy data are received from the experiments. 
Training pairs ( TX ~,~ ) are constructed on the basis of 
these input and output data. To construct a model using 
the NN input, input signals X~ are provided and the 
outputs are compared with the reference output signals T~

(Fig. 3). 
 After comparison, the deviation value is calculated 
 

 
 

 With application of an α -cut, the left and right parts 
of the deviation value are calculated using the formulas 

 

 
 

where,  
 
 If the deviation value Е is less than some maximum 
value for all training pairs, then training (correction) of the 
parameters of the network ceases (Fig. 4). Otherwise, 
training continues until the value of Е reaches a minimum. 
 

 
Fig. 4. System for network parameter (weights, threshold) 

training (with feedback) 
 

 
Fig.5. Neural network structure for multiple linear 

regression equation 
 Correction of network parameters for the left and 
right parts is carried out as follows: 
 

 
 

Where  are the old and new values of 
the left and right parts of the NN parameters 

, , and γ is the training speed. 
 The structure of the NN that identifies the parameters 
of equation (1) is shown in Fig. 5. For equation (2), we 
shall consider a concrete special case of the second-order 
regression equation: 
 

 
 
 Construction of a neural structure (Fig. 6) for decision 
of equation (2), where the parameters of the network are 
the coefficients  is shown in [11-
13]. 
 

 
Fig. 6. Structure of neural network for second-order 

regression equation 
 
 From training on receiving equations we find network 
parameters that agree with the data satisfy to the required 
training quality. 
 
3. GTE Condition Monitoring using Fuzzy 
Statistical Analysis (First Stage) 
 
 Research results show that certain fuzzy relations 
exist between the fuzzy thermodynamic and mechanical 
GTE parameters, which describe how the dynamics 
change during operation and diagnosis. These relations 
can be characterized by fuzzy correlation coefficients and 
ratios.  
 The choice of a GTE technical condition model 
(linear or nonlinear) may be aided by a complex 
comparison analysis of the fuzzy correlation coefficients 

xyr~ and fuzzy correlation ratios xyp /
~ [11-13]. 

 However previous research has shown that the 
distributions of GTE work parameters are unstable (fuzzy) 
[11-13]. Therefore, we note that a correct application of 
the fuzzy correlation-regression approach demands the 
analysis of the fuzzy characteristics of GTE work 
parameter distributions. Fuzzy analysis of the distributions 
of GTE work parameters should be carried out on the 
basis of the fuzzy skewness and kurtosis coefficients 
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according to formulas, which are shown in [11-13]. 
 
4. GTE Condition Monitoring using Regression 
Analysis and a Kalman-type Filter (Second Stage) 
  
 The analysis shows that the individual GTE 
parameters approach a normal distribution after 60-120 
measurements. Therefore, at the second stage after 
accumulating the certain information, GTE conditions can 
be estimated with the help of mathematical statistics. 
Here, the GTE work mode and standard atmospheric 
parameters are controlled to conform to the calculated 
admissible ranges. Furthermore, multiple linear regression 
models of GTE condition dynamics are identified using 
the Least Squares Method (LSM). These models are 
created for each correct subcontrol engine of the fleet 
during the initial operation period. Base levels and 
admissible ranges of the coefficients are determined by 
analyzing the values of the regression coefficients 
(coefficients of influence) for all of the engine’s multiple 
regression models, with the help of mathematical statistics 
[13,19]. 
 GTE Condition Monitoring using Regression 
Analysis and a Kalman type Filter (Second Stage) is 
presented in [11]. 
 
5. GTE Condition Monitoring using Fuzzy 
Thermodynamic Models 
 
 One of the methods for detecting faults at an early 
stage involves examining the control of changes in the 
thermodynamic and gas-dynamic parameters of the GTE. 
This approach is based on registered parameters’ 
individual deviations in certain GTE work modes during 
operation. 
 The following GTE parameters are measurable: low 
and high rotor rotation frequencies ( nLP and nHP ), ratio of 
rotor frequencies or rotor sliding (δ= nHP / nLP), turbine 
inlet gas temperature (T3

*), turbine exhaust gas 
temperature (T4

*), fuel flow (GT ), and power lever angle 
(αPLA). 
 For the simultaneous processing of parameter 
measurements results received under various flight 
conditions, it is necessary to correct the measurement 
values to International Standard Atmosphere (ISA, or 
Standard Day) baselines and to adjust for the engine 
operation mode. ISA corrections are carried out with the 
help of similarity theory. If parameters are registered in 
cruise flight mode at identical engine power settings, then 
there is no need to correct for a given engine operational 
mode. For turbojets, the following correction formulas are 
used: 
 

 
 
 However, even if GTE thermodynamic and gas-
dynamic parameters are registered only in the cruise flight 
stage and at established power settings, changes in nLP 
(henceforth designated as n ), T4

* and GT have a fuzzy 
character. A principal reason for this involves the fuzzy 
values of total air pressure pH

* and total air temperature 
TH

* at the engine entrance for the considered flight mode. 
Hence, the correction formulas stated above should be 
applied in view of the fuzzy values of the basic parameters 

( TLPHH GTnTp ~,~,,~,~ *
4

** &&& ). The correction formulas take the 
forms 
 

 
 

Where are the measured fuzzy 
values of the parameters and in the 
considered flight mode. Finding  requires 
the appropriate estimation of membership function cores 
 

 
where 
 

 
 
The values of the parameters  are elements of 
the fuzzy sets  and  respectively, 

 are the membership functions of 

fuzzy sets relating to general sets 

. The application described above is 
shown in p.VI. 
 
6. GTE Condition Monitoring using Complex 
Analysis of First and Second Stage results 
(Third Stage) 
 In the third stage (for more than 120 measurements), a 
detailed analysis of GTE conditions is conducted using the 
LSM. This procedure creates an actual model (multiple 
linear regression equation) of GTE conditions and 
compares the actual coefficients of influence (regression 
coefficients) with their base admissible ranges. The 
reliability of the diagnostic results for this stage is high, in 
the range 0.95-0.99. If the coefficient values exit the 
allowed ranges, we draw conclusions about the influence 
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of changes in the physical parameters on the concrete 
GTE work parameters. One or several coefficient's 
influences going beyond the admissible range confirms 
any additional features of the incorrectness and allows us 
to determine the address and possible reason for any 
faults. LSM and ridge-regression analysis is used to 
produce stable estimations. 
 
7. GTE Condition Monitoring using Complex 
Analysis involving the Fuzzy Logic Basis 
(Final Stage) 
 

The elementary construction of membership 
functions assumes the input of several experts. Imagine 
we have m available experts (experts on methods M1… 
M7; see Fig. 7), of whom several answer positively to 
questions regarding the membership of element x∈ X 
(where x is one of the GTE parameters nLP, GT , pT , pM, 
TM T4*,VBS, or VFS; in this case x = T4*) within fuzzy set 
Ax. Assume there are n1 such experts. The rest of the 
experts (n2 = m- n1) answer the question in the negative. 
Then, the membership function becomes 

. 
 We note that this scheme of defining the membership 
function is the most simple. The membership function can 
be constructed more precisely on the basis of quantitative 
conjugate comparisons of membership degrees. Such a 
scheme also assumes that there is only one expert. The 

result of questioning the experts is the matrix , i, j 
=1,...,n , where n is the number of points for which 
membership function values are compared. The number 
mij reflects by what multiple the membership degree 

is more than  in the judgment of the 
experts. For example, the expert operates with the 
concepts presented in Table 1. 
 

 
Fig. 7. Structure of Aviation GTE Complex Condition 

Monitoring System using Experts M1, M2, and M5 
 

Table 1. Operations for Complex Condition Monitoring 
System using Experts M1, M2, and M5 

 

 
 
The membership function values at the points x1, 
x2, …, xn can be defined using the formula 
 
 

 
 

where j is an arbitrary column of the matrix  
 
8. Example of GTE Condition Monitoring using 
Complex Analysis 
 
 As an example application of the method described 
herein, changes in a GTE’s (aviation engine D-30KU-154) 
temperature conditions have been investigated. In the 
preliminary stage, when N≤60, the GTE technical 
condition is described by the fuzzy linear regression 
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equation (1). The fuzzy linear model of the GTE is 
identified with a NN, the structure of which is given in 
Fig. 3. The output parameters of the GTE model are 
accepted as the GTE exhaust gas temperature 
 

 
      (6) 

 
 In the subsequent stage, when N > 60 , the engine 
work parameters are observed to follow normal 
distributions, the GTE temperature is described by the 
linear regression equation (6), the parameters of which are 
estimated by a recurrent algorithm [11] 
 

 

      (7) 
 Given the results of research into the technical 
conditions of the considered engine, we uncover certain 
dynamics of the correlation and regression coefficients 
values, which are given in [19]. 
 The basic characteristics of the correlation 
coefficients [19] demonstrate the necessity of applying the 
fuzzy NN during flight information processing. In that 
case, a correct application of this approach to describe the 
changes in GTE technical conditions is possible using a 
fuzzy linear or non-linear model [11, 13]. 
 For the third stage, the following regression 
coefficients (influence coefficients for various parameters) 
describing the effects of various parameters on GTE 
exhaust gas temperature are admitted into the linear 
multiple regression equation (1): engine rotation 
frequency (RPM of low pressure (LP) compressor)- 
0.596-0.622; fuel pressure- 1.16-1.25; fuel flow- 0.0240-
0.0252; oil pressure- 11.75-12.45; oil temperature- 1.1-
1.2; vibration of the forward support- 3.0-5.4; vibration of 
the back support- 1.2-1.9; atmosphere pressure- 112-128; 
atmosphere temperature- (-0.84)-(-0.64); flight speed 
(Mach number)- 57.8-60.6; and flight altitude- 0.00456-
0.00496. Within the specified limits, the current values of 
the regression coefficients are approximated by 
polynomials of the second and third degree, with the help 
of the LSM and cubic splines [19]. 
 
 In estimating the GTE technical condition, we also 
consider the fuzzy parameter T4*, which is included in the 
correction formulas. To do this, we present this parameter 

in triangular form. Our tentative estimation of allows 

(corrected to ISA) to be defined more precisely. 

Apparently, using fuzzy values of  for a 

more flexible estimation of the GTE technical condition 
than average values. It is necessary to note that the 

dynamics of the show that significant changes are not 
occurring under given GTE technical conditions. For 
example, the abnormal phenomena associated with the 
GTE technical condition are observed in the measurement 
intervals of N =115-120, 125-130, 150-155, 195-200, 335-
345. This circumstance proves to also be true with the 
dynamics of the influence coefficients (regression 
coefficients) included in the regression equation 

 (Fig 8). 
 

 
 

Fig. 8. Estimation of engine exhaust gas temperature 
T4*(oC) changes during GTE operation: T4_M- measured 

exhaust gas temperature values, T4_F- exhaust gas 
temperature fuzzy values, T4_ISA- exhaust gas 

temperature values corrected to ISA, T4_A- exhaust gas 
temperature average values, N - number of measurements 
 
 We note that accounting for the parameters’ fuzziness 
in the correction formulas allows for a more precise 
estimation of the GTE technical condition. Our 
application of Fuzzy Logic improves the complex GTE 
diagnosis system. Such a system allows for more effective 
decision-making regarding further maintenance of the 
GTE. Our conclusions are based on the comparative 
analysis of results from Mathematical Statistics, 
Correlation-Regression Analysis, Neural Networks, and 
Fuzzy Analysis. 
 
9. Conclusions 
 
1) A combined GTE technical condition diagnosis 
approach is presented. The method is based on fuzzy and 
nonfuzzy engine work parameter estimation, with the help 
of Soft Computing methods. 
2) Through complex analysis, we have established that: 
a) There are certain fuzzy relations between the fuzzy 
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thermodynamic and mechanical GTE parameters, which 
describe how the dynamics change during fuzzy 
diagnostic situations. Changes in the fuzzy connections 
(correlation coefficients) between engine work fuzzy 
parameters are observed during the development of 
various malfunctions during operation, caused by the 
occurrence or disappearance of factors that impact the 
GTE technical condition,  
b) to improve the accuracy of decisions that impact the 
GTE technical conditions, it is expedient to apply Fuzzy 
Statistics and Fuzzy Thermodynamic Modelling using the 
presented Condition Monitoring System, 
c) the research shows that, to make more exact decisions 
about GTE operation, it is necessary to develop models 
and methods on the basis of observed features and fuzzy 
decision-making algorithms. The suggested methods make 
it possible to diagnose and predict the safe engine runtime. 
This method outputs tangible results and may be useful 
for practical application as an automatic engine diagnostic 
system, where the handle record is used as the initial 
information, and for an onboard system for engine work 
control. 
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Abstract 
In this study, vertical rail vehicle vibrations are controlled by 
the use of conventional and parameters adaptive PID 
controllers. A quarter rail vehicle model is designed as 5 
degrees of freedom using Manchester Benchmark dynamic 
parameters. Rail vehicle consists of a vehicle body, a bogie, 
primary and secondary suspensions and two wheels. A type of 
rail irregularity is used for disturbance input of the rail vehicle 
system. A sinusoidal irregularity is applied to the system, which 
symbolizes collapses of railway superstructure. A parameters 
adaptive PID controller is designed to obtain a comfortable 
travel and minimize vertical vibrations of rail vehicle body. 
Genetic algorithm toolbox is used to achieve new parameters of 
adaptive controller. Simulations are performed for 30 km/h, 60 
km/h and 90 km/h rail vehicle speeds and ±5% load changes of 
rail vehicle body to test the robustness of controllers. 
Simulations are carried out in time and frequency domains. 
 
Keywords: Active suspensions, parameters adaptive PID 
controller, vibrations, rail vehicle. 
 
 
1. Introduction 
 
 Guided rail systems cause vibrations that affect 
passenger comfort significantly. Essentially with 
development of technology, the expected comfort level is 
increased by passengers. Nowadays, during the travel with 
rail vehicles passengers want to drink beverages and at the 
same time they want to work with their computers. This 
approach has been the concept of comfort by passengers. 
In this regards, rail vehicle vibrations that negatively 
affect passenger comfort, has become a serious 
engineering problem to control vibrations actively. 
 In this study, active control will be implemented 
through the secondary suspension system which is located 
between vehicle body and bogie. For this aim, rail vehicle 
is modeled as 5 degrees of freedom and consist of vehicle 
body, bogie, primary and secondary suspensions and 
wheels. In this study and many other studies quarter 
vehicle model is used due to its simplicity and 
convenience. In rail vehicle model, the interaction 

between wheel and rail is not linear, but the interaction 
model is going to a simplified linear solution using Hertz 
spring [1, 2]. For a different approach, Dukkipati and 
Dong modeled wheel and rail interaction as multiple 
springs’ interaction [3]. Vibrations that cause distortions, 
was applied as a real rail irregularity. In recent years, 
many researchers have applied linear and nonlinear 
controls to minimize vertical rail vehicle vibrations. 
Stribersky et al. have worked on semi-active vibration 
damping system for rail vehicle systems [4]. In this way, 
they have improved ride comfort in rail vehicles carried a 
variety of applications. Foo and Goodall applied active 
controller to the rail vehicle secondary suspensions to 
minimize vehicle body vertical accelerations [5]. X. Lei 
and N.-A. Noda modeled and analyzed rail vehicle and 
rail dynamics using finite element method [6]. Guclu 
examined dynamic behavior of 8 degrees of freedom full 
vehicle model having passenger seat with an active 
suspension using PID controller [7]. Guclu examined with 
dynamic behavior of the same model having passenger 
seat with an active suspension using fuzzy logic controller 
[8]. In another study, Rao and Prahlad carried out a study 
on rail vehicles adjustable fuzzy logic controller 
application [9]. Yagiz and Gursel applied sliding mod 
type controller for improving ride comfort of a flexible 
modeled rail vehicle wagon [10]. Metin and Guclu 
controlled vibrations of a high speed train moving on a 
corrugated rail with fuzzy logic controller [11]. Vibrations 
of a rail vehicle modeled as 6 degrees of freedom was 
controlled a designed fuzzy logic controller [12]. In 
another study, fuzzy logic controller and conventional PID 
controller performances were compared using 11 degrees 
of freedom half rail vehicle model with sinusoidal rail 
disturbance [13]. Then, on 6 degrees of freedom rail 
vehicle model to control vibrations were used 
conventional PID, fuzzy logic PID and parameters 
adaptive PID controllers and compared their performances 
[14].  
 In this study, vertical rail vehicle vibrations are 
controlled by the use of conventional and parameters 
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adaptive PID controllers. A quarter rail vehicle model is 
designed as 5 degrees of freedom using Manchester 
Benchmark dynamic parameters. Rail vehicle consists of a 
vehicle body, a bogie, primary and secondary suspensions 
and two wheels. A combination of varying loading 
conditions and robustness of controllers were examined 
under varying speeds and sinusoidal rail irregularity. In 
addition, time and frequency domain responses were 
investigated under varying loading conditions. 
 
2. Dynamic Model of Rail Vehicle 
 
 The quarter rail vehicle model as designed 5 degrees 
of freedom used in this study is shown in Fig. 1. 
Uncontrolled system inputs are load changes and rail 
irregularities which can make the system unstable. System 
outputs are displacement and acceleration of vehicle body. 
Passive system response depends on parameters such as 
mass, spring, damping ratio and suspension geometry. 
Active suspension structure is a more complex dynamic 
system than passive suspension. Performance of the active 
suspension depends on sensors, actuators and hardware 
and software of controller. 
 

 
Fig. 1. The quarter rail vehicle model 

 Quarter vehicle model contains Mc mass of rail 
vehicle body, Mb mass of bogie, Jb inertia moment of 
bogie, Mw1, Mw2 masses of wheels which are located under 
bogie. K2 and C2 are secondary suspension stiffness and 
damping coefficients, respectively. K11, K12 and C11, C12  
are stiffness and damping coefficients of primary 
suspension. Kh1 and Kh2 are expressions of the wheel-rail 
linear contact form of Hertz spring stiffness. U is control 
force which generated by actuators. All these parameter 
values are given in the Appendix. 

 This model has five degrees of freedom. These are Zc, 
Zb, θb, Zw1 and Zw2. Zc is vertical displacement of vehicle 
body, Zb is vertical displacement of bogie, θb is pitch 
motion of bogie,  Zw1 and Zw2 are vertical displacements of 
front and rear wheels. 
 Differential equations of rail vehicle obtained using 
Lagrange Equation. 
 Differential equation of the system: 
 

                        [ ] [ ] [ ]
.. .

Z UM Z C Z K Z F F+ + = +   (1)
 

here,  
1 2[ , , , , ]T

c b b w wZ Z Z Z Zθ= , [ ]1 1 2 20 0 0  T
Z h hF K Z K Z=  and 

[ ]-  0 0 0 .T
uF u u=  

 Fz is rail disturbance that causes vibrations. These 
disturbances act on rail vehicle via rigid wheels. Fu is a 
force that is applied by a actuator. [M], [C], [K] are mass, 
damping and stiffness matrices, respectively which are 
given in the Appendix. 
 Z1(t) and Z2(t) are rail irregularity inputs applied to 
wheel masses.  

During the interaction of rail-wheel produced forces 
are transmitted by rail-wheel contact area. Due to the 
geometry of contact area between rail and wheel, for the 
wheel-rail dynamic interaction, the relation between the 
force and deflection is defined by the Hertz contact spring. 
Hertz contact spring is not linear contact and depends on 
the relationship between contact force and deflection of 
wheel-rail contact surface (y). This expression [1] is given 
below; 
 

                                    
3

2.  [ ]hF C y N=                               (2) 

 In this equation Ch 
3

2[ ]Nm
− is Hertz spring coefficient 

which depends on wheel radius, rail radius and material, F 
represents static wheel load.  All components have to be 
linear to express the relationship between wheel and rail. 
Therefore Hertz contact spring has to be defined as a 
linear spring. Rigidity of Hertz contact linear value can be 
obtained from static wheel load depending on the force–
displacement relationship. This is represented by the 
following equation [2]; 
 

                         ( )2 1
3 33 .  

2h h
dF NK C Fdy m

⎡ ⎤= = ⎣ ⎦
                   (3) 

 
3. Controllers Design 
 
 To suppress the vibrations on rail vehicle, first a 
conventional PID controller designed. Then, in order to 
increase performance of this controller, the parameters 
adaptive method is used.  
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3.1. Conventional PID Controller 
 

Because of the widespread use in industry and its 
simplicity if not optional in many applications, PID 
controllers are used in more than 95% of closed-loop 
industrial processes [15]. 
 

 
Fig. 2. Conventional feedback control system 

According to Fig. 2, the PID controller is used as the 
compensator C(s). When used in this way, tree elements 
of the PID controller produce outputs with the following 
nature; 

• P element: Proportional to the error at the instant 
t, which is the “present” error. By tuning 
proportional gain KP, rise time can be decreased. 

• I element: Proportional to the integral of the error 
up to the instant t, which can be interpreted as the 
accumulation of the “past” error. By tuning 
integration gain KI, the steady-state error can be 
eliminated. 

•  D element: Proportional to the derivative of the 
error at the instant t, which can be interpreted as 
the prediction of the “future” error. By tuning 
derivative gain KD, the over shoot and settling 
time can be reduced [16].   

Feedback has had a revolutionary influence in 
practically all areas where it has been used and will 
continue to do so. PID controller is perhaps the most basic 
form of feedback [17]. Well known PID algorithm is 
described as below; 
 
               ( ) ( ) ( )t

p d0
i

de t1u(t) K e t e d K
K dt

⎛ ⎞
= + τ τ +⎜ ⎟

⎝ ⎠
∫             (4) 

 where; 
e(t) is the control error and the controller parameters Kp, Ki 
and Kd are proportional gain, integral gain and derivative 
gain, respectively. 
 
                              i

p d
KC(s) K K s
s

= + +                              (5) 

 C(s) is the transfer function of controller describes the 
feedback from process output y to control signal u. 
 
3.2. PID Controller with Parameters Adaptive Method 
 
 Sometimes using only simple PID controller does not 
presents enough effective response on system which has 

random disturbances. Thus, some specific structured 
hybrid controllers used that involved PID. In this study, a 
parameters adaptive method is used for tuning the PID 
parameters (Kp, Ki and Kd) in system model. It is well 
known that the proportional component of the PID has an 
important role on the performance of PID system to 
control vertical vibrations of vehicles. If the proportional 
control is too weak, the response will be slow and if the 
integration component is too strong, the response will 
become unstable. So it is desirable to make further 
improvement on it can be let take a larger value and 
reduce it gradually with time so as to increase the 
damping of the system and make the system more stable. 
By this way, it can be imagined an effective suppression 
for the system’s displacement responses and a short 
settling time acceleration responses. Figure 3 shows the 
block diagram of the parameters adaptive PID controller. 
 

 
Fig. 3. Block diagram of parameters adaptive PID 

controller 
 

 
Fig. 4. Peaks of the system response 

Mizumoto describes broadly how to use parameters 
adaptive method for PID type fuzzy controller structure 
[18]. It is known that displacement level of rail vehicle 
body vibrations occur as near disturbance level. In this 
study, effect of a sinusoidal rail irregularity is used to 
obtain disturbance effect. Amplitude of sinusoidal rail 
irregularity is |asin|=0.02 m. So disturbance effect is 
smaller than 1 m. Peak observer detects peak values of rail 
vehicle vibrations and sends values to parameters 
regulator, Gp and Gd. Gp and Gd are new parameters which 
regulate Kp and Kd online, respectively. While increasing 
the value of Kp and Kd will increase the proportional 
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control component; thus the reaction of the control system 
against the error will be speed up and vibrations will be 
suppressed effectively. 
 Motivated by this idea, a parameters adaptive PID 
controller is designed. The parameters adaptive PID 
controller is composed of a PID controller, a peak 
observer and parameter regulators (Fig. 3). The peak 
observer keeps watching on the system’s output and 
transmits a signal at each peak time and measures the 
absolute peak value. The parameter regulator tunes the 
controller parameters Kp and Kd simultaneously at each 
peak time signal and according to the peak value at that 
time. The algorithm of tuning the scaling constants and 
the derivative gain as follows; 
 
                         ps ds

p d
k p k d

K KK ,    K
G G

= =
δ δ

                           (6) 

 Where, Kps and Kds are the initial values of Kp and Kd, 
respectively. δk is the absolute peak value (Fig. 4) at the 
peak time tk (k=1, 2, 3,…). Gp and Gd are additional 
scaling factors of peak values for parameters adaptive PID 
controller. Kp, Ki and Kd values are fixed for the both 
controllers. These values are established by trial and error 
in this study. Gp and Gd scaling factor values are 
determined with ISE performance index by the use of 
genetic algorithm toolbox in Matlab. 
 
4. Simulations 
 
 The assessment of the driving performance should be 
examined on the comfort level of passengers. Looking for 
driving safety value depends on displacement responses. 
Looking for comfort level value depends on accelerations. 
Controller was designed to take into account both two 
responses. Parameters of adaptive PID controller were 
defined using Genetic Algorithm Toolbox according to 
the formula ISE (Integral of Square Error). These 
parameter values of controllers are given in appendix. 
 
                                  ( )

10
2

ISE
0

S e t dt= ∫                                 (7) 

 ISE value of controller is 2,486.10-11. 
In simulations, passive responses of rail vehicle, 

responses of conventional PID controller and responses of 
parameters adaptive PID controller were compared. In 
these simulations, to compare controller performances, 
three different speeds were used and these are 30 km/h, 60 
km/h and 90 km/h. Performances of controllers according 
to sinusoidal rail irregularity was compared. Sinusoidal 
rail irregularity is shown in Fig. 5. A combination of 
varying loading conditions and robustness of controllers 
were examined under varying speeds. In addition to the 

time domain responses, frequency responses were 
investigated under varying loading conditions.   

 

 Fig. 5. Sinusoidal rail irregularity  
 

a) 

 
b)  

 
Fig. 6. Uncontrolled and controlled rail vehicle body 
responses in time and frequency domain (V=60 km/h, 

Mc=8400 kg) 
In Fig. 5, a sinusoidal rail irregularity is shown that 

describes the collapse of the railway substructures with 
time. In these simulations, to compare controller 
performances, three different operation speeds were used 
and these are 30 km/h, 60 km/h and 90 km/h. To test 
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robustness of controllers for uncertainty of rail vehicle 
body mass (±5%) because of passengers, simulations are 
carried out at 60 km/h rail vehicle speed.  

Fig. 6 (a) demonstrates rail vehicle body 
displacements and accelerations for passive system, PID 
and adaptive PID controlled systems at 60 km/h and for 
8400 kg body mass. Fig. 6 (b) represents the rail vehicle 
body displacement and acceleration responses in 
frequency domain for 8400 kg body mass. 

 
4.1 Examination of performances of controllers under 
varying rail vehicle speed (V=30 km/h and V=90 km/h) 

 
a) V=30 km/h and Mc=8400 kg                             

b) V=90 km/h and Mc=8400 kg 

 
Fig. 7. Uncontrolled and controlled rail vehicle body 

vibrations at different operation speeds 
 

To compare controller performances and examine 
robustness of controllers, two different operation speeds 
from mainly used speed (60km/h) of rail vehicle were 
used and these are 30 km/h and 90 km/h. Fig. 7 (a) and (b) 
demonstrate responses of rail vehicle body vibrations at 
30 km/h and 60 km/h operation speeds, respectively. 

 

4.2 Examination of robustness of controllers under rail 
vehicle body mass uncertainty (±5% Mc) 

 
To test robustness of controllers for uncertainty of rail 

vehicle body mass (±5%) because of passengers, 
simulations are carried out at 60 km/h rail vehicle speed. 
Fig. 8 (a) and (b) represent responses of rail vehicle body 
vibrations at fixed operation speed (60 km/h) for 7980 kg 
and 8820 kg rail vehicle body mass, respectively. 80 kg is 
determined per person in rail vehicle. 

 
a) V=60 km/h and Mc=7980 kg 

 b) V=60 km/h and Mc=8820 kg 

 
Fig. 8. Uncontrolled and controlled rail vehicle body 

vibrations for body mass uncertainty (±5% Mc) 

Frequency responses of rail vehicle body for rail 
vehicle body mass uncertainty (±5% Mc) are shown in Fig. 
9. 

This quarter rail vehicle system has 5 degrees of 
freedom. Thus, this system has 5 eigenvalues. In this 
study, 3 different rail vehicle body masses (Mc=7980, 
8400, 8820 kg) which represent varying loading 
conditions of body are used to examine robustness of 
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controllers. In case of Mc=7980 kg, eigenvalue matrix of 
system is [1 21 30.8 239.7 239.7]T. For second case of 
simulations (Mc=8400 kg), eigenvalue matrix of system is 
[0.98 21 30.8 239.7 239.7]T. For the last simulation case 
(Mc=8820 kg), eigenvalue matrix of system is [0.95 21 
30.8 239.7 239.7]T. Eigenvalue analysis show that the first 
eigenvalue belongs to rail vehicle body mass, 
predominantly. In Fig. 6 and 9, the first peak of 
uncontrolled system is suppressed successfully by the 
both controllers. By using parameters adaptive method on 
PID controller demonstrate the fine performance to 
control vibrations of rail vehicle body in time and 
frequency domain. 

  
a) Mc=7980 kg 

 
b) Mc =8820 kg 

 
Fig. 9. Frequency responses of rail vehicle body for body 

mass uncertainty (±5% Mc) 
 
5. Conclusions 
 

In this study, a quarter rail vehicle model as designed 5 
degrees of freedom examined under combinations of 
varying loading conditions, varying speeds and a 

sinusoidal rail irregularity. To control rail vehicle body 
vertical vibrations, a conventional PID and parameters 
adaptive PID controller performances are compared. For 
controlled and uncontrolled cases, displacement and 
acceleration responses of rail vehicle body in time and 
frequency domains are shown. In the case of parameters 
adaptive PID controller, Kp, Ki and Kd parameters are 
tuned online under a sinusoidal rail irregularity. 
Controllers protect their robustness for different operation 
speeds and varying loading conditions. Generally 
speaking, the simulation results demonstrate that the 
adaptive PID substantially improves the performance of 
the control system. It has presented the simulation results 
to demonstrate the fine performance of the proposed PID 
controller with parameters adaptive method. 
 
6. Appendix 

 
Parameters of the five degrees of freedom rail vehicle 

model [19]; 

Mass Parameters Stiffness  Parameters Damping 
Parameters 

Mc = 8400 kg k11 = 12200000 N/m c11 = 4000 Ns/m 

Mb = 653,75kg k12 = 12200000 N/m c12 = 4000 Ns/m 

Jb1= 1121 kgm2 k2 = 320000 N/m c2 = 20000 Ns/m 

Mw1 = 453,25 kg kh1 =1015549000 N/m  

Mw2 = 453,25 kg kh2 =1015549000 N/m  

Other Parameters 
PID Controller 

Parameters 
Adaptive PID 
Parameters 

LA = 0,9 m Kp = 6,27.105 Gp=0.55 
V= 140 km/h Ki = 100 Gd=52.8 
a= 0.02m Kd = 120  
y = 8 m   
F =85 kN   
ch =1.1011  N/m3/2   

 
 Mass, damping and stiffness matrices of the system: 
 

1

2

Mc 0 0 0 0
0 Mb 0 0 0

M ,0 0 Jb 0 0
0 0 0 Mw 0
0 0 0 0 Mw

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦  

 

2 2

2 2 11 12 11 12 11 12
2

11 12 11 12 11 12

11 11 11

12 12 12

0 0 0
( ) ( )

C ,0 ( ) ( )
0 0
0 0

a

a a a a

a

a

c c
c c c c c c L c c

c c L c c L L c L c
c L c c
c L c c

⎡ ⎤−
⎢ ⎥− + + − − −⎢ ⎥
⎢ ⎥= − + −
⎢ ⎥

− −⎢ ⎥
⎢ ⎥−⎣ ⎦

 

100 102 103
-100

-50

0

50

Frequency (Hz)

z c/z
y (d

B
)

 

 

100 103102
-100

-50

0

50

100

150

Frequency (Hz)

(d
2 z c/d

t2 )/z
y (d

B
)

Rail Vehicle Body

 

 
Uncontrolled
PID
A-PID

Uncontrolled
PID
A-PID

10
0

10
2

10
3

-100

-50

0

50

Frequency (Hz)

z c/z
y (d

B
)

Rail Vehicle Body

 

 

10
0

10
2

10
3

-100

-50

0

50

100

150

Frequency (Hz)

(d
2 z c/d

t2 )/z
y (d

B
)

 

 
Uncontrolled
PID
A-PID

Uncontrolled
PID
A-PID



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

161 
 

2 2

2 2 11 12 11 12 11 12
2

11 12 11 12 11 12

11 11 11 1

12 12 12 2

0 0 0
( ) ( )

K .0 ( ) ( )
0 ( ) 0
0 0 ( )

a

a a a a

a h

a h

k k
k k k k k k L k k

k k L k k L L k L k
k L k k k
k L k k k

⎡ ⎤−
⎢ ⎥− + + − − −⎢ ⎥
⎢ ⎥= − + −
⎢ ⎥

− − +⎢ ⎥
⎢ ⎥− +⎣ ⎦

 

 
7. References 
 
[1]. H. Jenkins, J. Stephenson, G.A. Clayton, G.W. Morland and D. 

Lyon, The Effect of Track and Vehicle Parameters on Wheel/Rail 
Vertical Dynamic Forces, Railway Engineering Journal, January, 
2–16, 1974. 

[2]. C. Esveld, Modern Railway Track, MRT Productions, Netherlands 
2001. 

[3]. R.V. Dukkipati and R. Dong, The Dynamic Effects of Conventional 
Freight Car Running Over A Dipped-Joint, Vehicle System 
Dynamics, 31, 95–111, 1999. 

[4]. Stribersky, A. Kienberger and H. Muller, Design and Evaluation of 
a Semi-Active Damping System for Rail Vehicles, Vehicle System 
Dynamics Supplement, 28, 669-681, 1998. 

[5]. E. Foo and R.M. Goodall, Active Suspension Control of Flexible-
Bodied Railway Vehicles Using Electro-Hydraulic and Electro-
Magnetic Actuators, Control Eng. Practice, 8, 507-518, 2000. 

[6]. X. Lei, N.-A. Noda, Analyses of Dynamic Response of Vehicle and 
Track Coupling System with Random Irregularity of Track Vertical 
Profile, Journal of Sound and Vibration, 258(1), 147–165, 2002. 

[7]. R. Guclu, Active Control of Seat Vibrations of a Vehicle Model 
Using Various Suspension Alternatives, Turkish J. Eng. Env. Sci., 
27, 361- 373, 2003. 

[8]. R. Guclu, Fuzzy Logic Control of Seat Vibrations of a Non-Linear 
Full Vehicle Model, Nonlinear Dynamics, 40, 21-34, 2005. 

[9]. M.V.C. Rao, and V. Prahlad, A Tunable Fuzzy Logic Controller for 
Vehicle-Active Suspension Systems, Fuzzy Sets and Systems, 85, 
11-21, 1997. 

[10]. N. Yagiz, A. Gursel, Active Suspension Control of a Railway 
Vehicle with a Flexible Body, Int. J. Vehicle Autonomous Systems, 
3(1), 80-94, 2005. 

[11]. M. Metin, R. Guclu, H. Yazici and N.S. Yalcin, Fuzzy Logic 
Control of High Speed Rail Vehicle Vibrations on Corrugated Rail, 
The 36th International Congress & Exhibition on Noise Control 
Engineering, Inter-noise 2007, Istanbul, Turkey, 37, Aug. 28-31, 
2007. 

[12]. M. Metin, R. Guclu, H. Yazici and N.S. Yalcin, Rayli Tasit 
Titresimlerinin Bulanik PID Kontrolor ile Kontrolu, TOK'07 
Otomatik Kontrol Ulusal Toplantisi, 4-7 September, Sabanci 
Universitesi, Istanbul, 312-317, 2007. 

[13]. M. Metin, R. Guclu, H. Yazici and N.S. Yalcin, A Comparison of 
Control Algorithms for a Half Rail Vehicle Model under Track 
Irregularity Effect, Mechanics Conference and 100th Anniversary 
of Engineering of Science and Mechanics Department, Virginia 
Polytechnic and State University, Blacksburg-VA, USA, Jun. 29-
30 2008. 

[14]. M. Metin and R. Guclu, Olcekleme Carpanlarini Kendiliginden 
Ayarlayabilen PID Tipli Bulanik Kontrolor ile Bir Hafif Metro 
Aracina Ait Düsey Titresimlerin Aktif Kontrolu, TOK’08 Otomatik 
Kontrol Ulusal Toplantisi, ITU, S.551-556, Istanbul, 13-15 
November, 2008. 

[15]. K.J. Astrom and T.H .Hagglund, New tuning methods for PID 
controller, Proceeding of the 3rd European Control Conference,  
Rome, Italy, 1995. 

[16]. M. Araki, PID Control, Control Systems, Robotics, and 
Automation, Vol 2, 1992. 

[17]. K.J. Astrom, T.H. Hagglund, The Future of PID Control, Control 
Engineering Practice 9, 1163-1175, 2001. 

[18]. M. Qiao, M. Mizumoto, PID Type Fuzzy Controller and 
Parameters Adaptive Method, Fuzzy Sets and Systems, 78, 23-25, 
1996. 

[19]. Rail Technology Unit, The Manchester Benchmarks for Rail 
Vehicle Simulation, Manchester Metropolitan University, 1998. 

 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

162 
 

 
An Electro-Hydraulic Spherical Manipulator  

Dynamic Modelling and Simulation: A Case Study 
 

Mehmet TOPALBEKİROĞLU1*, L. Canan DÜLGER2, Ali KİREÇCİ1 
1* Department of Textile Engineering, Faculty of Engineering,  

University of Gaziantep, 27310 Gaziantep,  
tbekir@gantep.edu.tr   

 
2 Department of Mechanical Engineering, Faculty of Engineering,  

University of Gaziantep, 27310 Gaziantep,  
dulger@gantep.edu.tr  

 
1 Department of Textile Engineering, Faculty of Engineering,  

University of Gaziantep, 27310 Gaziantep,  
kirecci@gantep.edu.tr  

 
 

Abstract 
The dynamic modelling and experimental implementation of a 
PID controller on a spherical hydraulic robot are studied in the 
present paper. The mathematical model of the manipulator and 
its drive system is developed by applying Lagrange’s equations. 
The mathematical model and the real system under the applied 
controller are tested for tracking of several example trajectories, 
and it is observed that the tracking performance of both systems 
are quite close to each others. The graphical results of the 
simulations and experimental applications are presented with 
comment.  
 
Keywords: Dynamic modelling, numerical simulation, 
spherical manipulator, electro-hydraulic servo valve. 
 
1. Introduction 
 
 Industrial manipulators can perform a variety of 
different tasks in factories; the loading and unloading of a 
work piece, welding, raw or partly processed material 
handling, and assembly of processed parts forming a 
product can be given as examples. Manipulators can be 
classified according to their kinematics structures as 
Cartesian (rectangular), cylindrical, spherical (polar), 
revolute (articulated) and Scara manipulator. Another 
classification can be done on the basis of power systems 
as electric, hydraulic or pneumatic. An electro-hydraulic 
servo-valve connects the electronic and hydro-mechanical 
parts of the system. Knowledge of mechanics, magnetism, 
hydraulics and electronics needed to understand the 
dynamics of these systems. [1-3].  

A previously designed and manufactured hydraulic 
spherical manipulator named as ARTISAN (a project 

supported by State Planning Organization of Turkey) is 
used for the experimental study. The manipulator has two 
revolute and one prismatic joint, and the moves of this 
manipulator are the base rotation, the elevation angle and 
the reach by occupying a large volume. Many different 
research studies were carried on this manipulator. 
Gültekin [4] has performed design and testing of a control 
software for a RRP robot manipulator. Kapucu [5] has 
considered adaptive control of this manipulator by using 
visual data. Doğan [6] has performed vocal control of an 
industrial manipulator, and ARTISAN was used for this 
purpose. Topalbekiroğlu [7] has then considered control 
of this manipulator by using adaptive control and learning 
methods. Kapucu et al [8] have addressed a hybrid input 
shaping method to reduce the residual swing of a simply 
suspended object moved by ARTISAN. Kirecci et al [9] 
have presented a study with self tuning control on the 
manipulator referred. Kirecci et al [10] have recently 
performed a case study on experimental evaluation of 
model reference adaptive control for hydraulic robot, 
ARTISAN. Kapucu et al [11] have presented an approach 
to determine the geometric parameters of a robot 
manipulator by visual data. Same robot is used in the 
study. 

Many other research studies on similar hydraulic 
servo systems may be found in literature. For example, 
Borovaç et al [12] have considered the mathematical 
model of actuators on control synthesis and simulation. In 
this study, manipulator configurations powered by 
electromechanical and hydraulic actuators were included. 
Bayseç and Jones [13] have performed an improved 
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mathematical model of an electro-hydraulic servo valve 
together with the experimental work.  Yun and Cho [14] 
have then applied an adaptive model control technique to 
a hydraulic servo system subjected to unknown 
disturbances. Kim and Cho [15] have done suboptimal 
PID control for a load sensing hydraulic servo system. 
Fitzsimons and Palazzolo [16] have presented a study on a 
model of the hydraulic system dynamics together with its 
state space model. Liu and Handroos [17] have discussed 
on sliding mode control for a class of hydraulic position 
servo and the experimental results were given. 

In the study presented, dynamics of the manipulator, 
ARTISAN is combined with the hydraulic actuator 
characteristics which are not included in previous studies. 
Lagrange equations are applied; the systems equations of 
motion are derived. Based on the mathematical model, 
simulation studies are carried out, and the dynamic system 
equations are solved numerically by using an integration 
routine. So the effect of each parameter is easily examined 
with the model. Two trajectory examples are presented 
together with the experimental system and simulation 
studies. Initially torques and forces to be applied to the 
actuating system of the manipulator are calculated. The 
movements of the end-effector on the desired trajectory 
are then performed. Iterative tuning (for PID controllers) 
is applied during simulation. Experimental and simulation 
tracking results are included. 

 
2. The experimental system 
 

The experimental system is available at the 
Laboratory of Dynamic systems in University of 
Gaziantep, Department of Mechanical Engineering. Fig.1 
represents a view of the experimental system. The system 
consists of a hydraulically driven spherical manipulator, a 
PC, an interface card for required communications 
between the manipulator and computer, hydraulic 
actuators and servo amplifiers and position transducers 
fitted to each joint. 

Joint actuator drives are produced by Bosch NG6 
Regenventils and servo amplifiers are available on the 
manipulator. The joints are actuated by electro-hydraulic 
servo valves controlled by analog control signals by a PC. 
The supply of hydraulic pressure and flow to the servo 
valves are provided by 22 kW hydraulic power unit which 
can supply up to 95 lit/min at 0.12 MPa. The feedback is 
performed by position potentiometers connected to each 
joint. The range of movement of each joint can be given 
as 
Joint 1 (revolute)  -160°≤ θ0 ≤ 163° 
Joint 2 (revolute)  -39° ≤ θ1 ≤ 15° 
Joint 3 (prismatic)  42.95 cm ≤ r2≤ 142.75 
cm 

 

 
 

Fig.1. A view from the experimental system 
 
3. Manipulator dynamics 
 

The mathematical model of manipulation system 
consists of the manipulator configuration and the actuator 
model. The degree of the complexity of the model is quite 
important to get a better representation of the real system. 
However, some simplifying assumptions are taken while 
deriving a mathematical model of the manipulator. For 
example; no friction in the joints, fluid friction, nonlinear 
effects, and transmission losses etc. are neglected. 

The configuration of RRP manipulator is given in 
Fig.2. It is described by moving two revolute joints and 
one prismatic link. Initially the kinematics relations 
between coordinate variables are defined. The position, 
velocity and acceleration relationships between the joint 
and the coordinate variables are then established. Details 
of the kinematics analysis are included in Appendix 1. 
Here the first two joints from the ground are revolute 
joints (θ0- the base rotation, θ1- the elevation angle) and 
the last joint is prismatic (r2-the reach). 
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Fig.2. RRP manipulator configuration 

 
M0, M1, M2 the link masses (kg) 
J0, J1, J2     the link moment of inertias (kg/m2) 
L1, L2  the link lengths (m) 
R0, R1, S1, S2 distances to the links centre of gravities 
(m) 

0

..

0

.

0 ,, θθθ  The angular displacement, velocity and 
acceleration of the base rotation 

1

..

1

.

1 ,, θθθ  The angular displacement, velocity and 
acceleration of the elevation angle 

2

..

2

.

2 ,, rrr   The linear displacement, 
velocity and acceleration for the output link 

 
The equations of motion are derived by using 

Lagrange’s equation [19, 20]. The generalized coordinates 
are θ0, θ1, and r2.The dynamic equations of spherical 
manipulator are a set of highly nonlinear coupled 
equations. Torques are developed by joint motors, and 
determined by using the electro-hydraulic servo valve 
dynamics which is included in the next section. 
 

The equations of motion for the manipulator are 
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4. Electro-hydraulic servo valve dynamics 
 

This section covers a mathematical model for the 
hydraulic actuator in which its schematic representation is 
given in Fig.3. The actuator cylinder lies in a follower 
configuration to a critically centred three-land four-way 
spool servo valve with matched and symmetric orifices. 
The hydraulic power unit delivers a constant supply 
pressure Ps irrespective of the oil flow rate. Arrows at the 
ports indicate the assumed directions of flows, and the 
numbers at ports refer to the subscripts of the flow and the 
area at the ports. Before beginning the theoretical analysis 
we make the following assumptions; Hydraulic oil is 
incompressible. Only the inertial load system is taken into 
consideration. The servo valve has zero-lap construction 
and the discharge coefficients of its metering orifices are 
constant. [21-22] 

 
Fig.3. Schematic representation for the hydraulic actuator 

 

Positioning of the spool sx  directs high pressure 
fluid flow to either one of the cylinder chambers and 
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connects the other chamber to the pump reservoir. This 
flow creates a pressure difference PL across the piston.  
This pressure difference multiplied by the piston area A1 
is what provides the active force F for the manipulator 
system. The change in force is proportional to the position 
of the spool with respect to centre, the relative velocity of 
the piston, and the leakage through the piston seals. In 

reality, spool valve position sx is controlled by a current-
position feedback loop. The essential dynamics of the 
spool have been shown to resemble a first order system 
forced by a voltage. Here a PID (proportional-integral- 
derivative) controller is used to control spool valves in 
ARTISAN manipulator. 

Referring to Fig. 3, for steady-state flow analyses, 
assume that the compressibility flows are zero, then 

 

23

41  
QQQ
QQQ

L

L

−=
−=                              (4) 

 
Where LQ  is the flow rate through the load. Flow rates 1Q ,

2Q , 3Q ,and 4Q through the valve orifices are described by 
the orifice equation (Assuming the return line pressure RP  
is neglected because it is usually much smaller than the 
other pressures involved).Therefore; 
 

)(2
111 PPACQ sod −=

ρ
       (5)

)(2
222 PPACQ sod −=

ρ
      (6) 

233
2 PACQ od ρ

=          (7)

144
2 PACQ od ρ

=             (8) 

 
Where dC  is the discharge coefficient of the metering 
orifice of the servo valve. 1oA , 2oA , 3oA and 4oA are servo 
valve orifice areas. 1P  And 2P  represents actuator 
pressures. sP  is supply pressure and ρ is density of the 
hydraulic oil. Assume that the valve orifices are matched 
and symmetrical, which is the case for most of the spool 
valves manufactured. Matched orifices mean that  

 
31 oo AA =  42 oo AA =  

 
and symmetrical orifices mean that 
 

)()( 21 soso xAxA −=    )()( 41 soso xAxA −=  

Matched and symmetrical orifices indicate that 
 

)()()()()( 4321 sososososo xAxAxAxAxA =−==−=      
(9) 

 
Only one orifice area A needs to be defined. If the 

orifice areas are linear with valve stroke, only one 
defining parameter is required: the width of the slot in the 
valve sleeve w. w is the rate of change of orifice area with 
stroke, and is called the area gradient. The relationship 
between w and A is given by 

 
sso wxxA =)(                   (10) 

 
If  the orifices are matched and symmetrical, then 
 

42 QQ =  and 31 QQ =    (11) 
 

Substituting equations (5) and (7) into (11) yields 
 

21 PPPs +=              (12) 
 

Which together with the definition of LP    
 

21 PPPL −=             (13) 
 

2/)(1 Ls PPP +=  and 2/)(2 Ls PPP −=   (14) 
 
The leakages flows ( 42   and  QQ when sx  is positive; 

31   and  QQ  when sx is negative) for such a valve are zero 
because the geometry is assumed ideal. Therefore by 
substituting equations (7) and (14) into equation (4) 
yields; 

 

ρ
Ls

sdL
PP

wxCQ
−

=    0>sx     (15) 

ρ
)( Ls

sdL
PP

wxCQ
+

−=   0<sx        (16) 

 
The flow-pressure equations (15) and (16) are 

obtained if the orifice area of slide valve is matching and 
symmetric. The pressure and direction of flow change 
with loading condition. An analytical form describing 
such relationship can be obtained by setting up the flow 
equations through the spool port and clearance restrictors 
and the equations of continuity of flow [21-22]. They are 
included in Appendix B as the spool valve and the 
actuator section. 
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4.1. Conventional Controller Action 

Hydraulic systems can be applied as position, speed 
and pressure control systems. The controllers can be based 
on conventional PD, PID or advanced control techniques 
[9, 10]. In this study, a PID controller is applied for the 
hydraulic robot model. Fig. 4 shows block diagram for 
RRP manipulator with PID controller. 
 

 
Fig.4. Block diagram for RRP Manipulator with PID 

controller 
 

Since the base is fixed, the configuration has been a 
RP model, and the spool valve displacements (given in 
Appendix B) are written for two robot joints as 

 

∫ −+−+−=
t

rirdrps dtKKKx
0

1111111111 )()()( θθθθθθ &&  (17) 

∫ −+−+−=
t

rirdrps dtrrKrrKrrKx
0

2222222222 )()()( &&  (18) 

 
Where 212121  and ,,,, iiddpp KKKKKK  are the 
proportional, derivative and integral gains for the 
controller. Here θ1r and r2r represent the reference data for 
the revolute and prismatic joints. Optimal gains values can 
be found by using Ziegler and Nichols PID controller 
tuning methods. 
 
5. Structure Configuration 
 
The relationships between pressure and torque or force are 
obtained by using the structure configuration of the robot 
given in Fig. 5 

 
Fig.5. Structure configuration 
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The resulting torque and force equations used in 

equations (1), (2) and (3) are given as. 
 

RFTORQUE 10 =  and 2211111 APAPF −=    (21) 

ADFTORQUE 21 =  and 2221122 APAPF −=       (22) 

2231133 APAPFFORCE −==     (23) 
 
Where 1A  and 2A  represent actuator cross-sectional 

areas. The unknown pressure values 11P , 21P , 12P , 22P , 13P
, and 23P in equations (21) to (23) for each joint can be 
calculated by using equations (B.4), (B.6), (B.8) and 
(B.10) given in Appendix B together with controller 
equations (17) and (18).  
 
5.1. Trajectory Planning and Inverse Kinematics  
 

A motion design software MOTDES[18] is applied 
for planning of example trajectories. These trajectories are 
initially designed at the end-effectors level and then they 
are converted into joint angles of the manipulator by 
inverse kinematics solution as shown in Fig. 6 and Fig. 7. 
The software uses polynomial functions to produce 
motion curves, since it is the most suitable mathematical 
function to generate motion curves which are continuous 
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up to the desired derivative, such as that velocity, 
acceleration and jerk. However, high order polynomial 
functions may produce unexpected oscillations between 
the boundary points, therefore, the power of the 
polynomial functions are restricted by 5th order to 
eliminate the unexpected oscillations in the motion curves. 
Consequently, each trajectory is divided into segments 
then the motion curves of each segment are produced by 
polynomial functions and finally the whole trajectory can 
be obtained by combining the motion segments. 
Designing of a trajectory in computer graphic 
environment gives the choice of inspection of motion 
curves and correction option if there are some undesirable 
circumstances by changing the boundary conditions in 
position, velocity or acceleration level.           

The joint motions of the manipulator are obtained by 
inverse kinematics solution. Therefore, each trajectory at 
the end-effectors level is stored as a data file consisting of 
180 data points. The joint coordinates of the manipulator 
are then calculated using the link lengths and the initial 
geometry as given in Fig. 5.  

22 * θCosrTPx =      and   221 * θSinrhTPy +=  
Where xTP and yTP  correspond to the trajectory point at 
the end-effectors level. The corresponding joint positions 

22  and θr are obtained for each data point to be used as 
control inputs for the manipulator. Here 1h  Indicates AF  
distance given in Fig.5. 
 
6. Computer simulation 
 

Equations (1) to (3), and (21) to (23) represent the 
mathematical model which include the manipulator and 
the servo valve dynamics. The manipulator and the 
actuator equations are coupled together. The assumption is 
that there is single-input single-output independent joint 
control structure (SISO). The base is taken as stationary, 
not moving and the coordinates θ1 and r2 are used in 
simulation. The system equations (2) and (3) are taken 
together with equations (22) and (23) during integration, 
like a 2 dof system. Equations (2) and (3) are represented 
as 1st order differential equations. Four 1st order 
differential equations are resulted for integration. They are 
used together with equations (22) and (23) which are 
included in Appendix B.  

To obtain solutions for ODEs, a numerical 
integration scheme, fourth order Runge-Kutta is 
implemented. The manipulator equations are converted 
into 1st order ones, a time increment (integration step 
size) Δh=t is defined, and taken as 0.0925 seconds. 

A computer program is written in Pascal. Many of 
the system parameters have been determined by 
measuring and calculations. The manipulator and the 

hydraulic actuator parameters are listed in Table 1 and 
Table 2. The manipulator parameters; link lengths, 
moment of inertias, masses, hydraulic actuator constants, 
controller tuning gains, and the initial conditions for the 
positions and velocities of joints are to be specified first. 

  A conventional PID controller is introduced to the 
control architecture. The tuning of the gains in the 
controller is performed by many independent runs. So the 
movement of the arm in a desired position is obtained by 
simultaneous solutions of the actuator and the manipulator 
equations for each simulation interval. The output of 
simulation then gives a description of the response as joint 
displacements, velocities and accelerations. 

 
Table 1 Mechanical Parameters for ARTISAN Manipulator 

mm  0.00 =R mm  2801 =R  mm  71 =S  mm  4002 =S

mm  0.01 =L mm  7522 =L    
kgM   790 = kgM   491 = kgM   502 =   

2
0    198.1 mkgJ = 2

1    95.1 mkgJ =  2
2    8.6 mkgJ =  

 
Table 2 Parameters for Hydraulic Actuators 

23
1 m  10963.1 −= xA

 
23

2 m  10348.1 −= xA

 
  6.0=dC

 
mm  018.0=w

3kg/m  860=ρ MPa  9.6=sP  mm  60=aR

 
NxK /m109 57−=

 
 
7. Simulated and Experimental results 
 

A series of experiments and simulations are 
performed. Based on the system model derived, the 
proportional and the derivative gains and the pressure 
settings are obtained. The tracking trajectories for joint 2 
and 3 are presented in Figs. 6 and 7 respectively. Motion 
profiles include 180 points which are performed in 16.65 
seconds in both examples. 

Figs. 6a and 6b represent the simulated, reference 
and experimental points for the revolute and the prismatic 
joint tracking of the first motion. In Figs. 6a and 6b, the 
vertical axes are given in radians and centimetres, and the 
horizontal axes in seconds. In Fig. 6c, the output is 
represented in centimetres as the coordinates of the end 
effector x, y. Experimental, reference and simulated points 
are shown by thick, thin and dotted lines respectively. The 
controller proportional, derivative and integral gains are 
Kp1=0.3, Kd1=0.02 and Ki1=0.01 for the elevation angle. 

Figs.7a and 7b represent the simulated, reference and 
experimental points for the revolute and the prismatic 
joint tracking of the second motion. In Figs. 7a and 7b, the 
vertical axes are given in radians and centimetres, and the 
horizontal axes in seconds. In Fig.7c, the output is 
represented in centimetres as the coordinates of the end 
effector x, y. Experimental, reference and simulated points 
are shown by thick, thin and dotted lines respectively. The 
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controller proportional, derivative and integral gains are 
Kp2=0.28, Kd2=0.016 and Ki2=0.008 for the reach. 

Simulated and experimental responses are compared 
and the accuracy of the model is examined. Although 
similar following characteristics are obtained, throughout 
the motion, small variances are seen between the 
experimental and simulated results. It can be noticed in 
both results that since a conventional PID controller is 
introduced. However, in recent studies performed with 
ARTISAN [9, 10], model reference adaptive control 
(MRAC) and self tuning control (STC) are applied to the 
manipulator, better trajectory tracking are obtained 
experimentally. Here since the modelling is performed 
with a conventional PID controller available, the 
experimental results are presented under PID controller 
for consistency. There are also many simplifying 
assumptions taken during the modelling procedure. 
Satisfactory response characteristics are produced in both 
examples. So the mathematical model can be regarded as 
completely sufficient for the system. 

 
(a) 

 
(b) 

 
(c) 

Experimental (        ) Simulation  (        ) 
Reference (……….) 

Fig.6. Results for 1st motion 

 
(a) 
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(b) 

 
(c) 

Experimental (        ) Simulation  (        ) 
Reference (……….) 

Fig.7. Results for 2nd motion 
 

8. Conclusions 
 

The dynamical model of the spherical manipulator-
hydraulic actuator was obtained. Lagrangian mechanics 
was applied while deriving equations of motion of the 
spherical manipulator. The manipulator was considered 
with two moving axes as RP configuration, since the base 
was taken as fixed. The manipulator-actuator equations 
were solved numerically. Two characteristically different 
trajectory examples were designed and tested. The general 
form of the model has contained lengthy expressions, and 
they were given in closed form. A conventional PID 
controller was applied to the actual system of 
manipulator-actuator; the simulated and experimental 
results were obtained by implementing the motion profiles 
and compared. 

The simulated and experimental results have shown 
that good tracking performances with designed trajectories 
were obtained. No oscillatory behaviour was seen in both 
results. Difference in the simulated results was simply 
caused by assumptions taken while deriving the 
mathematical model of the manipulator-actuator system. 
Some parameters for the servo valve were calculated or 
taken as the actuator data. Link masses and inertias of the 
manipulator were also calculated by measuring the link 
dimensions on the available manipulator. For the first 
trajectory (Fig. 6), a working space of 20 cm x 20 cm was 
taken. Tracking error of 0.55° at maximum was obtained 
for the first axis corresponding to 0.7 cm on total 
trajectory in the experimental results. For the second 
trajectory, a working space of 40 cmx40 cm was taken 

giving a big working space. Tracking error at maximum 
0.6° was obtained causing nearly 0.9 cm error on total 
trajectory. Satisfaction on the model was simply provided. 
However the experimental system [9,10] has already been 
studied by using advanced control techniques, and better 
results on tracking were presented.  
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Appendices 

Appendix A-Manipulator Kinematics 

Referring to manipulator configuration given in Fig. 2, the geometric 
relation between θ1 and θ2 can be given as  

θ1 = θ2+90° 

The positions to the centre of gravity of link1; 

( )
( )
( )11111

011111

011111

cossin
sinsincos
cossincos

θθ
θθθ
θθθ

SRz
SRy
SRx

+=
−=
−=

             

(A.1) 

and the positions to the centre of gravity of link2, 
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( )1212112
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01212112

coscossin
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           (A.2) 

By taking derivatives of the positions, the velocities at the centre 
of gravities (v1 and v2) are found. Relative link velocities are then 
derived and substituted into the kinetic energy equations for each link. 
Kinetic and potential energies for each link are then found as: 

2
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(A.3) 
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where h0 is a constant. 

Appendix B- Spool Valve and Actuator Equations 

Referring to Fig. 3 given in text, assume fluid compressibility at 
the actuator is neglected and the relation between the effects of piston 
motion, leakage and load flow rates is written as; 

ijajiL KPxAQ m&=                                         

(B.1) 

Sign m  in equation (B.1) is changed with respect to positive or negative 
spool displacement, and the actuator speed. Here, j represents number of 
each actuator j=1,2 and 3. i  indicates number of subscription of actuator 
cross-sectional area 2,1=i . K  is the coefficient of leakages flow and 

ajx&  is the actuator speed. [21-22] Positive spool displacement ( 0>sjx
) for each actuator and 1/ AKPx saj −≥& , the quadratic in jP1  is 

obtained by substituting equations (B.1) into (15) in the text given 
(Section 4): 
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Where 3K  is the flow gain of spool (
ρ

s
d

P
wCK =3

 , 

 w is the port width of the servo valve). 

for 1/ AKPx saj −≤&  
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(B.4) 

For 0>sjx , the quadratic in jP2  is obtained by substituting equations 

(B.1) into (16) in the text given (Section 4): 
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aacbxsignbP ajj 2/)4)(( 2
2 −−−= &                  (B.6) 

For negative spool displacement ( 0<sjx ), the quadratic in jP1  is : 
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Condition 2/ AKPx saj −≤&  expression for jP2 ; 
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Abstract 
In this paper, a robust tracking control law for twin rotor 
multi-input multi-output systems (TRMSs) is presented. The 
controller is developed by fusing a continuous nonlinear 
feedback component with a nonlinear neural network 
feedforward term. The controller is designed based on the 
assumption that the TRMS dynamic model is unknown. 
Numerical simulation results are provided to illustrate that the 
addition of the neural network feedforward component to the 
continuous nonlinear feedback component provides improved 
tracking performance. 
 
 
1. Introduction 
 
  The twin rotor multi-input multi-output system 
(TRMS) is a laboratory set-up [1] which resembles main 
and tail rotors of a simplified helicopter model (see 
Figure 1). The TRMS is a highly nonlinear and complex 
system with significant cross-coupling which makes it 
rather difficult to derive accurate dynamic models to be 
utilized in the design of control algorithms. There has 
been some previous research in dynamic modeling of the 
TRMS where various analytical and artificial 
intelligence-based empirical approaches were utilized. In 
[2], Lagrangian approach was utilized to derive a 
dynamic model for the TRMS and the characteristics of 
the proposed model were analyzed. Rahideh and 
Shaheed [3] presented two dynamic models for the 
TRMS by utilizing Newtonian and Lagrangian 
approaches. Artificial intelligence-based empirical 
approaches such as genetic algorithms and neural 
networks were also utilized to develop dynamic models 
for the TRMS. These empirical approaches were usually 
used by adding an auxiliary term to the analytical model 
[4]. Ahmad et al. utilized system identification 

techniques to derive dynamic models for one degree of-
freedom [5], [6] and two degrees-of-freedom [7], [8] 
TRMSs.In [4], Rahideh et al. derived dynamic models 
for a one degree-of freedom TRMS by using analytical 
approaches and neural networks. Ahmad et al. [9] 
utilized radial basis function based neural networks to 
model the dynamic behavior of the TRMS. In [10], 
Rahideh and Shaheed derived a dynamic model by 
utilizing Newtonian approach along with genetic 
algorithms. Shaheed [11] developed a dynamic model of 
the TRMS by utilizing feedforward neural networks with 
a resilient propagation algorithm. Toha and Tokhi [12] 
derived a dynamic model by utilizing system 
identification techniques fused with artificial neural 
networks. Review of relevant past research highlights the 
fact that the dynamic modeling of TRMS is difficult and 
remains an active research topic. 
       Classical control techniques such as proportional-
integral derivative (PID) controllers were preferred 
commonly to control TRMSs. Liu et al. [13] proposed a 
PID controller with a method to obtain optimal 
parameters and then designed a fuzzy PID controller. In 
[14] and [15], Juang et al. utilized a switching grey 
prediction PID controller with genetic algorithms. Shih 
et al. [2] proposed two nonlinear controllers, namely a 
PD controller and a fuzzy PID controller, for set-point 
control of TRMSs. In [16], Rahideh and Shaheed 
proposed a hybrid fuzzy PID based controller for the one 
degree-of-freedom TRMS model that they derived. 
Lopez- Martinez et al. [17] designed an H∞ controller 
which can be seen as a combination of a PID controller 
with time-varying gains and a computed-torque 
linearization controller. Robust, open-loop, adaptive, and 
feedback linearization control techniques were also 
investigated. In [18], Lu and Wen proposed an optimal 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

173 
 

robust controller where the dynamic model of the TRMS 
was decomposed into two single-input single-output 
systems and the cross-coupling effects were treated as 
disturbance or parametric uncertainty. Karimi and 
Motlagh [19] proposed a robust controller based on a 
feedback linearization scheme to cope with the model 
uncertainties and unmeasured disturbances. Ahmad et al. 
[6] proposed a robust optimal controller. Su et al. [20] 
proposed a robust control scheme for a class of uncertain 
nonlinear systems which was applied to TRMSs. 
Rahideh et al. [21] developed an adaptive model 
inversion controller utilizing an artificial neural network 
compensator to reduce the inversion errors fused with 
genetic algorithms that tune the control parameters. In 
[5], [7], [22], Ahmad et al. investigated open-loop 
control strategies using input shaping control techniques. 
Mustafa and Iqbal [23] presented a feedback 
linearization controller for TRMS which relied on exact 
model knowledge. 
        In this paper, we aimed to develop a robust tracking 
control law for TRMSs. The lack of accurate TRMS 
dynamic models motivates us to design a robust tracking 
control law that can deal with a high level of dynamic 
uncertainty. Inspired by the results in neural network 
based control strategies for robot manipulators [24], [25], 
the proposed control law consists of a nonlinear 
feedback component fused with a nonlinear neural 
network feedforward term. The nonlinear feedback 
component is based on [26] and provides semi-global 
asymptotic tracking and does not require any dynamic 
model knowledge. The design of the nonlinear neural 
network feedforward term is based on the universal 
approximation properties of the neural network as a 
feedforward compensator [24] that can be utilized to 
compensate for the uncertain dynamics of the TRMS. 
Numerical simulations are conducted to show the 
performance of the proposed robust tracking controller.  
         The rest of the paper is organized as follows; the 
model of the TRMS is presented in Section II. The 
robust tracking control development and the neural 
network feedforward design are presented in Sections III 
and IV, respectively. Numerical simulation results are 
given in Section V. Finally, concluding remarks are 
provided in Section VI. 
 
2. TRMS Model 
 
           The twin rotor multi-input multi-output system 
serves as a model of a helicopter as shown in Figure 1. 
The TRMS mechanical unit consists of two rotors placed 
on a beam together with a counterbalance as seen in 
Figure 2. The whole unit is attached to the tower 
allowing for safe helicopter control experiment. The 

state of the beam is described by vertical and horizontal 
angles, 
 

 
Fig. 1. The twin rotor MIMO system 33-220 at 
Mechatronics Laboratory,Hashemite University [1]. 
 
and angular velocities may be measured by sensors on 
the system. The position and velocity of the modeled 
helicopter are controlled through the rotor velocity 
variation whereas in a real helicopter, the rotor velocity 
is slowly time-varying and the propulsion is varied 
through the rotor blades angle modification. The 
electrical unit (placed under the tower) allows for the 
measured signals to be transferred to the PC and control 
signal application via an input/output card [1]. 
       The dynamic model for a twin rotor multi-input 
multi-output (MIMO) system is described as [3] 
 
           f θh + f1θv + f2 + f3 =                                   (1)                   
           J θv + f1 θh + f4 + f5 =                                (2) 
                                                               
where f(θ v), f1(θ v), f2(θ v, θv), f3(θ v, θv, θh), f4(θ v, 
θh),f5(θ v) ∈ R are nonlinear functions, J ∈ R is equal 
to the sum of the moment of inertia of the free-free beam 
and counterbalance beam, θ v(t), θv(t), θv(t) ∈ R are 
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the angular position, velocity, and acceleration of the 
beam in the vertical plane, respectively, and θh(t), θh(t), 
θh(t) ∈ R are the angular position, velocity, and 
acceleration of the beam in the horizontal plane, 
respectively. The dynamic model in (1) and (2) can be 
combined in a compact form as 
             Mθ + N = τ                                                        (3) 
 
in which 
 

4  
 

 
 
Fig. 2. The complete assembly of the twin rotor MIMO 
system [3]. 
 
 

(5) 
 
 
where M(θ) ∈  represents the inertia matrix, θ (t) 
∈  is the combined angular position vector, N(θ, θ) 
∈ R2 represents other dynamic effects such as coriolis 
and centrifugal forces, and θ (t) ∈  is the combined 
control vector. The subsequent control development 
assumes the nonlinear function f(・), f1(・), f2(・), 
f3(・), f4(・), f5(・) and the moment of inertia J are 
unknown; hence the nonlinear functions M(・) and 
N(・) are unknown. To facilitate the control design, the 
following assumptions are 
imposed on system dynamics.  
       Assumption 1: The dynamic terms M(・) and N(・) 
are continuously differentiable up to their second order 
derivatives, and M(・), (・),  (・), N(・),  (・),  
(・) are bounded provided that theirarguments are 
bounded. 
       Assumption 2: The inertia matrix M(・) is 
symmetric, positivedefinite,and satisfies the following 

inequalities 
                                                                                       (6) 
 
where m1,m2 ∈ R are positive bounding constants, and 
║・║ denotes the standard Euclidean norm.The control 
objective is to design a continuous controller that 
guarantees asymptotic tracking of a desired angular 
position, denoted by θ d (t) ∈R , in the sense that 

 
  (7) 

The desired trajectory is assumed to satisfy the following 
standard boundedness assumption 

 
  (8) 

where the superscript i denotes the ith time derivative. In 
the controller design, the combined angular position θ(t) 
and angular velocity θ (t) are assumed to be measurable. 
 
3.Robust Control Development  
 
To quantify the control objective, a tracking error, 
denoted by e1(t) ∈ R2, is defined as 
 
               θd − θ.                                                       
(9)   
From (9), it is clear that as ║  (t)║ → 0 then θ (t) →
θd(t) , thus meeting the control objective. To facilitate 
the control development, filtered tracking error signals, 
denoted by e2(t), r(t) ∈ R2, are defined as 
 

(10) 
 

(11) 
where  ,  ∈ R are positive control gains. In order to 
meet the tracking control objective the control input τ (t) 
is designed as [26] 
 
 
 
 
 

(12) 
 
 
where Ks, ∈  are positive definite, diagonal, 
control gain matrices, I ∈ denotes a standard 2-by-2 
identity matrix, (t) ∈  is a neural network 
feedforward term that is yet to be designed, and Sgn(・) 
:  −→  is a vector signum function defined as Sgn( ) 
= [ sgn( ) sgn( ) ]T where ∀  , [  ]T ∈ .  
          As mentioned previously, the dynamic model of 
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the twin rotor MIMO system is assumed to be unknown. 
To compensate for the uncertainties in the dynamics, the 
controller in (12) was utilized, for the following reasons: 
i) it is continuous, ii) it does not require the dynamic 
model to be known (i.e., robust), and iii) it provides 
semi-global asymptotic tracking. For more information 
regarding the controller and its detailed analysis, the 
reader is referred to [26]. 
Remark 1: It should be noted that the only restriction 
imposed on the neural network feedforward term (t) in 
(12) is that it should remain bounded throughout the 
closed-loop operation. 
 
4. Neural Network Feedforward Design 
 
        The neural network feedforward term is computed 
by using a two layer network with n neurons and defined 
as [24] 

 
 
where (t)∈  and (t)∈  are estimated weight 
matrices, and x(t)∈   is the input vector to the neural 
network which is defined as 

 
In (13), (・) :  →  denotes the vector activation 
functionand is defined as 

 
where w =  1 . . .    and _(s) : R → R is the 
sigmoid activation function defined as 
 

 
The gradient of the vector activation function, denoted 
by (w) ∈ , can be obtained as 

 
The estimated weight matrices are updated according to 
the following expressions [27] 

 
 

where ,   ,   ,   ,   ∈ R are positive constants, 
Sat(・) : Rn →Rn is the vector saturation function, and 
the auxiliary signal (t) ∈  is developed to 
approximate the time derivative of (t) and is defined as 

 
where  ε∈ R is a small positive constant, and the 
auxiliary filter signal η(t) ∈ R  is updated according to 
the following expression 

 
Similar to [27], the standard boundedness assumption in 
(8) can be utilized along with the expressions in (13)-
(19) to prove that  ( (t) remains bounded for all time; 
thus, the only constraint imposed on the neural network 
feedforward term is satisfied. 
 
 
5.Numerical Simulation Results  
 
The performance of the proposed robust controller in 
(12) and (13) was evaluated by conducting numerical 
simulations using Matlab Simulink program. The 
nonlinear functions of the system model in (1) and (2) 
are given below [3], [4] 
 
f = 1 cos2(θv) + 2 sin²(θv) + 3 
f1 = 4 sin(θv) − 5 cos(θv) 
f2 = 4 cos(θv) + 5 cos(θv) θ²v 
f3 = 2  6 sin(θv) cos(θv) θv θh 
f4 = − 6 sin(θv) cos(θv) θ²h 
f5 = 7 cos(θv) + 5 sin(θv) 
 
where 1 = 0.0591, 2= 0.0058, 3 = 0.0132, 4= 
0.0019, 5 = 0.022,  6 = −0.0533, 7 = 0.1535, and J = 
0.0649 are model parameters. It should be noted that the 
functions above were used only to simulate the dynamics 
of the TRMS and were not utilized anywhere else in the 
numerical simulation. 
         In the simulation study, different number of 
neurons (ranging from 4 to 15) were tried by comparing 
angular position tracking error in (9) and the best 
performance was achieved using 10 neurons. During 
these simulations, the update laws in (18) and (19) were 
utilized with gains γ1 = 100, γ2 = 10, αv = 0.01, αw = 0.01, 
and ε = 0.001. The lower and upper limits of saturation 
function were chosen as −1 and 1, respectively. The 
initial value of the angular positions was chosen as θ(t0) 
= 0.5, 0.5 . in radians, while the control gains were set 
to 1 = 1,  2 = 1, Ks = I, = I. The desired angular 
position was θd(t) = 
0.2 0.2ιπ , 0.6 0.2     in radians. The 

controller gains were selected via a trial-error method 
until a good tracking performance was obtained. Two 
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different cases were considered in the simulation study 
without changing the above mentioned parameters: Case 
I was without any noise injected into the angular 
velocities whereas in Case II, additive white Gaussian 
noise with a constant signal to noise ratio of 20 dB was 
injected into the angular velocities. It should be noted 
that the noise was injected to the angular velocities to 
model the noise in the sensor readings to simulate real 
measurements. 
In Figures 3 and 4, the tracking error e1 (t) (in degrees1) 
and the controller (t) are presented, respectively, for 
case I. In Figures 5 and 6, the tracking error e1 (t) (in 
degrees) and the controller (t) are presented, 
respectively, for case II. It is clear from Figures 3 and 5 
that the control objective was achieved in both cases, 
thus robustness of our controller to noise in angular 
velocity measurements was also demonstrated. To 
quantify the effect of the neural network feedforward 
component, the following measures were computed as a 
measure of controller’s performance 

 
 
where Me(t) is a measure of magnitude of the tracking 
error (in degrees) and Mτ (t) is a measure of the energy 
expended by the controller. The performance of the 
controller was tested with and without neural network 
feedforward component for both cases as shown in Table 
I.Apparently, after adding the neural network 
feedforward term to the control law, improved tracking 
performances for both cases were achieved. 
 

 
Table I. Comparison Of Performance Measures For The 
Controller With And Without Neural Network 
Feedforward Term For Cases I And Ii 

 
Fig. 3. The tracking error e1(t) for Case I (i.e., without 
noise). Top and bottom plots indicate the tracking error 
e1(t) in horizontal and vertical planes, respectively. 
 
         When presenting Figures 3 and 5, and when 
computing Me(t) the tracking error was evaluated in 
degrees to better demonstrate the differences between the 
“with” and “without” the neural network feedforward 
cases. 

 
Fig. 4. The control input (t) for Case I (i.e., without 
noise). Top and bottom plots indicate the control input in 
horizontal ( h(t)) and vertical ( v(t)) planes, respectively. 
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Fig. 5. The tracking error e1(t) for Case II (i.e., with 
noise). Top and bottom plots indicate the tracking error 
e1(t) in horizontal and vertical planes, respectively. 
 
6. Conclusions 
 
In this paper, a robust tracking controller was designed 
for twin rotor multi-input multi-output systems. The 
controller was developed based on the assumption that 
the dynamic model of the TRMS is unknown. In the 
design of the controller, a continuous nonlinear feedback 
component was fused with a nonlinear neural network 
feedforward term. The nonlinear feedback component 
provided semi-global asymptotic tracking and the 
nonlinear neural network feedforward term was utilized 
to employ the universal approximation properties of the 
neural networks to compensate for the uncertain dynamic 
model of the TRMS. Numerical simulation results were 
presented which demonstrated that the addition of the 
neural network feedforward component to the 
continuous nonlinear feedback term improved the 
tracking performance. In the numerical simulation study, 
the robustness of the proposed controller to noise was 
validated by injecting additive white Gaussian noise into 
the angular velocity measurements to model the sensor 
noise in real systems. Future efforts will focus on 
implementation of the proposed controller in a laboratory 
TRMS setup. 

 
Fig. 6. The control input (t)  for Case II (i.e., with 
noise). Top and bottom plots indicate the control input in 
horizontal ( h(t)) and vertical ( v(t)) planes, respectively. 
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Abstract 
In this paper, a filtering technique augmented with a least-
square estimator is developed to estimate the moment of 
inertia, cornering stiffness of the wheels, and location of center 
of gravity for a vehicle. The proposed technique utilizes 
standard signals that may be readily available through the 
vehicle’s control area network and removes the requirement to 
measure accelerations. Thus, any numerical difficulties that 
may arise due to the noise present in the acceleration 
measurements is avoided. Numerical simulation results are 
presented to demonstrate that the unknown parameters are 
identified successfully. 
Keywords: … 
 
 
1. Introduction 
 
 In the automotive industry, exact knowledge of 
vehicle parameters such as moment of inertia, cornering 
stiffness of the wheels, and location of center of gravity, 
is very important when controlling the vehicle safely. 
For example, in the literature, it is widely mentioned that 
vehicle center of gravity is important for vehicle 
dynamics and especially for the road handling behavior 
of the vehicle [1]. In some vehicle control applications 
[2], [3], [4], these parameters were assumed to be known 
via the information provided by the manufacturer. 
However, the difficulty is that most of these parameters 
are not directly measurable and they can vary 
significantly with changing loading conditions or by 
some other effects such as peripheral effects or 
modifications on the vehicle. Thus, identification 
techniques are usually required to identify vehicle 
parameters accurately. 
 In vehicle control systems, there are two common 
parameter estimation methods: i) sensor-based, ii) 
model-based. Modelbased parameter estimation 
techniques utilize standard signals that are readily 
available through the vehicle control area network and 

are cheaper when compared to sensor-based parameter 
estimation [5].  
 In [6], Gaspar et. al. investigated a gray-box 
identification method to estimate the center of gravity for 
heavy-duty vehicles. In [1] and [7], Solmaz et. al. 
presented a methodology based on multiple models and 
switching for real-time estimation of center of gravity, 
center of gravity height, and the suspension parameters 
of the vehicle, respectively. However, the multiple 
models and switching methodology utilized in [1] and 
[7] are computationally inefficient. In [8], 
Sivaramakrishnan developed a method to estimate 
vehicle center of gravity location and tire cornering 
stiffness through INS and GPS measurements using 
simple vehicle maneuvers. In [9], Wesemeier and 
Isermann estimated the combinations of parameters like 
cornering stiffness and center of gravity by using the 
velocity dependent static gains of a track model. In [10], 
Rajamani et. al. focused on algorithms to estimate roll 
angle and center of gravity height. 
 In this paper, the bicycle model of lateral dynamics 
in [10] is utilized and an adaptive least-squares estimator 
is designed to estimate the moment of inertia, cornering 
stiffness of the wheels, and location of center of gravity. 
The main motivation of our work is to remove the 
requirement for acceleration measurements. In an 
attempt to remove the need for acceleration 
measurements, inspired by the work in [5], a filtering 
technique augmented with a least-square estimator based 
on the model is developed. Upon satisfaction of a 
persistent excitation condition by the filtered regression 
matrix, the parameter estimation error is proven to go to 
zero. The technique presented in this paper reduces the 
numerical difficulties that may arise due to the noise 
present in the acceleration measurements and is an 
improvement over the similar methods in the literature 
(e.g. [8]). Numerical simulations are conducted to 
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demonstrate the proof of concept. The r
organized as follows. In Section II, the
given, while the adaptive identificat
presented in Section III. The nume
results are given in Section IV. Fin
remarks are provided in Section V. 
 
2. System Model 
 
 The bicycle model of lateral v
utilized in this paper is as follows [10] 
 

 
where (t) , (t) are the lateral velocity 

(t), (t) are the yaw velocity and acce
the longitudinal velocity, Iz is the mom
the 
vehicle about the vertical axis, lf and lr a
of the front and the rear tire from center
the vehicle, Cf and Cr are the tire corner
the front and rear wheels, m is the mas
δ(t) is the front wheel steering angle. In 
constant parameters which need to b
2Cf /m, lf , 2Cr/m, lr, 2Cr/Iz, 2Cr/Iz. 
   The system model in (1) and (2) can
a compact form as follows 
 

  
 
where (t)  2 is an auxiliary unmeasu
W(t)  2X6 is the regression matrix and
unknown system parameters, and are de
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where 1 = 2Cf /m , 2 =

5 = 2Cr/Iz   , 6 = 2Cr/Iz 
need to be identified. It
definitions in (7) can be uti
6 uniquely in terms of i, 
adaptive identification dev
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known constant. It is also 
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time. 
 
3. ADAPTIVE IDENTI
 
 To facilitate the desig
strategy, a prediction erro
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where af (t)  2  is an auxi
follows1 
 

 
and (t)  2is the estima
noted that, since a (t) is unm
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 1Throughout the paper, 0p×q and
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noted that lateral acceleration 
to be continuous functions of 
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n of adaptive identification 
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n identity matrix, respectively. 
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where the vehicle’s longitu
input of the plant of estima
shown to be strictly proper
condition (ii) is valid; after 
along with the assumption t
yaw rate are being to be co
can be proven that a(t) is pi
bounded. To prove that suf
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to show that (t), (t)  
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Following the proof in [11]
follows. 
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condition is equivalent to W
excitation condition (simila
regression matrix W (t) dep
rate, steering angle, and the
persistently exciting is satis
varied. Specifically, the per
will be satisfied if there is v
yaw rate, and steering angl
certain amount of change in
variation in lateral velocity

achine Science, 2010 

181 

 
udinal acceleration a(t) is the 
ation. From (23), the plant is 
. To prove that sufficient 
utilizing the expression in (3) 

that lateral acceleration and 
ntinuous functions of time, it 
iecewise continuous and 

fficient condition (iii) is valid; 
ear analysis tools are utilized 

 ; therefore, proving that 
stimation is bounded. 
], the convergence result 

t excitation condition given by 
of of Theorem 1. As 

ts technical nature, the 
ion in (22) has an intuitively 

etation as well. Before 
e that, Lemma 4.8.3 from [13] 
(12) to prove that the filtered 
isfying a persistent excitation 

W (t) satisfying a persistent 
ar to the one in (22)). The 
pends on lateral velocity, yaw 
e regression matrix being 
sfied if these signals are 
rsistent excitation condition 
variation in lateral velocity, 
e. It should be noted that a 
n steering angle will cause 

y and yaw rate as well. On the 



 

Proceed

 

 

other hand, this change should not neces
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identify the model parameters. 
 
4. Simulation Results 
 
   The performance of the identification 
(21) was evaluated by conducting nume
using Matlab Simulink. The parameter v
the vehicle model are taken from [8] and
Table I. 
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in Figure 1. Gaussian noise was added t
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Abstract 
The focus of this paper is the application of singular value 
decomposition (SVD) to the state space smoothing. State space 
smoothing in the analysis of nonlinear dynamics has been 
traditionally carried out by a smoothing operator on the 
constructed attractor. Smoothing this way eliminates outliers as 
well as the noise itself.  However, smoothing haphazardly 
removes part of the information carrying part of the signal, 
elimination of which causes computation of spurious invariants 
on the manifold. SVDs, on the other hand, separate the signal 
into active and passive modes, i.e. information carrying part of 
the signal and the noise. SVDs have been in use for decades not 
just for noise removal, but also for dimension reduction. On a 
USV structure, a proper threshold blocks the noise and reveals 
the true dimensionality of the signal. This is applied to a one 
dimensional Van der Pol oscillator. 20 dB and 6 dB noise levels 
are added successively, where not only the attractor 
dimensionality is exposed but also noise is removed via an 
iterative algorithm. Noise-free and cleaned signal singular 
values are compared for a clear picture. Furthermore, in the 
comparison of retrieval signals by SVD and smoothing in means 
of nonlinear invariants, noise reduction through SVD 
accomplished relatively better results over smoothing.  
 
Keywords: Noise Filtering, Singular Value Decomposition, 
Signal Processing. 
 
 
1. Introduction 
 
 Although the differential geometers exposed the 
singular value decomposition the decomposition 
technique’s history goes back to 1870s based on the Gauss 
with his well known algorithm [1]. Eugenio Beltrami 
(1835-1899), Camille Jordan (1838-1921), James Joseph 

(1814-1897), Erhard Schmidt (1876-1959) and Hermann 
Weyl (1885-1955) were the owners of the singular value 
decomposition technique. Eugenio Beltrami and Camille 
Jordan discovered the bilinear forms of the singular values 
in 1970’s. The singular value decomposition for real 
square matrices founded in 1880’s and singular values of 
the matrix were named canonical multipliers by James 
Joseph Sylvester. In 1880s, Erhard Schmidt defined the 
infinite dimensional analogue for singular value 
decomposition in 1900s [1].  
 In the last century the theory was developed and 
became practical by many mathematicians, and it took its 
basic form which we generally use today. 
 The concept of understanding dynamics of a system, 
represented in the form of matrix, is an important and 
challenging issue. In linear algebra, matrix decomposition 
techniques which define the original matrix with several 
distinct matrixes are the considerable keys for this 
challenging issue.  
 Of the many worthwhile decompositions techniques, 
in this paper, Singular value decomposition (SVD), a very 
simple and useful technique is discussed and emphasized 
for eigenvalue related concepts. Singular value 
decomposition that is the factorization of an m by n matrix 
X into the product form U*S*VT is basically defines 
matrix X with distinct matrices. In this formulation, U and 
V are unitary matrices. S is the diagonal matrix and the 
diagonal elements of S are called the eigenvalues or the 
singular values of X. The most recognizable specification 
of singular value decomposition is the appropriateness of 
the technique to any type of matrix, both square and 
rectangular matrix. 
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 Singular value decomposition has wide range of 
applications in general data processing procedures. For the 
signal processing it is basically used for noise and 
dimension reduction.  
 As a property of the singular value decomposition 
technique, we can easily see and separate the original 
signal so; it is really effective tool to separate the noise 
from the signal itself. There are several works about noise 
reducing with singular value decomposition. Hamid 
Hassanpour used singular value decomposition in his 
work [2], to reduce noise from a signal’s time series. The 
noise reduction results for stationary and non stationary 
signals were promising in both time-frequency and time 
domains. Per Christian Hansen et al. worked with singular 
value decomposion due to the same reason, they used it as 
tool to separate a clean signal from a noisy signal for 
speech signals [3]. S.H. Jensen P et al.  used singular 
value decomposition as a noise filter but they were 
emphasized the possible type of the noise. According to 
them SVD can be only applied to white noise for filtering, 
for the non-white cases, pre-whitening process is 
necessary [4]. In magnetic resonance imaging, singular 
Value decomposition is applied in multiple-echo data sets 
by Mark Bydder et al.  [5], the results determined that the 
singular value decomposition purifies the magnetic 
resonance image, increases the signal-to-noise ratio with 
minimal loss in the image contrast and resolution. Again it 
is pointed out the necessity of pre-whitening of the noise. 
K. Shin et al.  [6] used singular value decomposition 
iteratively to clean the noise from low dimensional chaotic 
signal. According to the paper the technique is really 
effective and applicable under certain conditions.  
 Singular value decomposition also has applications in 
overlapped signal separation. Al-Zaben et al. used 
singular value decomposition to separate 
electrocardiographic (ECG) signal which includes both 
foetal and maternal rhythms. The technique is based on 
Singular value decomposition and neuro-fuzzy system. 
The results show that the algorithm is working successful 
[7]. Another similar practice of SVD is applied by J. S. 
Paul et al. [8] to extract muscle noise artifacts in ECG 
signal while exercising. The unique advantage of 
removing noise with singular value decomposition is that 
it does not need any prior information about the system. 
M. Wevers et al. filtered the noise from processing of 
transient signals from damage data of carbon fiber 
reinforced plastic. Singular value decomposition applied 
and the results were compared with different several 
techniques [12].   
 Data compression is a challenging subject for data 
processing issues especially for real time applications. 
Singular value decomposition is truly suitable for data 
compression due to its capability to identify the 
considerable part and relatively unnecessary part of the 

signal by removing the low singular values and keeping 
the high singular values of the singular value vector 
matrix (S) which means reduction of dimension. In 
reference [9] Ping Bai1 et al. used singular value 
decomposition for independent component analysis of 
Functional Magnetic Resonance analysis as a data 
reduction step. In this case SVD is an effective tool to find 
out the spatio temporal features of FMRI. In mechanical 
engineering applications high spatial resolution frequency 
response function measurements are required. However 
processing of this high spatial resolution results is a time 
consuming process so as a robust dimension reducing 
technique singular value decomposition was used by S. 
Vanlanduit et al. [10]. The technique’s computation time 
is acceptable and more accurate than others. Another 
application of singular value decomposition is applied to 
Intrusion detection systems by Sanjay Rawat et al. [11] as 
a pre-processing step to reduce dimension, noise and 
shorten the computation time. 
 An unexpected application of singular value 
decomposition is described by M. M. Škorić et al.  and M. 
R. Rajković in their work [13]. They used SVD as 
clustering technique to find out locally linear regions in a 
data set. In other words they used SVD as a sort of 
linearization technique. 
 Milan Rajkovic also used singular value 
decomposition in his work [14] for noise reduction and 
calculation of the probabilities. 
 Although several decomposition techniques exist, 
singular value decomposition is the most commonly used 
which is unique in many area of science for many 
applications.  
 In this study, the main goal is to find an alternative 
way for nonlinear noise reduction, a better approach than 
existing one which is called state space smoothing (a.k.a. 
phase space averaging), introduced by Thomas Schreiber 
[17]. Readers can refer to [17-18] for further information 
about state space smoothing. 
 
2. Van der Pol oscillator  
 
 State space smoothing via SVD is shown to be 
effective on a one dimensional Van der Pol oscillator 
(VdP). This oscillator originally devised by Balthasar Van 
der Pol during the 1920s to describe the dynamics of a 
triode electronic oscillator [15]. Oscillator describes the 
time variation of the triode charge. The damping is the 
key point in a VdP oscillator, as it changes with respect to 
the amount of a charge at a given time. 
 Van der Pol intended to study heart dynamics through 
electronic oscillators. When these oscillators are driven by 
an external signal whose frequency is close to that of the 
circuit, synchronization occurs. It is then said that the 
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circuit is entrained to the driving signa
has the essence of driving the huma
desired frequency so that heart beat bec
regularity is lost during arrhythmias
pacemaker may help get the heart entrai
 Van der Pol equation has thus be
heartbeats, sunspot cycles, pulsating sta
others. VdP oscillators are autocatalyti
they release the energy to the same env
gathered the energy from.  
 The general forced form of one dim
Pol equation is  
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3. Original and noisy time series 
 
 One dimensional driven Van der Po
the above state equations where ε = 3, A
= 1.788, for which values the system i
VdP time series is used to construct and
of 10 using the Taken's theorem. To te
of the method, Gaussian white noise is
noise ratio (SNR) equals to 20 dB, fig 
1.c, respectively. In each case, it is seen
the eigenvalues are concentrated main
Employing the algorithm in [6], only
value is used in all cases to retrieve the 
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4. Noise reduction 
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      Figure 3.a shows the signal with 
only one iteration. Please note the 
technique, when compared to figure 1.
the first SV is considered. 
 

Fig. 3.a: Retrieval of the signa
b. Retrieval of the signal (6 dB) after 

c. Retrieval of the signal (6 dB) after th
 

     Figures 3.b and 3.c show the succes
reduction on the signal contaminated 
noise power. Recovered signal seems 
deformed, but SVs tell a different story.

Fig. 4:  ― SVs of original signal,  x  SV
(20 dB),  ∆  SVs of cleaned sign

 
 20 dB noise is removed after just 
noise is removed after 2 iterations
dominant SVs and their original 
recovered, as seen in figures 4 and 5. 
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Fig. 7.a: Phase Portrait of origi
b. Phase Portrait of noisy signal (6 dB)
signal (6 dB) using SVD d. Retrieval o
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Table 1: Comparison of nonlinear inva
Dimension (CD) and Kolmogorov-Sin

CD 
Original Signal 1.5450 

Noisy Signal 
(20 dB) 1.6773 

Retrieval signal by 
SVD (20 dB) 1.5655 

Retrieval signal by 
Smoothing (20 dB) 1.6014 

Noisy Signal 
(6 dB) 2.8379 

Retrieval signal by 
SVD (6 dB) 2.0412 

Retrieval signal by 
Smoothing (6dB) 2.1118 
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0.1482 
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of singular value 
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larger embedding 
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ssible effects of the 

signal power is not 
his is the case, then 

if the noise floor level 
eigenvalues may be process
noise-free signal. There ar
that drive the percent energy
up, which is beyond the scop
 Nonlinear time series an
noise. Noise brings on add
signal which actually doe
increase in nonlinear invar
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original signal. Elshorbagy e
of smoothing for noise reduc
part of the original signa
chaotic behavior. Although 
complexity to the signal, it f
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Abstract 
In this study, the crank velocity control of a four-bar mechanism 
driven by a DC motor is considered. The mathematical model of 
the motor-mechanism system is developed and the equations are 
solved numerically. Then the system is controlled by moving 
sliding mode control (MSMC) method. The results of the MSMC 
and the conventional sliding mode control (SMC) methods were 
compared. The numerical results show that MSMC is more 
effective than the SMC method and has smaller reaching time. 
 
Keywords: Moving Sliding Mode Control, Four-bar linkage, 
Speed Control 
 
1. Introduction 

 
Single degree of freedom (SDOF) mechanisms driven 

by a DC motor are widely used and preferred in industry. 
One of the problems about the motor driven mechanism is 
that; the mechanism is designed and analyzed such that 
the angular velocity of the crank of mechanism is constant 
during its rotation. But the reaction torque of crank varies 
due to the external forces and inertia of links of the 
mechanism and as a result the velocity of the crank is 
fluctuated. So the expected behavior of the mechanism 
such as timing requirement can be altered and its 
performance is reduced [1-3]. Sadler et al. [1-2] 
presented a pair of study in which an analytical model was 
developed for a four-bar mechanism driven by a DC 
motor. Later, Liou et al. [3] investigated a motor-gear-
mechanism system. Tao and Sadler [4] developed some 
control strategies based on PID control theory to reduce 
the crank angular velocity fluctuations of a four-bar 
mechanism driven by a DC motor and coupled a gear box. 
A complete mathematical model for the controller-motor-
mechanism system was developed using state space 
representation. It was shown by numerical simulations 
that crank speed fluctuations can be reduced substantially 
adjusting the DC motor voltage by using feedback control. 
PID control gains were selected by trial-error firstly and 

then were tuned by the pattern search optimization 
algorithm. After optimization, it was shown that the 
performance of the method is increased.  

Gündoğdu and Erentürk [5] used a fuzzy logic 
controller (FLC) to regulate crank speed fluctuations of 
the the four-bar mechanism driven a DC motor. 
Performance of the proposed method was compared with 
optimum PID control method suggested in Ref.[4]. It was 
shown that the FLC method more efficient and more 
robust than PID control. In their study it was observed that 
the rise time to steady-state condition was very fast 
without a large overshoot and the percentage of speed 
fluctuations were very low compared to open-loop 
responses and PID controller cases.  

Since PID controller is very sensitive to the 
nonlinearities, the tuning of the PID gains properly is 
quite difficult. During the past decades, to increase the 
capabilities of PID controllers, many artificial intelligence 
(AI) techniques such as neural networks (NN), fuzzy 
systems and neural-fuzzy logic have been employed. A 
self-tuning PID control based on particle swarm 
optimization (PSO) was adapted to the position control of 
a crank-slider mechanism actuated a PM synchronous 
motor by Kao et al. [6], a few years ago. In the proposed 
method, once the upper and the lower bounds of PID 
gains are determined by PSO algorithm, then the optimum 
values of which are determined by fuzzy rules. In order to 
demonstrate the efficiency of the proposed method, its 
sensitivity to the mass of the slider and to the external 
force was examined both the numerical simulations and 
the experiments. 

Lin et. al. [7] used a novel adaptive controller to 
control the position of the slider of a crank-slider 
mechanism driven by a permanent magnet (PM) 
synchronous motor. In their study, the robustness of the 
controller was examined with regard to the parametric 
variations and external forces. However, all the gains in 
the adaptive controller must be chosen according to the 
requirement of stability, and complex mathematical model 
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of the mechanism. On the other hand, an FNN controller 
can be designed without using a complex mathematical 
model. Therefore, Wai et. al. [8] applied an FNN 
controller with adaptive learning rates to the position 
control of the slider-crank mechanism. The adaptive 
learning rates of the FNN were derived based on the 
analysis of a discrete-type Lyapunov function to guarantee 
convergence and stability in the sense of Lyapunov. A 
good tracking performance was achieved without the 
knowledge of the dynamics of the nonlinear system which 
require heavy computations. Lin et. al. [9] also applied the 
computed torque technique to control the coupled motor-
crank-slider mechanism. Computed torque, or the inverse 
dynamics technique is a special application of feedback 
linearization of nonlinear systems. In addition, an adaptive 
computed torque controller, in which the gains are tuned 
using adaptive scheme, was proposed to control the 
coupled mechanism considering the existence of 
uncertainties.  

Recently, the sliding mode control (SMC) has been 
used effectively in many control areas. This method is 
fewer sensitive to the plant parameter variations and the 
external load disturbance. SMC design is constitute to 
choose the sliding surface and determine the control law 
for the state variables to move on sliding surface. The 
performance of the SMC strictly depends on the control 
gain. When the control gain is large, the reaching time to 
the sliding surface from the initial state is minimized. But, 
the chattering phenomenon, which is undesirable for 
practical applications, occurs for the large values of the 
control gain. Şevkat and Telli [10] applied the SMC to the 
four bar mechanism driven by DC motor and the results 
compared with those of refs.[4] and [5]. It is concluded 
that the performance of the SMC is better than non-linear 
PID and FNN. They adopted a filter in order to alleviate 
the chattering phenomenon. 

One way to alleviate the chattering phenomenon is to 
employ a boundary layer, which includes the uncertainties 
around the sliding surface.  However, the bound of the 
uncertainties is difficult to obtain beforehand for practical 
applications. Fung et. al. [11] applied the SMC for the 
position control of a crank-slider mechanism driven by a 
PM synchronous servo motor.  They utilized a simple 
fuzzy inference mechanism to estimate the upper bound of 
uncertainties for the SMC.  It was shown that the 
proposed method has robust control performance to 
parametric variations and external disturbances. Lin et. al. 
[12] added a supervisory controller to FNN-SMC 
controller presented in [8] in order to stabilize the system 
states around bounded region. Lin and Wai [13] adopted 
an online-trained FNN to estimate the bound of 
uncertainties in real time. Also, Fung and Shaw [14] 
presented a method named as region-wise linear fuzzy 

sliding mode control in order to increase the performance 
of the controller by minimizing the number of fuzzy rules.  

Although chattering phenomenon can be alleviated 
with the insertion of a boundary layer, this approach is 
known to degrade robustness. Another way in order to 
improve the robustness of SMC is to rotate and/or to shift 
the sliding surface during control action which called as 
moving sliding mode control (MSMC) proposed by Choi 
and et.al. [15, 16]. Sliding mode control with a moving 
sliding surface (MSS) has a robust and fast response. The 
MSS was designed to pass the initial conditions at first 
and subsequently moved towards a predetermined sliding 
surface by rotating and/or shifting. Employing the MSS, it 
is possible to lessen the sensitivity of the system to 
extraneous disturbances by means of shortening the 
reaching phase without increasing undesirable chattering 
of the control signals. Furthermore, the reaching phase can 
be almost eliminated by increasing the dwelling time of 
the surface, hence guaranteeing system robustness during 
whole intervals of control action. Alli and Yakut [17] 
adopted the MSS in conjunction with fuzzy tuning for a 
seismic isolation of earthquake-excited structure.  

In the present paper MSS is applied to a four-bar 
mechanism driven by a DC motor to control the velocity 
of the input link. The upper voltage limit is also applied to 
the system in order to avoid the saturation of the motor in 
start-up duration which is not considered in refs.[4,5,10]. 
The results are compared with conventional SMC 
presented in [10]. The comparisons show that MSMC has 
smaller reaching time and it controls the system much 
robust than SMC, PID control and FNN. 
 
2. Equation of Motion  
 

A four-bar linkage is shown in Figure-1. Link 2 is 
driven by a DC motor with the torque T2. The lengths of 
the links are given by ri (i=1-4). Angular position of the 
input link 2 is described by q and the angular positions of 
the other moving links are described by φ1 and φ 2. G2, G3 
and G4 are the mass centers of the links. 
 

 
Fig.1. A four-bar mechanism 
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The generalized equation of motion of a single 
degree-of-freedom system is given by [18]: 

 21 ( )( ) ( , , )
2

d qq q q Q q q t
dq
ℑ

ℑ + =&& & &     (1) 

where ,  and q q q& &&  are independent displacement, velocity 
and acceleration; ℑ  and Q are the equivalent inertia and 
equivalent force, respectively and these are given by, 

 ( )2 2 2
i i i i i

i

m u v I h⎡ ⎤ℑ = + +⎣ ⎦∑     (2) 

 x y
i i i i i i

i

Q F u F v M h⎡ ⎤= + +⎣ ⎦∑     (3) 

where mi and Ii are the mass and the mass moment of 
inertia of the link i, respectively; ui and vi are the 
components of the velocity influence coefficients of the 
mass center of the link i or of the point at which the force 
F acts and hi is the velocity coefficient of the link i or of 
the link on which the torque Mj acts. Note that, the 
conservative or the dissipative forces can be included in 
Eq.(3) when they are presented. 
 
The derivative of the equivalent inertia with respect to q is 

  ( )2 i i i i i i i i
i

d m u u v v I h h
dq

ℑ ′ ′ ′= + +⎡ ⎤⎣ ⎦∑     (4) 

where the prime ()′  defines the acceleration influence 
coefficient which is the derivative of the velocity 
coefficient with respect to independent variable q. 

For the four-bar linkage given in Fig.(1) the 
equivalent inertia, the equivalent force and the velocity 
and the acceleration influence coefficients are given 
Appendix. 
 
3. Mathematical Model of the DC Motor  
 

The motor and the reduction gear which drive the 
mechanism are shown in Fig.(2).[4, 5, 10] 

The ratio of the reduction gear is 

 b a

a b

Tn
T

ω
ω

= =      (5) 

where aω and bω  are the angular velocities of the shafts a 
and b respectively. The input to the system is the voltage 
V and the output is the torque Tb which is the torque 
applied to the input link, if, Rf and Lf are called the field 

current, resistance and inductance, respectively. R, L and i 
are the resistance, the inductance and the current of the 
rotor. J is the mass moment of inertia of the rotor and B is 
the viscous damping at the bearings. Tl is a constant 
mechanical load due to the brush friction, the gear friction 
or the dry bearing friction, etc… 
 

 

Fig.2. The motor and reduction gear. 
 

Applying Kirchhoff’s voltage law gives 

 ( ) diV Ri t L e
dt

= + +      (6) 

where e is the generated electromotive force of the motor. 
On the other hand, from the torque equilibrium on the 
rotor and the speed-reducer is obtained as 

 ( )b m l a aT n T T B Jω ω= − − − & .  (7) 

Tm represents the magnetic motor torque, and n is the gear 
ratio defined in Eq. (5). The magnetic torque and the 
generated electromotive force for a given constant field 
current if are defined as 

 ( )m mT K i t=                       (8) 

and 

 g ae K ω=      (9) 

where Km and Kg are the constants of motor torque and the 
motor voltage, respectively. Since shaft b drives the crank 
of the mechanism, Eq. (10) can be written as  

 2a bn nqω ω= = &    (10) 

When Eqs. (8) and (10) are substituted into Eqs. (6) and 
(7), the mathematical model of the motor can be obtained 
as 
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2

1 ( ( ) )g
di V Ri t nK q
dt L

= − − &    (11) 

and 

 2 2
2 2m LT nK i nT n Bq n Jq= − − −& && .               (12) 

4. State-Space Representation 
 

The equation of the system involving DC motor-gear 
-mechanism is the second order, the non-linear and the 
variable coefficients. For the solution of this equation the 
fourth order Runga-Kutta method is used in this study. 
First, the new variables x (x1, x2 and x3) are described as 

 
1

2 1

3

x q
x x q
x i

=
= =
=

& &   (13) 

and then the state-space equations can be written as: 

  

( )

1 2

2 2
2 2 2 32

3 3 2

1 0.5

1

m L

g

x x

x x n Bx nK x nT
n J

x V Rx nK x
L

=

′⎡ ⎤= − ℑ − + −⎣ ⎦ℑ +

= − −

&

&

&

  (14) 

5. Sliding Mode Control Design 
 

Sliding mode control is known as variable structural 
control method controlling complex high-order non-linear 
systems robustly. The most important advantage of SMC 
is the insensitivity to the parametric variations and the 
external factors. In SMC, user chooses the sliding surface 
and forces the state variables to get close to the sliding 
surface. When the system approaches to the surface, the 
control signal is determined for dragging the system to the 
origin. SMC design is consist of deciding sliding surface 
and determining the control law for moving on sliding 
surface. Sliding surface is designed as not to contain the 
control parameter. Controller has to contain the control 
parameters getting the system closer to sliding surface and 
holding the system on surface. 

Consider an nth-order single-input non-linear 
controllable canonical form system given by 

 

1 2

2 3

1

( ) ( )
( ) ( )

...

( ) ( , ) ( , ) ( ) ( )
a

n i
i

x t x t
x t x t

x t f x t b x t u t d t
=

=
=

= + +∑

&

&

&

    (15) 

where x(t) is the state vector and u(t) is the control input, 
f(x,t) and b(x,t) are the characteristics of the system and  
d(t) denotes the external disturbances. The user has to 
choose sliding surface as the same number of inputs. 
When considering a second-order system there will be a 
sliding surface 

 1 2( , ) ( ) ( )s x t ce t e t= +        (16) 

where c is a strictly positive real constant which 
determines the slope of the sliding surface and e1 and e2 
are tracking errors defined as  

[ ] [ ]1 2 1 1 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )d de t e t e t x t x t x t x t= = − −  
   (17)  

where xd is the desired trajectory.  

A homogenous differential equation that has a 
unique solution e=0 could be obtained by setting s=0. 
Thus, the error will asymptotically reach to zero with an 
appropriate control law that could keep the trajectory on 
the sliding surface. Lyapunov's direct method, could be 
used to obtain the control law that maintains the goal and 
a candidate function, is defined as  

 21( )
2

V s s=       (18) 

with V(0)=0 and V(s)>0 for s>0. Therefore, an efficient 
condition for the stability of the system can be given as 

 21 0
2

dV s
dt

= ≤&       (19) 

Obtaining the inequality above means that, the 
system is stable and controlled in such a way that the state 
always moves towards the sliding surface and hits it. 
Therefore, Eq.(19) is called as the reaching condition for 
the sliding surface. Differentiating Eq.(16) with respect to 
time 

 1 2 ( )s ce e f bu xd ce= + = + − +& & & && &     (20) 

and substituting Eq.(20) into the reaching condition given 
in Eq.(19)  
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 ( ) 0s f bu xd ce+ − + ≤&& &      (21) 

is obtained. Therefore, a control input satisfying the 
reaching condition can be chosen as  

 ˆ
( ) eq dis

f xd ceu Ksign s u u
b

− + +
= − = +

&& &    (22) 

where f̂  is the estimated state equation, K is a strictly 
positive real constant with a lower bound depending on 
the estimated system parameters. The control input in Eq. 
(22) consists of two terms. The first term abbreviated as 
ueq is the continuous term that is known as equivalent 
control based on estimated system parameters and it 
compensate the estimated undesirable dynamics of the 
system. The second term with the signum function is the 
discontinuous control law, udis that requires infinite 
switching on the part of the control signal and actuator at 
the intersection of error state trajectory and sliding 
surface. In this way, the trajectory is forced to move 
always towards the sliding surface. 
 The significant disadvantage of sliding mode 
control is discontinuity and changing the direction of input 
signal. This phenomenon is known as chattering and it is 
not desired. To eliminate chattering, the sign function in 
control law is changed by saturation function which can 
be defined as 

 
1

( ) 1
/

s
sat s s

s s

ε
ε

ε ε

>⎧ ⎫
⎪ ⎪= < − −⎨ ⎬
⎪ ⎪=⎩ ⎭

    (23) 

 The input signal is hold in specified values 
therefore it obstructs the chattering. For the considered 
system the equivalent control and the discontinuous 
control given as 

2 2

2
2

( )
2 ( )

( )eq m g
m m

dn B Q q L
d dqu q J n J Ri nK q
dq J n J nK

ℑ
−

ℑ
= − + − + −

+

&&
&&& &&   (24) 

and 

 ( , )disu Ksat s ε=       (25) 

respectively. 
 
6. Moving Sliding Mode Control 
 In conventional SMC, the sliding surface is fixed 
with constant slope of non-optimal or optimal value of ck 
in the error state space. Hence, if the representative point 
(RP) lies in the stable zone (the second and fourth 

quadrants) the absolute value of e2(t) becomes small for a 
fixed gain of K when large values were chosen for c. This 
will yield longer reaching time of the RP to the surface 
s(t). On the other hand, if we choose small values for c, 
we know that the convergence speed on the surface itself 
will be slow, leading to a longer tracking time. Therefore, 
if an appropriate small value for time-varying slope c 
according to the trajectories of the RP is chosen, fast 
tracking is achieved without increasing the gain K. This is 
the key feature of the moving sliding surface. The surface 
is initially chosen to pass arbitrary initial conditions, and 
the surface is subsequently moved towards the 
predetermined sliding surface. The movement can be 
executed by rotating or/and shifting as shown in Fig.(4a-
b). In the present paper MSMC is adopted to velocity 
control of the four-bar linkage. 
 

 

Fig.3. Illustration of moving sliding surface: a) Rotating 
sliding surface b) Shifting sliding surface. 

 
7. Simulation Results 
 The steady-space representation of the four-bar 
mechanism and motor system is simulated by using 
Runge-Kutta method for open-loop step responses for the 
case tabulated in Table-1 and Table-2. The velocity of the 
crank reaches to 30 rad/s in 0.148 sec. But it crosses the 
desired value and fluctuates between 38.89 and 34.86 
rad/s as shown in Fig.5. 
 

Table 1. Mechanism Parameters 
Link 1 Link 2 Link 3 Link 4 

L (m) 0.5593 0.102 0.610 0.406 
r (m) 0.0 0.305 0.203 
m (kg) 1.362 1.362 0.2041 
J (kgm2) 0.00071 0.0173 0.00509 
β (rad)   0.0 0.0 0.0 
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Table 2.Motor Parameters 

R (Ω) L (H) 
Km 
(Nm/a) 

Kg 
(Vs) 

J 
(kgm2) 

TL 
(Nm) 

B 
(Nms)

0.4 0.050 0.678 0.678 0.056 0.00 0.226 
 

 
Fig.4. Crank Velocity without Control 

 
8. Closed-Loop Control Results 
 The state-space representation of the four-bar 
mechanism and the motor driving system are integrated 
with the MSMC. For MSMC, the errors are calculated at 
first. Then the specific c values are calculated for each 
error satisfying s(t)=0. These different c values also give 
the specific sliding surfaces with variable slope. Hence the 
sliding surface moves during simulation. 

 
Fig.6. Comparison of crank velocities for MSMC and 

conventional SMC 
 
 In Fig.6 the comparison of MSMC and 
conventional SMC for the same values of k is given. The 
conventional SMC parameter c is taken from Şevkat and 
Telli [10] to show performance of the MSMC. MSMC has 

smaller rise time because the slope of the sliding surface is 
set during simulation according to the error state. 
 It should be noted that a high level of voltage is 
applied to the system in start-up duration in order to reach 
the desired velocity.  Therefore a voltage limiter should be 
adapted to the system to avoid motor saturation in the 
start-up duration, however it is not considered in refs. [5, 
10]. When the control voltage is limited to 80 V, the rise 
time for this case takes long time compared to the 
unlimited case as shown in Fig.7. 

 
Fig.7. Comparison of the crank velocities for both the 

limited and unlimited MSMC cases 
 
 

 
Fig.8. Comparison of the crank velocities at limited 

MSMC and limited conventional SMC 
 
 Also the comparison between MSMC and 
conventional SMC is given in Fig. 8. It is seen that 
MSMC is more robust than conventional SMC after 
limiting the motor voltage. The simulations are carried out 
for different c, k and voltage limit values and the obtained 
results such as average speed, rise time, overshoot and 
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speed fluctuations are given in Table 3. As seen, MSMC 
is effective than the control with constant sliding surface. 
 

Table 3. Simulation Results 

  Average 
Speed 

Rise 
Time 
(s) 

Overshoot 
(%) 

Speed 
Fluctuations 
(%) 

c=80 
k=1300 
Limit=220 

29,9997 0,033 0,087 0,167 

c=80  
k=220 
Limit=80 

30,0077 0,031 0,087 0,966 

c=Moving 
k=1300 
Limit=220 

30,0011 0,028 0,093 0,167 

c=Moving 
k=1300 
Limit=80 

30,0017 0,046 0,093 0,167 

c=Moving 
k=220 
Limit=220 

30,0088 0,028 0,290 1,033 

 
9. Conclusion 
 In the present study, MSMC is adopted to control 
of a four bar mechanism driven by a DC motor. The 
results are compared with conventional SMC; it is shown 
that MSMC has smaller reaching time and robust control 
with respect to conventional sliding mode control. 
 From the simulations, it is shown that when the 
larger k value is chosen, the reaching time increases but 
the speed fluctuation decreases. That means, the optimum 
k value must be selected to have the robust control with 
small reaching time. 
 On the other hand, in this study a voltage limiter 
has been adopted to the system for avoiding the motor 
saturation in start-up time period unlike from the 
references and the results are concluded. 
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APPENDIX 
 The vector loop closure equation of the four-bar 
linkage given in Fig.(1) is 

 0 0 0 0A A + AB = A B + B B      (A1) 

and two explicit constraint equations can be written as: 

1 1 2 2 3 1 1 1 4 2

2 1 2 2 3 1 1 1 4 2

( , , ) cos cos cos cos 0
( , , ) sin sin sin sin 0

f q r q r r r
f q r q r r r

φ φ φ β φ
φ φ φ β φ

= + − − =
= + − − =

 

(A2) 

where q is the independent coordinate; �1 and �2 are the 
dependent ones. The constraint equations are non-linear 
and can be solved by the numerical methods. 
 
 The velocity coefficient can be calculated as: 
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 1− ′= −g J f   (A3) 

where  

 { }1 2
Tg g=g ,        1 2

T
f f
q q

⎧ ⎫∂ ∂′ = ⎨ ⎬
∂ ∂⎩ ⎭

f  (A4a-b) 

and J is the Jacobian matrix and the elements of which are 
given by; 

 , ( , 1,2)i
ij

j

f
J i j

φ
∂

= =
∂

 (A5) 

For the four-bar linkage: 

 3 1 4 2 2

3 1 4 2 2

sin sin sin
,

cos cos cos
r r r q

r r r q
φ φ
φ φ

− −⎡ ⎤ ⎧ ⎫
′= = ⎨ ⎬⎢ ⎥− ⎩ ⎭⎣ ⎦

J f  (A6) 

 and the velocity coefficients are determined as: 

 
2 2

1
3 1 2

2 1
2

4 1 2

sin( )
sin( )
sin( )
sin( )

r qg
r
r qg
r

φ
φ φ

φ
φ φ

−
= −

−

−
= −

−

 (A7a-b) 

 The components of the velocity influence 
coefficient of the mass center of the link i can be 
determined by differentiating the position variables with 
respect to input variable: 

 

2

1

2

1

i i C
i j

j j

C C C
i j

j j

dx x xu g
dq q

dy y yv g
dq q

φ

φ

=

=

∂ ∂
= = +

∂ ∂

∂ ∂
= = +

∂ ∂

∑

∑
  (A8) 
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( )

( )
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2
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3 2 3 1

4 4 2

4 4 2
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sin sin

cos cos

sin

cos

u a q

v a q

u r q b g

v r q b g

u c g

v c g

φ

φ

φ

φ

= −

=

= − −

= +

= −

=

     (A9) 

 The acceleration influence coefficient or the 
second order influence coefficient is the derivative of the 
velocity influence coefficient with respect to independent 
variable, and can be written as: 

 
2 2

2
1

; 1,2i i i i
i j

j j

dg d g gg g i
dq dq q

φ
φ=

∂ ∂′ = = = + =
∂ ∂∑   (A10) 

 The acceleration influence coefficients of the 
four-bar linkage are determined as: 

 
2 2 2 1 2 2

1 12
3 1 2 3 1 2

2 1
22

3 1 2

cos( ) cos( )sin( )
sin( ) sin ( )

sin( )
sin ( )

r q r qg g
r r

r q g
r

φ φ φ φ
φ φ φ φ

φ
φ φ

− − −′ = − +
− −

−
+

−

  (A11a) 
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φ φ φ
φ φ

− −′ = − +
− −
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−
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 (A11b) 

 Similarly the components of the accelerations 
coefficients of the mass center of the link i can be written 
as: 

 

2

1

2

1

i
i j

j j

i
i j

j j

u uu g
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Abstract 
The high speeds that rotordynamic systems operate at are 
pushing the conventional bearing systems to their limits. Active 
magnetic bearing systems can answer the needs that occur at 
these high speeds and extreme conditions like extreme low or 
high temperature, vacuum or in contaminant processing units. 
Thus the researchers that work on alternative bearing systems 
focus on this subject.  
In this study, force – current – displacement relationship of three 
pole heteropolar active magnetic bearing is defined and position 
control is made by two feedback loops in which inverse dq 
transformation is used as a nonlinear transformation block.  
 
Keywords: Heteropolar Magnetic Bearing, Space Vector, Y 
Connection, inverse dq Transformation 
 
 
1. Introduction 
 
 In the last decades; advances in turbomachinery 
technology defined new requirements for bearing systems, 
thus researches are focused on new bearing technologies. 
Especially one of these new bearing systems which is 
active magnetic bearing technology is drawn much more 
attention due to its non-contact, wear and contamination 
free nature. At first glance, their unstable characteristics 
could be seen as a disadvantage but with closed loop 
control, they can have superior dynamic performances and 
can be used for active vibration control. If they are 
properly designed, they have low power loss compared to 
thin film bearings at high speed. Even though they have 
superior characteristics against convention bearing 
systems, because of requirements for sensors and active 
control elements they are not popular in the market. 
Researchers are especially focused on reducing 
manufacturing costs of active magnetic bearings to 
increase their usage. One of the ways to reduce costs is 
reduce the number of sensors and switching elements in 
AMB system. Three pole magnetic bearings have the 
minimum number of poles to stabilize a rotor in two axis 
which is a great advantage to magnetic bearings which 

have more poles but due to highly coupled magnetic 
forces they are neglected until the last years.  
Several researches are done in modeling, control and 
analysis of three pole magnetic bearings. Chen and Hsu 
worked on optimal design of magnetic bearings with 
analytical methods. They are considered bias currents, 
pole areas, winding schemes and number of turns in coils. 
They have concluded that the optimal orientation angle is 
π/6 and with that orientation angle only two power 
amplifiers are needed because upper poles can share the 
same control current but in opposite directions[1] [2].  
 Yang and his friends studied on control of a three pole 
magnetic bearing which is driven by a three phase 
inverter. They have used hysteresis control as current 
controller and PID control scheme as position controller. 
In their study, they have analyzed force magnitude 
dependence on relative motion of rotor on x-axis by 
numerical methods[3].  
 Hoffman studied a inverted-Y type three pole 
magnetic bearing and made a comparison between 
heteropolar and homopolar magnetic bearing with 
different pole numbers[4].  
 In this study, force – current – displacement 
relationship of three pole heteropolar active magnetic 
bearing is defined and position control is made by two 
feedback loops in which inverse dq transformation is used 
as a nonlinear transformation block.  
 
2. Modeling of Three Pole Magnetic Bearing 
 
2.1. Space Vector Modeling(SVM) 
 
 Space vector control technique depends on the 
instantaneous position of current or flux vectors in d-q 
plane. Fluxes in a Y connected three pole magnetic 
bearing can be defined by two independent flux vectors 
because current in the one of the poles is equal to the sum 
of other currents (Figure 1)  
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Fig. 1. Currents in Y Connected Coils 

 

 
 
where in is the current in coils of pole n and k is the 
number of poles. As magnetic flux depends on current, a 
flux conversation equation can be defined like the 
equation above. 
 

 
Fig 2. a) Location of Poles b) Magnetic Circuit of 

Magnetic Bearing 
 

   0=∑
k

nφ         (2) 

 
where  is magnetic flux and k is the number of poles.  
 
There can be defined a transformation vector that 
compress three variable information into one complex 
variable in which magnitude and direction of the force can 
be stored. 
 
   B=kB         (3) 
 
where b is a complex number, k is complex 
transformation and B is the magnetic field vector. In 
literature, complex transformation vector k is suggested as 
equation below for three phase Y connected systems in 
which the first phase has not any phase shift [2].  
 

   ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
= 3

4
3

2

1
3
4

ππ ii
eek       (4) 

 
 

2.2. SVM of Three Pole Bearing at Center 
Position 
 
 If it is assumed that rotor is centered and magnetic 
material is linear and its magnetic permeability does not 
depend on magnetic intensity; there is a simple and linear 
relationship between magnetic flux in poles and coil 
currents.  
 

 
 
where Bn is magnetic flux, in is coil current, nR is 

normalized reluctance in the nth pole. nR is defined as;  
 

   
0μ
xRn =        (6) 

 
where x is airgap and µ0 is magnetic permeability of air.  
It is reported in literature that one that can use the 
transformation vector k to transform magnetic flux vector 
into flux phasor [2]. A model of magnetic bearing and 
phasor transformer is simulated in SIMULINK (Figure 3 
and 4).  
 

 
Fig 3. SIMULINK model of Three Pole Magnetic Bearing 
 

 
Fig 4. Inverse Phasor Transformation 

 
System is simulated with a force phasor that is rotating 
from 0 to 2π rad.  
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As it is seen in the simulation results, there is a phase shift 
of π/2 in system output(Figures 5 and 6).  
 

 
Fig 5. Output and Input Force in x Axis 

 

 
Fig 6. Output and Input Force in y Axis 

 
To cancel this delay, a rotation of -π/2 is added in 

inverse dq transformation algorithm.  
 
 
3. Generalized SVM of Three Pole Bearing 
 
 In the previous section location of rotor is considered 
that it is fixed in the center of workplane, so reluctances 
between pole faces and rotor are assumed to be equal and 
magnetic fluxes are only dependent on currents. But when 
rotor is moved in the plane, reluctances change so fluxes 
start to depend on position. If magnetic circuit of the three 
pole magnetic bearing is analyzed, the relation between 
fluxes, positions and currents can be defined as in 
equation below.  
 

 
 
 
 
 
 

3.1. Nonlinear Control of Three Pole Bearing  
 
3.1.1 Mathematical Modeling of Rotor  
 
 In this study, rotor is assumed as a 2 DOF non-
rotating disc which has a circular cross-section(Figure 7).  
 

 
Fig 7. Zero - length Beam  

 
 Rotor has no length in z axis, so there can be no 
bending vibration in x or y axis due to the stiffness of 
rotor.  
 Transfer function of rotor is given in equation below.  
 

   2
1

)(
)(

mssF
sX

=        (8) 

 
where m equals to unit mass per length of rotor.  
 
3.1.2 Controller Design  
 
 Magnetic force on a pole is a quadratic function of 
both coil current and airgap. If the magnetic structure of 
system is homopolar, conventional linearization methods 
(Taylor series expansion etc.) can be used at operating 
points because magnetic coupling is minimal in the 
system. But in the case of heteropolar magnetic structure 
with three poles, magnetic fluxes in the poles are highly 
coupled and linearization methods are not effective. 
Hence alternative nonlinear control algorithms should be 
used.  
 In this paper, inverse dq transformation was proposed 
as a nonlinear transformation algorithm to transform 
whole magnetic bearing system into a double integrator 
(Figure 8).  

 
Fig 8. Active Magnetic Bearing System with Nonlinear 

Transformation  
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Nonlinear Transformation Algorithm  
 Nonlinear transformation algorithm contains two 
blocks which are calculation of required magnetic flux 
and current allocation.  
 Required magnetic fluxes are calculated equations 
number 8 and 9.  
 

   
mag

req

k

f
b =        (9) 

 
   B=Re{k*b}     (10) 
 
 Magnet coefficient (kmag) is defined in equation in 
number 10.  
 

   
0μ

Akmag=      (11) 

 
 Coil currents are calculated from fluxes by equation 
number 6.  
 PD controller is chosen as the linear controller 
because proportional controller is not capable of injecting 
damping characteristics into the dynamic response of rotor 
which is a double integrator. Transfer function of a PD 
controller is given in equation below.  
 
   Gc (s) = Kp + KD s    (12) 
 
SIMULINK model of the controller is given in figure 9.  
 

 
Fig 9. SIMULINK Model of PD Controller 

 
Simulations  
SIMULINK model of AMB system is given in figure 11.  
 

 
Fig 10. SIMULINK Model of AMB System  

 
 Controller block is responsible for generating required 
force magnitude and phase for displacement of rotor from 
the origin. Control force and magnitude is the input of 
inverse dq transformation. Inverse dq transformation 
block calculates required coil currents for given force and 
location data (Figure 10).  
 KD and KP parameters are varied between 0-0.1 and 
0.1-25, respectively. Simulation was run for 0.05s and 
ode5 (Dormand - Prince algorithm) was selected as the 
solver with fixed time step of 10μs. Disturbance force is a 
step function which has a magnitude of 100N and duration 
of 1ms.  
 RMS and maximum values of output signals are 
calculated and listed in table 1 and table 2.  
 

Table 1. RMS values of displacement (μm) in the x axis 
(Disturbance force = 100 N in x axis)  

 
 
Table 2. Maximum values of displacement (μm) in the x 

axis (Disturbance force = 100 N in x axis)  

 
 

Table 3. RMS values of displacement (μm) in the y axis 
(Disturbance force = 100 N in y axis)  
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Table 4. Maximum values of displacement (μm) in the y 
axis (Disturbance force = 100 N in y axis)  

 
 

 
Fig 11. System Response to F=500 N in y direction  

 
 In figure 11, system response to 100N impulse input 
in the y axis direction is given.  

 

 
Fig 12. System Response to F=100 N in x direction  

 
 System response to 100N and 500N in the x axis is 
given in figures 12 and 13.  
 

 
Fig 13. System Response to F=500 N in x direction  

 

 
Fig 14. Parasitic motion in y direction  

 
The response is overdamped but there is a parasitic 
motion in y direction (Figure 14).  

 
4. Conclusion  
 
 Simulation results show that one can design a linear 
controller to a three pole heteropolar magnetic bearing 
with dq transformation as a nonlinear transformation 
block. As it is seen in tables 1 to 4, one can achieve a 
desired performance with changing Kp and Kd parameters. 
Response to disturbance in y direction is as expected but 
when a disturbance in x direction is applied, there is 
parasitic motion in y direction with 1.84% of 
displacement magnitude in x direction (-6.77μm) (for a 
disturbance force with magnitude of 500N). Thus special 
attention should be given in dq transformation when 
applying to precision motion control and further 
investigation is required to define the root of coupling 
problem in nonlinear transformation algorithm.  
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Abstract 
It is known that, time-varying magnetic fields create eddy 
currents on conductive materials. These eddy currents which are 
affected by magnetic field, producing a time-varying 
electromechanical force. This force, which acts as a contactless 
external factor, has a viscous damping characteristic. In many 
metal working machines vibration control is used for increasing 
surface quality and reducing chips (for example; circular saws, 
grinding machines). So that, the quality of manufactured product 
has increased and the total costs of the facility has decreased.  
 
In this study, vibration behaviour of a cantilevered aluminium 
beam under the DC electromagnetic field, is examined 
experimentally. A current source, which drives the 
electromagnet, is designed and produced. On this current 
source, two different control algorithms are applied, named 
proportional-integral and Hysteresis.  
 
 
Keywords: vibration control, time-varying magnetic fields 
 
 
1. Introduction 
 
 Machines are usually affected by a force which is 
characterized by a certain frequency. If the frequency of 
this force is equal or close to any of natural frequency of 
this machine, machine structure vibrates at resonance 
which vibrations occur in great magnitude. This 
phenomenon may cause catastrophic failures and noise[1]. 
 
 Portability and energy efficiency become key design 
factors by advances in technology. One of the factors that 
affect these design criterions is machine mass. Designers 
reduce mass to reach higher technology levels and to get 
more ratios in competitive market.  
 When a time varying magnetic field acts on a 
conductive material, eddy currents are formed. The 
electrical energy of eddy currents is transformed into 
thermal energy according to the Ohm Law and dissipated 
from the system by heat transfer. This transformation 

causes a time varying force that acts on the structure 
which effects in the opposite direction.  
 Eddy currents have various application fields in 
engineering like energy conversion, magnetic breaking, 
vibration damping and damage detection in structures.  
 Vibration damping due to eddy currents have many 
advantages compared to conventional damping methods 
like constraint layer damping. The most important 
advantage is the characteristic properties of damping force 
which acts on the damped structure without any contact. 
Hence mass and stiffness variations in structure do not 
occur in this method. Also non-contact behavior of 
damping force prevents any wear and damper may 
function without any performance loss for a long time 
without any maintenance. It is known that there is a 
performance change in viscous dampers due to oil leak.  
 In literature, there are many applications of eddy 
current dampers (ECD). Bae et al. study vibration 
damping of cantilevered beams with eddy current 
dampers. They used a permanent magnet as magnetic field 
source. Their theoretical model and experimental results 
are matched. They found out that when magnetic field 
density is greater than 0.275Tesla, vibration characteristic 
of EDC - beam system becomes overdamped [2].  
 Sodano et al. studied vibration reduction of 
cantilevered beams which on they fixed a conductive plate 
with eddy currents. In their experiments, they made a 
reduction of 42.4 dB at the magnitude of first bending 
mode [3]. In their next study, Sodano and his colleagues 
expand their passive eddy current damper with active 
control. They improved the damping characteristic of EDS 
with active control algorithm which they used the location 
of permanent magnet as output and the velocity of beam 
as input [4]. Sodano et al. used two magnets instead of 
one in another their study. They reported that if the 
magnets are placed across as their same pole faces see 
each other; the damping ability of EDC would be 
improved [5].  
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 Gerber, studied on vibrations in a hot dip galvanizing 
process produces variations in zinc coating weight and 
tried to solve the problem with EDC systems. As a result 
of his study, he found that EDC systems are suitable for 
such a problem [7].  
 In this study, vibration behavior of cantilevered beam 
under DC electromagnetic field is investigated 
experimentally. A switching converter to drive 
electromagnet is designed and manufactured. 
Proportional-integral (PI) control algorithm is choosed as 
current control algorithm.  
 
2. Experimental Methods 
2.1. Design of Electromagnet Driver  
 Magnetic field density depends on coil currents on 
electromagnets. Design of current control has great 
importance.  
 In this study, a switching converter is designed that 
drives electromagnet at desired current values for usage in 
vibration experiments. Designed converter is in full bridge 
topology that operates in four quadrants (Figure 1).  
 

 
Fig 1. Full Bridge Circuit 

 
 Subparts of driver are shown in figure 2 
schematically. IRFP460 Power Mosfets that has drain 
current limit of 10 A are chosen as switching components. 
IR2112 ICs are selected as MOSFET gate drivers. 6N137 
optocouplers are used as optical isolators between control 
board and power board. LEM - LTS25NP Closed loop 
hall effect current sensor is used in feedback loop.  
 

 
Fig 2. Subparts of Driving Circuit 

 
 Current control algorithm is run on dsPIC 30F4011A. 
MOSFETs are driven by MPWM module of 
microcontroller and 20 kHz is chosen as PWM frequency. 
 
 
2.2. Experiments on Aluminum Beam  
 In this study, performance of eddy current damper 

used to reduce vibrations of a conductive beam is 
investigated. Conductive beam is cantilevered at a point, 
and an electromagnet is located perpendicular to XZ plane 
of beam (Figure 3).  
 

 
Fig 3. Experimental Setup 

 
 When beam moves in y axis, magnetic field that acts 
on beam will be varied thus eddy currents will be formed 
in cantilevered beam (Figure 4).  
 

 
Fig 4. Magnetic Field that Acts on Beam 

 
 Eddy currents will interact with magnetic field and a 
time varying, velocity dependent force will be created.  
 Experimental setup is shown in Figure 5. Coil current 
is measured by Breymen BM – 812 CF model multimeter.  
 TT-T-ECHNI-C MCH – 303D – II is used as power 
supply and magnetic field density of electromagnet poles 
are measured by F.W. Bell 5180.  
 Displacement of vibrating beam is measured by 
KEYENCE LK-G517 contactless laser displacement 
sensor. 
 

 
 

Fig 5. Experimental Setup 
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3. Results 
 
 Experiments, in which an aluminum beam that has 
dimensions of 80x450x1mm is used, are conducted at 4 
different current values. Frequency spectrums of 
measured displacement signals are calculated in 
MATLAB by Fast Fourier transform (FFT). Displacement 
signals and their corresponding frequency spectrums are 
listed below. Free vibration of aluminum beam is shown 
in Figure 6.  
 

 
Fig 6. a) Free vibration of aluminum beam b) Frequency 

spectrums 
 

 Measured displacement signals and their 
corresponding FFTs of eddy current damper system are 
given in Figure 7 for various current levels. 
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Fig 7. Vibration responses of aluminum beam for various 

current levels 
 
 As it is seen, damping coefficient depends on coil 
current proportionally which is an expected result.  
 Experiments could be conducted with a maximum 
current of 5.61A because of limited power capacity of 

power supply. If current value is increased beyond this 
limit, an overdamped vibration behavior could be reached.  
 The change of magnitude at first bending mode, coil 
current and corresponding magnetic field density is listed 
in Table 1.  
 

Table 1. The Variance of Vibration Amptitude of First 
Bending Mode of Beam due to Coil Current and Magnetic 

Field Density 

 
 
 The relation between coil current and damping 
coefficient which is calculated by logarithmic decrement 
method is shown in Figure 8.  
 

 
Fig 8. Variation of damping coefficient at different current 

values 
 
 As it is shown in figure, there is nonlinear relationship 
between magnetic field density and damping coefficient.  

 
4. Conclusion 
 
 There is a second order nonlinear relation between 
coil current and damping coefficient of ECD system. 
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Abstract 
At the present the heat protection of high-temperature gas 
turbine blades is mainly provided at the expense of efficient 
cooling systems development. The task of turbine cascades 
streamlining comes to boundary integral equation (BIE) 
Fredholm II with a peculiarity. Stationary and quasistationary 
temperature fields of blades are calculated with application of 
new mathematical models represented in BIE in multi connected 
fields of complex configuration.For solving proper equations 
discrete operators have been investigated, converging 
quadrature and cubature processes have been developed and 
values in terms of A. Zigmound¢s modules of continuity have 
been received. Approximate BIE solutions are mathematically 
proved by appropriate theorems and lemmas. Methods of 
turbine profile approximation have been developed (method of 
least square with automatic joint, smoothing splines, smooth 
replenishment and neural nets have been used). In basis of 
potential flow theory, boundary integral equations had been 
received for components of flow complex potential – velocity 
potential and stream function differing from existence of the 
effectiveness of numerical realization (Complex Boundary 
Integral Equation Method). The corresponding algorithms and 
softwares in object-oriented programming language DELPHI 7 
were created for the solution of equations. The reliability of the 
methods was proved by numerical and experimental 
investigations heat and hydraulic characteristics of the first 
stage of cooled nozzle blade of high pressure turbine. Geometric 
model, equivalent hydraulic schemes of cooling tracks have 
been obtained, cooler parameters and temperature field of gas 
turbine nozzle blade have been determined. Methods have 
demonstrated high efficiency at repeated and polivariant 
calculations, on the basis of which the way of blade cooling 
system modernization has been offered. 
 
Nomenclature 
T g       gas temperature                                                        K 
T       required temperature                                                 K 
T0         temperature of environment at i = 0 ;                          K 
T г0     temperature on the outline гi at i = 0 (outside outline of   
          blade);                                                                       K 
Ti         field temperature at i = 1,M (temperature of the cooler) K 
 

T гi                temperature on the outline гi at i = 1,M (outline of   
 cooling channels)                                                                       K 
Tk              temperature in the point k                                    K 
ρ           material density;                                              kq/m3 
              density of a logarithmic potential                                - 
cv               thermal capacity                                           J/kg·K 
λ           heat conduction coefficient of material; thermal     
               conductivity of the blade material                   W/m·K 
qv             internal heat source or drain                               W/m2 
α 0           heat transfer coefficient from gas to a surface of blade   
             (at i = 0 )                                                       W/m2·K 
α g           gas local heat exchange coefficient                 W/m2·K 
α c           air convective heat exchange local coefficient W/m2·K   
M         outline quantity                                                            - 
x, y      segment coordinates                                                mm 
n          external normal to outline                                           - 
            the quantity of outline segments                                 - 
m         quantity of inline segments of all cooling channels   
R         variable at an integration of the distance  between fixed   
             and “running” points                                                        - 
ΔS        mean on sections of the partition                              - 

(Lτ ,ε f )(z)    two-parameter quadrature formula for logarithmic  
                     double layer potential                                         - 
~f ( z)         double layer logarithmic potential operator             - 

(Iτ ,ε f )( z)    two-parameter quadrature formula for simple layer  
                     logarithmic potential                                               - 
&f&&(z)    simple layer logarithmic potential operator             - 
ω f (x)         module of a continuity                                             - 
Г                curve outline; velocity circulation                            - 
ϕ               velocity potential                                           m2/s 
ψ              stream function                                              m2/s 
V∞                 gas velocity of main inlet flow                           m/s 
α ∞               angle between the velocity vector and the profile   
                   cascade axis                                                    deg 
θ out          angle that corresponds to the exit edge of the 
                   airfoil                                                                    deg 
Gc                  air flow                                                          kg/s 
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ψ g , ψ c    gas and air temperature coefficients                          - 
κ f                 form coefficient                                                   - 
c μ, λc     cooler dynamic viscosity,                               poise 
                heat conductivity coefficient                         W/m·K 
Вi            Bio criterion                                                        -                 
pij                 density of coolant flow                                 kg/m3 

ξ ij               coefficient of hydraulic resistance                          - 
Nu           Nusselt criterion                                                        - 
Re           Reynolds criterion                                                     - 
 
 
1. Introduction 
 
 One of the main directions for the performance 
efficiency improvement of the power system in the 
modern aviation engines include increasing of the work 
flow conditions, and most of all it’s come to the 
temperature increasing in the gas turbine inlet. In this case 
the most complicated problem is the design reliability 
assurance of the nozzle and rotating blades of the gas 
turbine, which falls under the direct effect of the high 
potential gas flow and significant loads. Therefore 
improvement and defining the ways for thermal 
protection, the lifetime and reliability increasing of the 
turbine details have a great scientific and practical 
importance.The activities for the temperature increasing 
can be compared to several directions. However 
assimilation of high Tgin AGTE mainly reached by 
refinement of the cooling systems for turbine blades. It is 
especially necessary to note, that with Tg increase the 
requirement to accuracy of results will increase. In other 
words, at allowed values of AGTE metal temperatureTlim 
Tlim= (1100...1300K) , the absolute error of temperature 
calculation should be in limits ( 20 - 30K ), that is no 
more than 2-3%.This is difficult to achieve 
(multiconnected fields with various cooling channels, 
variables in time and coordinates boundary conditions). 
Such problem solving requires application of modern and 
perfect mathematical device.  
 
2.Problem formulation 
 
       In classical statement a heat conduction differential 
equation in common case for non-stationary process with 
heat distribution in multi–dimensional area (Fourier-
Kirchhoff equation) has a kind [1,2]: 

 
          
          (1) 
 

where ρ , cv and λ - accordingly material density, thermal 
capacity, and heat conduction; qv -internal source or drain 
of heat, and T - is required temperature. 

 
 Research has established that the temperature 
condition of the airfoil with radial cooling channels can 
be determined as two-dimensional [1,2]. Besides, if to 
suppose constancy of physical properties and absence of 
internal sources (drains) of heat, then the temperature 
field under fixed conditions will depend only on the skew 
shape and on the temperature distribution on the skew 
boundaries. In this case, equation (1) will look like: 
                  
  

                                                                                           (2) 
                                                                                          
 
      When determining particular temperature fields in gas 
turbine elements are used boundary conditions of the third 
kind,describing heat exchange between the skew field and 
the environment (on the basis of a hypothesis of a 
Newton-Riemann). In that case, these boundary 
conditions will be recorded as follows; 
 

                
     (3) 

 
       This following equation characterizes the quantity of 
heat transmitted by convection from gas to unit of a 
surface of a blade and assigned by heat conduction in a 
skew field of a blade. 
 
 

 (4) 
 
 
        Equation (4) characterizes the heat quantity assigned 
by convection of the cooler, which is transmitted by heat 
conduction of the blade material to the surface of cooling 
channels: where T0 - temperature of environment at i = 0 
; 
Ti - field temperature at i = 1,M (temperature of the 
cooler), where M - quantity of outlines; г0 T - 
temperature on an outline гi at i = 0 (outside outline of 
blade); гi T - temperature on an гi at i = 1,M (outline of 
cooling channels); 0 a - heat transfer factor from gas to a 
surface of a blade (at 0 i = ); I a - heat transfer factor from 
a blade to the cooling air at i = 1,M ; l – thermal 
conductivity of the material of a blade; n - external 
normal on an outline of researched area. 
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3. Application of boundary integrated equations 
method for definition of AGTE elements’ 
temperature fields 
 
       For the solution of this boundary problem (2)-(4) four 
numerical methods are used: Methods of Finite 
Differences (MFD), Finite Element Method (FEM), 
probabilistic method (Monte-Carlo method), and 
Boundary Integral Equations Method (BIEM) (or its 
discrete analog ─ Boundary Element Method (BEM)). 
Let us consider BIEM application for the solution of 

problem (2)-(4) [1-3]. The functionT = T(x, y), 
continuous with the derivatives up to the second order, 
satisfying the Laplace equation in considered area, 
including and its outline Γ ςM  , is harmonic. 
Consequence of the Grin integral formula for 

theresearched harmonic function T = T(x, y) is the 
ratio: 

 
(5) 
 
 

where R - variable at an integration of the distance 
between point K(x, y)and “running” on the outline k - 
point;Г T - temperature on the outline Г . The temperature 
value in some point k lying on the boundary is determined 
(as limiting at approach of point K(x, y)to the boundary) 

 
 Any equations or formulae should be centered; and 
there should be one blank between the texts and the 
formulas.  
 

 
        (6) 
 
 

      With allowance of the boundary conditions (2)-(3), 
after collecting terms of terms and input of new factors, 
the ratio (6) can be presented as a linear algebraic 
equation, computed for the point R : 

 
                                                                                  (7) 
 
 
where, n is the quantity of sites of a partition of an outside 
outline of a blade lγ0 (lγ i on i= 0) on small sections 

S0 ( Si at i 0) Δ Δ = , m is the quantity of sites of a 
partition of outside outlines of all cooling channels lγ i (i= 
1,M) on small sections ΔSi . 
         Let us note, that unknowns in the equation (7) 
except the unknown of true value Tk in the k point 
are also mean onsections of the outlines partition 
ΔS0 and ΔSi temperatures Tγ01  ,Tγ02  ,...,Tγ0m  and 
Tγi1,Tγi2 ,...,Tγim  (total number n + m).From a 
ratio (7), we shall receive the required temperature 
for any point, using the formula (5): 

 
          (8) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
         In activities [2] the discretization of a line Γ

ςM   by a many discrete point and integrals that are 
included in the equations as logarithmic potentials, was 
calculated approximately with the following ratios: 
 
                                                                                        (9)  
 

(10) 
 
 
 
(where 
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4. New interpretation of the BIEM 
 
        In contrast to [2], we offer to decide the given 
boundary value problem (2)-(4) as follows. We locate the 

distribution of temperature T = T(x, y)as follows: 
 

(11) 
 

whereΓ ςM smooth closed Jordan curve; M -
quantity of cooled channels; ρM  density of a 
logarithmic potential uniformly distributed on гi  S

sM .Thus curve U are positively oriented and are 
given in a parametric kind: 

 x = x(s); y = y(s); s∈[0, L];   
 
          Using BIEM and expression (11) we shall put 
problem (2)-(4) to the following system of boundary 
integral equations: 

 
 (12) 

where  R(s,ξ )=((x(s)−x(ξ )) ^2+(y(s)− y(ξ ))^2)^1/ 2 . 
 
         For the singular integral operator’s evaluation, 
which are included in (12) the discrete operators of the 
logarithmic 
potential with simple and double layer are investigated. 
Their connection and the evaluations in modules term of 
the continuity (evaluation such as assessments by A. 
Zigmound are obtained) is shown  
Theorem (main) 
Let 
 
 
 
          And let the equation (12) have the solution Г f 
∗ ∈C (the set of continuous functions on Г). Then ∃ N0 

∈ N= {1,2...} such that the discrete system ∀N > N0 
, obtained from (12) by using the discrete double layer 
potential operator (its properties has been studied), has 

unique solution {  },k= 1,  ; j= 1, ; 
 
 
 
 

 
 

 
where C(Г) is constant, depending only on 
the sequence of partitions of                           
 the sequence of positive numbers such that the pair (║τ N 

║ ,,ε N ), satisfies the condition 2 ≤е ║ф║-1  ≤ p   . 
Let δ ∈ (0,d/ 2), where d is diameter Г , and the splitting 
τ is that, which is satisfied the condition p′ ≥δ/║τ║ ≥ 2. 
Then for all Г ψ ∈C ( Г C - space of all functions 
continuous on Г ) and z∈ Г , ( z = x + iy ). 

 

 
 
 
 
 

 
where 
 

 

 

     (Lτ ,ε f )(z) - two-parameter quadrature formula 

(depending onτ and δ parameters) for logarithmic double 
layer potential; ~f (z) - double layer logarithmic potential 
operator; C(Г) – constant, dependent only from a curve 
Г; 
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f (x) ω is a module of a continuity of functions f ; 
 
 
 
 
 

 
 
 

(Iτ ,ε f )( z) - two-parameter quadrature formula 
(depending on τ and δ parameters) for logarithmic 
potential simple layer; f(z) - simple layer logarithmic 
potential operator; 
 

 

 

 
         Thus are developed effective from the point of view 
of realization on computers the numerical methods basing 
on constructed two-parametric quadratute processes for 
the discrete operators logarithmic potential of the double 
and simple layer. Their systematic errors are estimated, 
the methods quadratures mathematically are proved for 
the approximate solution Fredholm I and II boundary 
integral equations using Tikhonov regularization and are 
proved by appropriate theorems [3,4]. 
 
 
6.Solution technique of direct and Inverse 
problems of heat conductivity 
 
       The given calculating technique of the blade 
temperature field can be applied also to blades with the 
plug–in deflector. On consideration blades with deflectors 
in addition to boundary condition of the III kind adjoin 
also interfaces conditions between segments of the outline 
partition as equalities of temperatures and heat flows. 

 
(13) 

 
(14) 

 
where ν - number of segments of the outline partition of 
the blade cross-section; x, y - coordinates of segments. At 
finding of cooler T best values, is necessary to solve the 
inverse problem of heat conduction. For it is necessary at 
first to find solution of the heat conduction direct problem 
with boundary condition of the III kind from a gas leg and 

boundary conditions I kinds from a cooling air leg 
 

  (15) 
Where Ti0 -the unknown optimum temperature of a wall 
of a blade from a leg of a cooling air. 
 
 
6.Application of BIEM to quasystationary 
problems of heat conductivity 
 
        The developed technique for the numerical solution 
of stationary task of the heat conduction in cooled blades 
can be distributed also to quasistationary case. 
         Let us consider a third boundary-value problem for 
the heat conduction quasilines equation: 

 
(16) 

 
 
 

(17) 
 
        For linearization of tasks (16) - (17) we shall use the 
Kirchhoff permutation: 
 

(18) 
 
 
       Then equation (16) is transformed into the following 
Laplace equation: 
 

(19) 
 
        For preserving convection additives in boundary-
value condition (17), we shall accept in initial 
approximation λ (T ) =λ c . Then from (18) we have; 
                        T = A/λ c .                                (20) 
 

(21) 
 
        So, the stationary problem (19) with (21) is solved 
by boundary integrated equations method. 
 
7. Calculation of the gas flow velocity distribution 
around the airflow 
 
The most important role in the blade raw analysis and 
improvement belongs to the aerodynamic estimation 
methods,which proceed to the gas-dynamic efficiency 
estimation and for the heat exchange problem research. 
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      On the basis of potential flow theory, the velocity 
distribution of gas flow around the airfoil has been 
defined by solving the following integral equations for the 

complex potential flow W(z) [5] (alternate to existing 
[6] by effective realization): 

W(z) =ϕ (z)+ iψ (z); 
integral equations for the velocity potential: 
 
 
 

(22) 
 
and integral equation for the stream function ψ : 
 
 
 
 
 
 
         Which based on the theory of the zero stream 
function on airfoil contour. In this: ϕ - (xk , yk) the value 
of velocity potential; V∞ - the main flow velocity; α ∞ - 
the angle between the velocity vector V∞ and the blade 
raw axis; Г- the velocity circulation; θ out  - the angle that 
corresponds to the outlet edge of the airfoil. The integral 
equation (22) solved by the following received 
approximating equation: 
 
 
 
 
 
 
where, i = 2n −1 , j = 2n , n is the number of divided 
parts of the airfoil. The velocity potential ϕ distribution 
along the airfoil has been received by solving the system 
of the linear algebraic equations. The flow velocity 
magnitude determined using velocity potential 
differentiation along the airfoil contour s , i.e. 

V(s) = dϕ ds . As opposite to potential flow, the heat-
conducted viscous turbulent flow in the turbine blade 
channel is explored based on Navier-Stokes equations. As 
a turbulence models the standard k −ε [7] and Spalart-
Allmaras models used [8]. The Navier-Stokes equations 
solved by ANSYS CFX10© [9] (based on finite element 
method) and Fluent© [10] (based on control volume 
method) software’s. As the meshing tool Gambit© 
software, and for 3D modeling – Solid Works10© have 
been used. 

8.Solution of problem of the cooling systems’ 
internal heat exchange and hydrodynamics 
 
         The velocity distribution data along the airfoil are 
incoming for determining outer boundary heat exchange 
conditions.In case of potential flow, the heat transfer 
coefficient of gas flow defined by using integral equation 
for the energy of heat boundary layer [2,11,12]. 
Correction to the base values of heat coefficient was made 
by using the recommendations, that was approved by 
experiment-calculated way [2,11,12]. For the internal heat 
exchange boundary conditions determination the 
correlation between inner geometry and hydrodynamic 
with heat models are used. 
 
         At known geometry of the cooling scheme, for the 
convective heat exchange local coefficients α c definition 
of the cooler by the standard empirical formulas it is 
necessary to have the basic data’s of the air flow 
distribution in cooling channels.For example, for blades 
with deflector and with cross current, the value of the 
airflow Gc for blade cooling can be defined with the 
following: 

 
            Where g ψ , c ψ -the gas and air temperature 
coefficients; f κ - coefficient of the form; dc - the 
characteristic size in the formula c Re ; c μ , c λ - cooler 
dynamic viscosity and heat conductivity coefficients; Вi - 
the Bio criterion for the blade wall; Fc - the total area of 
passage for air; C and n - coefficient and exponent ratio 
in criteria formulas for convective heat exchange n 
Nu c = C Re c for considered cooling parts. To 
determine the distribution of flow in the blade cooling 
system, an equivalent hydraulic scheme is built. The 
construction of the equivalent hydraulic tract circuit of the 
vane cooling is connected with the description of the 
cooled vane design. The whole passage of coolant flow is 
divided in some definite interconnected sections, the 
socalled typical elements, and every one has the 
possibility of identical definition of hydraulic resistance. 
The points of connection of typical elements are changed 
by node points, in which the streams, mergion or division 
of cooler flows istaking places proposal without pressure 
change. All the typical elements and node points are 
connected in the same sequence and order as the tract 
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sites of the cooled vane. To describe the coolant flow at 
every inner node the 1st low by Kirchhoff is used [11-13]: 
 

              (23) 
 
where Gij is the discharge of coolant on the element, i − j 
, m are the number of typical elements connected to i 
node of the circuit, n is the number of inner nodes of 
hydraulic circuit, Δpij - losses of total pressure of the 
coolant on element i − j . In this formula the coefficient of 
hydraulic conductivity of the circuit element ( i − j ) is 
defined as: 
  

(24) 
 

where fij , pij ,ξ ij are the mean area of the cross-section 
passage of elements ( i − j ), density of coolant flow in 
the element, and coefficient of hydraulic resistance of this 
element. The system of nonlinear algebraic equations (23) 
is solved by the Zeidel method with acceleration, taken 
from: 

 
 
 
where k is the iteration number,  is the coolant pressure 
in i node of the hydraulic circuit. The coefficients of 

hydraulic resistance ξ ij  used in (24) are defined by 
analytical dependencies, which are in the literature 
available at present [12,13]. For example, to calculate a 
part of the cooling tract that includes the area of deflector 
perforation coefficients of hydraulic resistance in spray 
[13]: 

 
and in general channel: 

 
 
         In these formulas, Gr , Gk are cooling air 
consumption in the spray stream through the perforation 
deflector holes and slot channel between the deflector and 
vanes wall, and f r , f k - the flow areas. 
 
9.Results 
 
          For the verification of described methods the 
computational data’s of the first stage nozzle blades of 
high pressure turbine are used. The nozzle array of test 
experiment was analytically formed for transonic speed. 

The blade profile has the following geometrical 
parameters: blade chord  b = 60mm; array spacing – 
t= 41.5mm; throat section width a2 =11.26mm ; the exit 
edge depth d2 =1.8mm   ; bend angle of the exit edge  
= 12° 48′  δ . The computing experiment based on the 
following gas flow parameters: blade raw inlet velocity 
V1 =156m/ s  ; outlet velocity V2 =512m /s ; outlet 
angle 2 16 6= ′ o α ; inlet stagnation temperature and 
pressure T*g =1193К  , p*g 1.2095МPa  ; outlet 
conditions Tг1 =1142 K  , pг1= 0.75МPa; relative 
outlet velocity λ 1аd  =0.89 .The fig.2 represents the 
velocity distribution along the airfoil. In case of potential 
flow the results was obtained by the solution of boundary 
integral equation (♦) [5]. On the same figure the Navier-
Stokes differential equations system’s solution is 
displayed ( ), which obtained by ANSYS for the viscous 
turbulent flow using the k −ε turbulence model. 
 
        On the fig.3 the computational domain represents, 
which received by the Gambit meshing tool. The 2D gas 
flow with the k −ε turbulence model is displayed on 
fig.4. The fig.5 describes the velocity distribution along 
the airfoil for the same flow conditions by using of the 
Spalart-Allmaras turbulence model with Fluent solver. 
Fig.6 and fig.7 shows the temperature distribution of the 
gas flow in the blade channel, which determined with k 
−ε and Spalart-Allmaras turbulence model accordingly. 
By using these results the cooling tract equivalent scheme 
is developed (fig.8) and temperature field of blade cross 
section (fig.9) are determined.  
 
          The calculations reproduce good flow structure as 
well as local characteristics of the velocity and 
temperature distribution. Received results approve the 
accuracy of described methods and their validity the 
temperature field researches in gas-turbine engines. 
On basis of acquired calculations the 3D geometrical 
model of the cooled nozzle blade is developed, and 
expressed on 
fig.10. 
 
9.Conclusions 
 
           The multiples computing experiments with the 
using BIEM for calculation the temperature fields of 
nozzle and working blades with various amount and 
disposition of cooling channels, having a complex 
configuration, is showed, that for practical calculations in 
this approach, offered by us, the discretization of the 
integrations areas can be conducted with smaller quantity 
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of discrete points. Thus the reactivity of the algorithms 
developed and accuracy of evaluations is increased. The 
accuracy of temperatures calculation, required 
consumption of the cooling air, heat flows, losses from 
cooling margins essentially depends on reliability of 
boundary conditions, included in calculation of heat 
exchange. The reliability of the methods was proved by 
experimental investigations for the heat and hydraulic 
characteristics of blades. Geometric model, equivalent 
hydraulic schemes of cooling tracks have been obtained, 
cooler parameters and temperature field of gas 1st stage 
turbine nozzle blade of the have been determined. 
Methods have demonstrated high efficiency at repeated 
and polivariant calculations on the basis of which was 
offered as the way of blade cooling system 
modernization. 
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Abstract 
Fiber reinforced composites are widely used in many space 
structures such as antennas, optical platforms and satellites. 
Especially, in satellite applications, carbon fiber composites are 
preferred because of  low coefficient of  thermal expansion 
(CTE) and high stiffness features of them. The aim of the present 
study is to design the stacking sequence of the laminated 
composites having low CTE and high elastic moduli. In design 
process, multi-objective genetic algorithm optimization of the 
carbon fiber symmetric-balanced laminated composite plates are 
verified by single objective optimization approach. MATLAB 
Optimization Toolbox is used to obtain Pareto-optimal designs 
and global optimum points for six different model problems. 
Simplified micro-mechanics equations, classical lamination 
theory and MATLAB Symbolic Math toolbox are used in order to 
obtain the fitness functions of the problems. Stress and strain 
distributions are presented through the thickness of the 
laminates subjected to mechanical, thermal, and hygral loadings 
. 
 
Keywords: Carbon fiber composites—Genetic Algorithms—
Single and multi objective optimization—Satellites—Hygro-
thermo-mechanical loading 
 
1. Introduction 
 Fiber reinforced laminated composites are widely 
used in aerospace engineering applications. In satellite 
structures, the materials should exhibit the features low 
density, high stiffness, low coefficients of thermal and 
moisture expansions. Carbon fiber reinforced polymer 
composites can match these requirements with an 
appropriate stacking sequence. The deformation induced 
by non-uniform moisture/ temperature is an important 
feature in the design of composites. This kind of 
deformation is named as hygro-thermal deformation [1]. 
The varying environmental conditions such as moisture 
absorption and temperature change, affect the stiffness 
and strength of the structures severely.  
 Optimum design of fiber composite plates is one of 
the most interesting problem of structural mechanics. In 

order to obtain an optimal design for such a plate, the 
number of layers and fiber orientations together with their 
required thicknesses must be decided on. In order to 
achieve this objective,  designers and scientists have 
developed some procedure for laminated composites 
subjected to various loading types. 
 Optimization of laminated composite materials have 
been studied by several researchers. The problem of the 
multi-objective optimal design of laminated composite 
structures has been studied by [2]. Two examples are 
presented, referring to different structural layout and 
loading. A methodology for the multi-objective 
optimization of laminated composite materials based on 
an integer-coded genetic algorithm has presented by [3]. 
The fiber orientations and fiber volume fractions of the 
lamina are chosen as the primary optimization variables. 
Simplified micromechanics equations are used to estimate 
the stiffness and strength of each lamina using the fiber 
volume fraction and material properties of the matrix and 
fibers. In reference [4], authors have presented two 
examples of multi-objective optimization problem for 
composite laminate plates using GA and FEM. 
Minimization of two objectives, such as weight- 
deflection or weight-cost, are simultaneously performed 
and a Pareto-optimal set is obtained by shifting the 
optimization emphasis using a weighting factor.  
 Usage of fiber reinforced composites in space and 
robotics applications are also available in literature. Wood 
et. al.[5] have presented a new framework for creating 
micro-robots which makes the use of composite materials. 
In their paper, composite microstructure fabrication and 
process details are given as well as calculation of 
mechanical and flexural properties. Le Rich and Gaudin 
[1] have interested in the dimensional stability concept 
which is crucial feature of space structures. To design 
composite laminates accounting for thermal, hygral and 
mechanical constraints are main objective of their study. 
Another example of composites in aerospace applications 
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is given in the paper by [6] which consider investigation 
of variations in thermal expansion coefficient of the 
composite as an aerospace structural material. The 
longitudinal and transverse CTEs of unidirectional 
composites  were  determined  over  the temperature  
range -101oC to 120 oC. The CTEs of cross-ply laminates 
have been predicted by using classical lamination theory 
and verified experimentally. 

All the problems considered here have been 
focused on in-plane design of s)/( 21 θθ ±±  eight-layered 
carbon/epoxy symmetric and balanced laminated 
composites satisfying the conditions, low CTE on 
longitudinal and high elastic moduli on longitudinal  
and/or transverse directions. In design process, the 
problems are firstly formulated as multi-objective 
optimization problems. An alternative single objective 
formulations including the nonlinear constraints are 
utilized for verification of the multiobjective approach. 
Multi-objective optimization problems aim to  minimize 
the CTE  while maximizing the elastic moduli, 
simultaneously. In the single objective representation of 
the problem, CTE obtained from the multobjective 
formulations, are used to define the nonlinear constraints 
of the single optimization. This study consists of three 
main parts: In the first part , simplified micromechanics 
expressions [1] are used to predict the stiffness, thermal 
and moisture expansion coefficients of a lamina using 
constituent material properties. The classical lamination 
theory [7] is utilized to determine the effective elastic 
modulus, thermal and moisture expansion coefficients for 
composite laminates. The effective elastic properties 
obtained from the first part of the study defining the 
fitness functions have been used to obtain the optimum 
fiber orientation angles of each layer by a stochastic 
search technique called genetic algorithms (GAs). 
MATLAB Optimization Toolbox and Symbolic Math 
Toolbox [8-10] are used to obtain Pareto-optimal  and best 
designs for six (1a, 1b, 2a, 2b, 3a, 3b) different model 
problems. In the last part, through the thickness stresses 
have been calculated for each layer of the optimized 
(obtained from multi –objective formulations) composites 
subjected to  the hygral, thermal and  mechanical 
loadings. 

2. Formulation 
 
2.1. Macro-Mechanical Analysis   

The geometric mid-plane of the laminate contains 
the x-y axes and z axis defines the thickness direction. The 
total thickness of the laminate is h. The total number of 
laminas is n.  Laminate strains are linearly related to the 
distance from the mid-plane as 
                       xx

o
xxxx zκεε += , (1) 

                           yy
o
yyyy zκεε += ,  (2) 

                           xy
o
xyxy zκγγ +=  (3) 

 
where o

xxε , o
yyε  are midplane normal and o

xyγ  is midplane 

shear strains, xxκ , yyκ  are bending and xyκ  is twisting 
curvatures in the laminate. 
 Applied normal force resultants (per unit width) xN , 

yN , shear force resultant xyN  on a laminate are related to 
the mid-plane strains and curvatures by the following 
equations in matrix notation  
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The matrices [A] and [B]  appearing in Eq.(4) can be 
defined as 
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where ijQ  are the elements of the transformed reduced 
stiffness matrix [7] ; ][ TN  and ][ CN given in Eq.(4) are the 
resultant thermal and hygral forces, respectively: 
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Here, the effective coefficients of thermal and moisture 
expansions ][α , ][β are defined as 
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where 1* ][][ −= AA . 
In macro-mechanical analysis, it is also 

convenient to introduce the effective elastic properties for 
symmetric balanced  or symmetric cross-ply laminated 
plates subjected to in-plane loading the effective in-plane 
moduli, xE  and yE are as follows [3, 11] 
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2.1. Micro-mechanical Analysis  

Simplified micro-mechanical  expressions used to 
predict the stiffness and CTE of a lamina using constituent 
material properties are given as [1,12] 
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where indices 1 and  2, f and m appearing above equations 
denote the longitudinal and transverse directions, fiber and 
matrix properties, respectively. fV  represents the fiber 
volume fraction of the lamina. 

3. Optimization 
Essentially, optimization of a structure can be 

defined as  finding the best design or elite designs for the 
structure by minimizing the specified single or multi-
objectives satisfying all the constraints. In the 
optimization formulations, there are two approaches: 
single and multi-objective optimizations. In single 
objective approach, an optimization problem consists of a 
single objective function and some constraints and 
bounds. However, design of practical composite structures 
often require the maximization or minimization of 
multiple, often conflicting, two or more objectives, 
simultaneously. In such a case, multi-objective 
formulation is used and a set of  solutions are obtained 
with different trade-off called Pareto optimal. Finding  a 
set of solutions as diverse as possible and as close as 
possible to Pareto front are crucial. Only one solution is to 
be chosen from the set of solutions for practical 
engineering usage. There is not a solution that is best with 
respect to all objectives in multi-objective optimization. 
One solution can be better in one objective while worse in 
another. [3, 13-15]. Many engineering design problems 
are very complex and non-solvable by the traditional 
optimization techniques. In this cases, utilizing stochastic  
optimization methods such as Genetic algorithms and 
simulated annealing, are appropriate. 
 
3.1. Genetic Algorithm 
  The genetic algorithm (GA) is a numerical 
optimization and search technique which allows to obtain 
alternative solutions some of the complex engineering 
problems. GA method based on the principles of genetics 
and natural selection. This method is simple to understand 
and uses three simple operators: selection, crossover and 
mutation. 
 
3.2. MATLAB Optimization Toolbox 
 MATLAB Optimization Toolbox includes a few 
routines for solving optimization problems using Direct 
search (DS), Genetic algorithm (GA) and simulated 
annealing (SA). All of these methods have been used in 
design of composite materials by many researchers 
[3,16,17]. Direct Search functions include two direct 
search algorithms called the generalized pattern search 
(GPS) algorithm and the mesh adaptive search (MADS) 
algorithm. GA mode of the toolbox  consists of two main 
part : (i)problem definition (fitness function, bounds and 
constraints, number of variables), (ii) Options (Population, 
Fitness scaling, Selection, Reproduction, Mutation, 
Crossover, Migration). The Toolbox has some 
optimization solvers such as ga, gamultiobj, 
simulannealbnd , patternsearch and these solvers can 
be selected as an optimization algorithm. In this study, 
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two of the solvers  (ga and gamultiobj) are utilized for the 
optimization problems. Selection option uses Tournament 
selection function. The selection function chooses parents 
for the next generation based on their scaled values from 
the fitness functions. An ideal selection strategy should be 
such that it is able to adjust its selective pressure and 
population diversity so as to fine-tune GA search 
performance. Reproduction options determine how the 
genetic algorithm creates children at each new generation. 
In the toolbox Crossover fraction is used as a sub-option. 
This property specifies the fraction of the next generation 
that crossover produces. Mutation produces the remaining 
individuals in the next generation. Crossover fraction 
must be a fraction between 0 and 1. Mutation option has 
four different mutation functions such as Constraint 
dependent, Gaussian, Uniform and Adaptive feasible. If 
there are no constraints or bounds in the specified problem 
Gaussian can be selected, otherwise Adaptive feasible 
sub-option should be used. In the Crossover option, it 
should be specified the function that performs the 
crossover in the sub-option Crossover function. There 
exist following six different crossover functions in the 
toolbox:  Scattered, Single point, Two point, Intermediate, 
Heuristic and Arithmetic.  
 
4. Model Problems 

In this study, all the problems consider the design 
of stacking sequences of s)/( 21 θθ ±±  eight-layered 
carbon/epoxy symmetric and balanced laminated 
composites satisfying the conditions, low CTE on 
longitudinal and high elastic moduli on longitudinal  
and/or transverse directions. Design variables are the fiber 
orientation angles 1θ  and 2θ . In all model problems, the 
fiber volume fraction is taken as 0.50, thickness of each 
layer is m610.150 − .  Laminates are subjected to loading 
case 1 : (mechanical+thermal) kNFx 20= , kNFy 20= , 

kNFxy 0= , CT o150−=Δ , width=0.3 m or laoding case 2 : 
(mechanical+thermal+ hygral) kNFx 50= , kNFy 1= , 

kNFxy 0= , CT o150−=Δ , %2=CΔ , width = 0.1 m [1]. 
Temperature change  leads to thermal loads and moisture 
change leads to hygral load for the composites. Table 1 
shows the details of model problems in terms of  loading 
types and optimization formulations.  

In design process, the problems are firstly 
formulated as multi-objective optimization problems. An 
alternative single objective formulations including the 
nonlinear constraints are utilized for verification of the 
multi-objective approach. Multi-objective optimization 
problems (1a, 2a, 3a) aim to  minimize the CTE while 
maximizing the elastic moduli, simultaneously. In the 
single objective representation of the problems(1b, 2b, 

3b), CTE obtained from the multi-objective formulations, 
are used to define the nonlinear constraints of the single 
optimization. This study consists of three main parts: In 
the first part , simplified micromechanics expressions are 
used to predict the stiffness, thermal and moisture 
expansion coefficients of a lamina using constituent 
material properties. The classical lamination theory is 
utilized to determine the effective elastic modulus, the 
effective thermal and moisture expansion coefficients for 
composite laminates [4]. The effective elastic properties 
define the fitness functions have been used to obtain the 
optimum fiber orientation angles of each layer by a 
stochastic search technique called genetic algorithms. 
MATLAB Optimization Toolbox solvers ga and 
gamultiobj are used to obtain best design and Pareto-
optimal  designs[6] for six(1a, 1b, 2a, 2b, 3a, 3b) different 
model problems. In the last part, through the thickness 
stresses have been calculated for each layer of the 
optimized composites subjected to  the mechanical , 
thermal  and hygral loadings. 
 
5. Results and Discussion 

In this section, results of optimal design studies 
based on multi and single objective optimizations are 
presented for coefficient of thermal expansion and elastic 
moduli. In genetic algorithm optimization, selection of 
optimization parameters are very important since the 
change of the parameters affect the efficiency of the 
algorithm. Table 2 shows the genetic algorithm parameter 
selection of gamultiobj solver options for multi-objective 
approach used in the model problems. The set of 
solutions(Pareto-optimal) have been obtained as the 
maximum number of generations has reached to 51. Table 
3 shows Pareto-optimal designs and corresponding CMEs 
for multi-objective optimization of the model problems 
(1a and 3a). If the fiber orientation angles are selected as 

°0  for all lamina as expected the Young’s modulus in x 
direction is maximum ( xE =277.3 GPa). However, this 
design is not suitable for minimum coefficient of thermal 
expansion ( Cx

o/10.0.1 6−−=α ). Similarly, if all of the fiber 

orientation angles are selected as o32 , the CTE becomes 
minimum ( Cx

o/10.24.5 6−−=α ) but this is again not an 
appropriate design for Young’s modulus of the composite 
( xE =40.8 GPa)[14]. Regarding this fact, more reliable 
solutions, obtained after the optimization process, are 
given in Table 3 as designs 1-9. For practical engineering 
use, only one of  these solutions is to be chosen. For 
example, if one assumes the constraints as GPaEx 188≥  
and Cx

o/10.63.2 6−−≤α ,  design 5 is to be an appropriate 
solution and therefore the stacking  
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Table 1. Definition of the model problems in terms of 
loading, optimization algorithms, objective functions and 
constraints-bounds  
 

Problem 
 

Loading 
 

Optimization 
Type 

       Objective 
       Fuctions 

 
Constraints- 

Bounds 

 
1a 
 

%0
150

0

20
20

=
−=

=

=
=

C
CT

F

kNF
kNF

xy

y

x

Δ
Δ o

 

Multi 
Objective xxE α,  

oo

oo

90290

90190

≤≤−

≤≤−

θ

θ  

1b 

%0
150

0

20
20

=
−=

=

=
=

C
CT

F

kNF
kNF

xy

y

x

Δ
Δ o

 

Single 
Objective xE  

Cx
o

oo

oo

/610.63.2

90290

90190

−−≤

≤≤−

≤≤−

α

θ

θ
 

 
2a 

%0
150

0

20
20

=
−=

=

=
=

C
CT

F

kNF
kNF

xy

y

x

Δ
Δ o

 

Multi 
Objective 

xyExE α,,

 oo

oo

90290

90190

≤≤−

≤≤−

θ

θ  

2b 

%0
150

0

20
20

=
−=

=

=
=

C
CT

F

kNF
kNF

xy

y

x

Δ
Δ o

 

Single 
Objective xE  

GPayE
Cx

7.9
/610.31.2

90290

90190

≥

−−≤

≤≤−

≤≤−

o

oo

oo

α

θ

θ

 

3a 

%2
150

0

1
50

=
−=

=

=
=

C
CT

F

kNF
kNF

xy

y

x

Δ
Δ o

 

Multi 
Objective xxE α,  

oo

oo

90290

90190

≤≤−

≤≤−

θ

θ  

3b 

%2
150

0

1
50

=
−=

=

=
=

C
CT

F

kNF
kNF

xy

y

x

Δ
Δ o

 

Single 
Objective xE  

Cx
o

oo

oo

/610.21.3

90290

90190

−−≤

≤≤−

≤≤−

α

θ

θ
 

 
 
sequence becomes S]5.18/8.13[ m± . MATLAB   
Optimization Toolbox have produced 14 Pareto-optimal 
design for model problem 2a because of more than two 
objective functions. This Pareto optimal design is listed in 
Table 4. In model  problem 2a, design 8 is to be chosen 
with the constraint assumptions GPaEx 180≥ , GPaEy 5.9≥  

Cx
o/10.30.2 6−−≤α  and therefore, the corresponding 

stacking sequence for the 8 layered composite becomes 

S]5.25/7.5[ ±± .  
 
 
Table 2. Genetic algorithm parameters for multi objective 
approach used in the model problems (1a, 2a and 3a) 
 

Population Type Double vector 

Population size 40 

Initial range [-90 -90 ; 90 90] 

Selection function Tournament 

Crossover fraction 0.8 

Mutation function Adaptive feasible 

Crossover function Intermediate 
Ratio=1.0 

Migration direction Both 
Fraction=0.2, Interval=20 

Initial penalty 10 

Penalty factor 100 

Hybrid Function None 

 
Stopping criteria 
 
 

generation=100, 
Stall generation=50 
Function tolerance=10--6 

 
 

 
Table 3. Pareto-optimal designs for the model problems 
(1a and 3a) and the corresponding CMEs. 
 

 
Design xE  

(GPa) 
xα  

(10-6/OC) 
xβ  

(10-6/%M) 
1θ  

(o) 
2θ  

(o) 

1 115.9 -3.66 -58.8 25.9 -19 
2 127.6 -3.49 -54.1 24.6 -18 
3 152.7 -3.21 -46.1 20 -18 
4 169.4 -2.89 -37.3 14.9 -20.5 
5 188.0 -2.63 -29.9 13.8 -18.5 
6 194.2 -2.44 -24.7 20.6 -10.2 
7 206.9 -2.16 -17.0 4.7 -21.6 
8 222.1 -1.99 -12.2 19.5 -2.6 
9 239.9 -1.80 -6.8 8.1 -13.7 

 
 
Genetic algorithm parameters used in single objective 
optimization of the model problems (1b, 2b, 3b) are 
tabulated in Table 5. Evolutions of the fitness function (

xE ) value for those problems are illustrated in Fig.5. 
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Table 4. Pareto optimal designs of the model problem 2a 
and the corresponding CMEs. 
 

 
Design xE  

(GPa) 
yE  

(GPa) 
xα  

(10-6/OC) 
xβ  

(10-6/%M) 
1θ  

(o) 
2θ  

(o) 

1 149,5 9,1 -2,90 -36,3 13 26,5 
2 159,5 16,9 -1,90 -9,7 1,2 34,7 
3 159,8 13,0 -2,21 -18,3 6,5 31,2 
4 161,3 7,4 -3,00 -40,5 15,5 21,2 
5 170,2 8,4 -2,69 -31,8 11,6 23,7 
6 172,4 11,8 -2,20 -17,9 3,9 29,2 
7 181,9 8,0 -2,57 -28,4 10,9 22,1 
8 184,1 9,7 -2,31 -21,0 5,7 25,5 
9 190,2 7,2 -2,60 -29,2 13,7 18,3 

10 193,2 8,5 -2,34 -21,8 7,4 22,7 
11 202,6 9,0 -2,15 -16,5 1,2 23,3 
12 217,8 8,1 -2,04 -13,4 2,5 20,3 
13 234,0 7,6 -1,85 -8,1 2,1 17,4 
14 245,9 7,4 -1,67 -3,3 0,3 15,2 

 
 
Table 5 Genetic algorithm parameters for single objective 
approach used in model problems (1b, 2b and 3b) 
 

Population Type Double vector 

Population size 20 

Creation function Use constraint  
dependent 

Initial population [  ] 

Initial scores [  ] 

Initial range [-300;-100] 

Scalling function Top, Quantity=12 

Selection function Tournament 
Tournament size=7 

Elite count 2 

Crossover fraction 0.6 

Mutation function Use constraint  
dependent 

Crossover function Scattered 

Migration direction Both 
Fraction=0.2, Interval=20 

Initial penalty 10 

Penalty factor 100 

Hybrid Function None 

 
Stopping criteria 
 
 

Generation=100, 
Stall generation=50 
Function tolerance=10^-6 

 
(a) 

 
(b) 

 

 
(c) 

 

Fig.5. Evolution of fitness function value in each 
generation 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

225 
 

It is observed from the figure, this value 
converges only after 4 generations as a result of 
relatively small feasible solution space obtained from the 
multi-objective solutions. The single and multi-objective 
optimization results of the model problems are given in 
Table 6. It is seen that similar results have been obtained 
in both (multi and single objective) approach for xE , yE ,

xα  and xβ  with different stacking sequences. 
 

Table 6. Genetic Algorithm optimization results of the 
model problems for two optimization approaches 

Problem Optimization 
Type 

xE  

 (GPa) 
yE  

(GPa) 

   xα  
(10-6/OC) 

xβ  
(10-6/%M) 

Stacking 
Sequence 

 
1a 
 

 
Multi 

Objective 
 

188.0 7.3 -2.63 -29.9 
 

s)5.18/8.13( m±

 

1b 

 
Single 

Objective 
 

189.5 7.1 -2.63 -30.0 s2)1.16(±  

 
2a 

 
Multi 

Objective 
 

184.1 9.7 -2.31 -21.0 
 

s)5.25/7.5( ±±

 

2b 

 
Single 

Objective 
 

183.4 9.7 -2.31 -21.1 

 
 

s)6.25/8.5( ±m

 
 

3a 

 
Multi 

Objective 
 

152.7 7.2 -3.21 -46.1 s)18/20( m±  

3b 

 
Single 

Objective 
 

152.7 7.1 -3.22 -46.4 
 

s)7.18/3.19( mm

 

 

Investigation of stresses for optimized problems 
under combined loading give some additional information 
about composite design. This type of information provides 
production of safer structures [18].  The state of stress 
through the thickness of a composite plate can be 
determined by using the relation given in Eq. (19).  

      
( )⎪⎭

⎪
⎬
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⎪
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−−
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
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QQQ
QQQ
QQQ

xyxyxy

yyy

xxx

xy

y

x

ΔβΔαε
ΔβΔαε
ΔβΔαε

τ
σ
σ

2662616

262212

161211
 (19) 

For model problem 3a, the through the thickness 
normal and shear stresses distributions of the optimized 
(using multiobjective approach) composite plate under the 
mechanical, thermal and hygral loads are given in Fig. 6. 
It is observed that normal stresses xσ  and yσ  become  

 
(a) 

 
 
 

 
(b) 

 
 
 

 
(c) 

 
 
 

 
 
 

Fig.6. Stresses distribution of optimized composite plates 
under the thermal, hygral and mechanical loads  in model 

problem 3a 
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maximum in plies 3-6. Another observation is that the 
mechanical load is very effective compared to hygral and 
thermal loads for normal stress xσ . However, thermal 
load dominates for yσ . It would be so due to relatively 
low mechanical load in y direction ( kNFy 1= ). 
Considering the negative hygral stresses in plies 3-6, a 
question can be asked that, is it advantageous to absorb 
moisture? Unfortunately moisture degrades the strength of 
laminates [18]. Therefore, it is not really an advantage to 
use the stress relieving tendencies of moisture absorption. 
Unlike normal stresses, relatively more complicated 
through the thickness stress distribution have been 
obtained for shear stress xyτ . 
 
6. Conclusion 

In the present study, two different optimization 
approaches are proposed to design the carbon fiber 
reinforced epoxy laminated composites.  All of the model 
problems consider minimization of the CTE and 
maximization of elastic moduli simultaneously.  The 
resulting fiber orientation angels automatically minimize 
the CME and this provides some advantages for the 
materials used in satellite structures. Therefore, it is 
sufficient to minimize the CTE only and  not necessary to 
solve a new optimization problem in order to minimize 
the CME of the laminated composites. Simplified micro-
mechanical equations and classical lamination theory 
combined with MATLAB Symbolic Math Toolbox have 
been utilized in order to obtain objective functions and 
constraints in terms of design variables 1θ and 2θ for 
single and multi-objective optimization problems. The 
optimization solutions have been achieved after 6 and 51 
generations for single and multi-objective approaches, 
respectively. Both approaches give similar results with 
different stacking sequences. Regarding mechanical 
analysis, shear and normal stress distributions of  the 
optimized  composite plate(model problem 3a)  are 
presented and results show that mechanical loads 
dominate to thermal and hygral effects. 
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Abstract 
The special centrifugal regulator (SCR) is an epicycle 
mechanism. According to the mechanical connection between 
the crankshafts of engine the regulator which fixed to the end of 
the one of the crankshafts. The kinetic and potential energy of 
the SCR defined, consequently defined motion equation in 
accordance with the II type of Langranj’s equations in order to 
research the influence of spring rate to the internal vibration of 
the SCR. The equation of motion brought to the algebraical 
equations and solved by using the finite difference method. 
Researched the influence of spring rate to the internal vibration 
of the SCR and the dependence graphs has been plotted. 
 
Keywords: Special Centrifugal Regulator, Variable 
Compression engine, Finite Difference Method 
 
1. Introduction 
 
 The special centrifugal regulator which regulated the 
compression ratio of the variable compression engine [1] 
is a epicycle mechanism as demonstrated [2,3,4,5,6]. As 
the epicycle mechanism is consist of the sun gear, two 
satellites in which fixed eccentric weights, spring and two 
valve are mounted on the eccentric weights and the crown 
wheel. The SCR allows to be filled with liquid for 
damping oscillations. The mechanism that actuated by 
centrifugal force creates relative angle shift of shafts in 
accordance with depending on revolutions per minute 
(RPM).   
 The regulating of crankshafts provides engine with 
low compression degree in the low RPM and with high 
compression degree in the high RPM. Procedure is carried 
out by shifting between the angle of turn of the shafts. 
Regarding the influence of centrifugal force the satellites 
with the eccentric weights is actuated. Consequently the 
sun and crown wheels sections is actuated, too. It creates 
double effect. Also in presence of the damping liquid 
supports to canceling the the vibration and hence it helps 
for providing quiet regulating. Efficiency of regulating are 
increased by the relief valve. 
2. Problem Formulation 

 
 During starting of SCR the springs will be cause 
vibrations. It means that the vibration influences to the 
regulating procedure. That is why it is necessary to 
research the influence of the spring rate to the vibration.  
 The aim of this paper is to define the influence of the 
spring rate to internal vibration of the regulator in 
accordance with the depend on RPM. There are two 
motion freedom of the mechanism. Therefore the system 
of motion equation consists of two equations. In order to 
define the system of motion equation fistly must be 
defined the kinetic and potential energy of the system 
(adjuster). 
 
3. Definition Kinetic and Potential Energy 
 
The kinetic energy of the system is defined as follow 
(Figure 1.): 
 

  321 TTTTSYS ++=        (1) 
 

where, SYST - the kinetic energy, T1, T2, T3 the kinetic 
energy of the cog-wheels regarding the indexes: 
 

  
⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

=

=

=

∑
2
333

2

2

2
111

2
1

2
1

2
1

ω

ω

JT

vmT

JT

i
pp ii

       (2) 
 
where, J1, J3 - the inertia moments of the memebers 
regarding the indexes, ω1, ω3 the angular velocities of the 
cog-wheels regarding the indexes, mPi the weights of the 
elementary parts of the ekssentric fixed satellite, 
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Fig. 1: The kynematical scheme of the adjuster 

 

ipvr
- the velocity of the elementary parts of the ekssentric 

fixed satellite which is define as follow (Fig.1):  
 

22 OPOp ii
vvv rrr

+=
   (2.3) 
 

where, 2Ovr
- the velocity of the O2 point, (vO2=ωH (R1+R2), 

the ωH - is the angular velocity of the point O2, R1, R2 - the 
radiuses of the cog-wheels regarding the indexes; 

ii pOp Rv 22
ω=

; 2Opi
vv

-  the velocity of the elementary 
part in relation to the O2 point, ω2 - the angular velocity of 
the eccentric fixed satellite eccentric, RPi- the distance 
from arbor O2 to the elementary part Pi; if taken into 
account the (2), (3) and aforementioned in the formula (1) 
consequently the equation of kinetic energy could be 
written:
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where, M2 -is the weight of satellite, rc-the distance from 
the O2 point to center of gravity of the satellite eccentric, 
θ3- θ1=Δθ - the relative turning angle of the shafts, θ0

23- 
the angle between the line in relation to the vertical 
symmetrical axes which of the ekssentric fixed satellite 
and between center of gravity, θ1, θ3- absolute turning 
angles of the cog-wheels regarding the indexes, Js- the 
inertia moment of the satellite in relation to the O2 point. 

 

 
Fig. 2: The geometrical scheme of the adjuster. 

 
The potential energy of system is equal to the energy 

of the spring is defined as follow (Figure2.): 
 

( ) ( )

( )
( ) ( )

( )

( )
( )

( )
( )

( )

2

24

0
3.222113

214
131

2
sin

214
131

2
sin

24

0
3.222113cos

22128
214
131

2
2sin

2214
24

0
3.2221132cos2

24

02

1

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+−

+
+

−
−

⋅
+

−
−⋅

⋅
+−

⋅+−
+

−
−

++
+−

−⋅⋅=

R

RR

RR

R

RR

R

R

RR

RRR
RR

R

RR
R

RR
R

LksisV

θθθ

θθβ

θθβ

θθθ

θθβ

θθθ

       
(5) 

where, VSYS- the potential energy of the system, k-spring 
constant, L0- the initial length of the spring, β- the angle of 
setting of the spring.  

 
 
4. Differential Motion Equation of the Special 
Centrifugal Regulator 
 

The differential motion equation of the special 
centrifugal regulator could be written as follow if  the (4) 
and (5) expression be taken into account in the formula 
[7,8]  the Langranj’s equation  referring to [9,10]:  
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where, 1θ&& - is the double the  in relation to the time of 

angular velocity of the sun cog-wheel, 3θ&& - is the double 
the  in relation to the time of angular velocity of the crown 

cog-wheel, 1θ& , 3θ& - the derivative in relation to the time of 
angular velocity of the cog-wheels regarding the indexes, 
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where, 1Q  and 2Q  - the general external oscillatory 
forces applied in the engine, which in practically could 
affect to the mechanism, α1, α2, γ1,γ2, MK - the constants 
which characterize force, t- is time. 

The folloing formula could be written from the 
system of equation (3.1): 

 
5. Solving of Differential Motion Equation 
 

The system of equation can be written as follow if is 
substituted the derivatives for the finite differences as 
demonstrated [11]:  
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The system of equation Eq. (7) could be solved by 

using the apporiate program if the system of equation Eq. 
(6) is show as algebraical equation. So, in accornace with 
Cauchy problem by given initial values to the absolute 
turning angles (θ1 and θ3), the relative turning angle (Δθ) 

and the absolute spring rate and obtained satisfactory 
result. 
 
6. The Influence of the Spring Rate on Vibrations 
 

After solving the motion equation is researched the 
influence of the spring rate on vibration of the SCR. 
Several springs are chosen with various of their rates for 
researching the influence of the spring rate on vibration. 
Three cases have been considered. spring rates are 
accepted: 1) k1=k; 2) k2=1.5k; 3) k3=2/3k;  the other value 
of the parameters of the regulator is taken as: R1=a; 
R2=1.2a; M2=b; M1=3.3b; M3=6.6b; β=54o are remained 
constant, and as the initial value of absolute turning angles 

(θ1, θ3) are given 
0

01 =θ
, 

5.0
11 −=θ

,  
0

03 =θ
; 

1.0
13 −=θ

.  other parameters’ values are remained 
constant. As a result is plotted the dependence graphs. The 
dependence graphs of the absolute turning angles (θ1 and 
θ3), the relative turning angle (Δθ) and the absolute spring 
rate relative turning angle (Δθ) and the absolute spring 
rate will be as follow: 
 

 
Fig. 3: The dependence on time of the absolute and 

relative angles  
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Fig. 4: The dependence on time of the absolute spring rate 

 
7. Conclusion 

 
The finite difference method used in this article for 

solving the differential motion equation of the system. 
The appropriate graphs has been built which characterize 
the dynamics of system. It seems that from the Fig. 3 and 
Fig. 4 that the fluctuation is harmonical damping 
oscilation. It is possible to built other graphs by given 
different initial values to the absolute turning angles (θ1 
and θ3). The damping appliying is necessary if the 
amplitude of oscilation is out margine. It has been taken 
into account on construction. The oscillation damping is 
performed by the damping liquid or by the applying the 
opposite spring. 
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Abstract 
Modern wind turbines increase in size, megawatt capacities and 
their power production to overcome their financial 
disadvantage. This leads a necessity of more reliable power 
plants and much effort to enhance the reliability of the wind 
turbines. That’s where Fault Detection and Isolation (FDI) 
systems become important. The aim of this study is to create a 
system that detects sensor faults in a redundant speed sensor 
system which is used on wind turbine with doubly-fed induction 
generator (DFIG). Fault detection and isolation simulations 
were performed via Simulink for a linear model of a 2MW wind 
turbine. Two kinds of faults are considered, fixed value (bias 
type) and gain factor faults. These faults are assumed to affect 
the redundant sensor system which measures the angular speed 
of the generator shaft. The generated residuals were controlled 
using a statistical approach. A chi-square hypothesis test was 
performed to achieve the fault detection, and angle comparison 
was taken into account for isolation. The designed system 
achieves fault detection and isolation with a prespecified false 
alarm probability. 
 
Keywords: Fault Detection and Isolation (FDI), Wind 
Turbine with DFIG, Hardware Redundancy. 
 
 
1. Introduction 
 
 In our world today, the topic of energy becomes more 
and more critical. Renewable energy resources and their 
sustainability gain serious importance in the last two 
decades, because of decreasing production the fossil 
energy. Energy acquired from fossil fuels, that is 
approximately amounting to an 86% share for primary 
energy production in the world in 2006, mainly from oil, 
is expected to be expended, almost totally, in the next five 
or six decades. Therefore, renewable energies, such as 
wind energy, have a major role in the future energy 
market. 
 A wind turbine converts wind energy to electrical 
energy. Although world’s power production is more and 

more contributed by wind energy every day, it cannot 
compete with traditional energies due to the fact that it is 
more expensive than others. To overcome this, size of 
modern wind turbines increases, the megawatt capacities 
of turbines and their power production keep improving. 
All these conclude as raise in construction expense, and 
necessity of more reliable power plants. Considering the 
economy of their installation and maintenance, wind 
turbines should be able to continue working as much time 
as possible. However the main element of a turbine, that is 
wind, performs as a source of stress and causes failures on 
some components of wind turbines. Consequently, much 
effort is needed to enhance the reliability of the wind 
turbines. That’s where Fault Detection and Isolation (FDI) 
systems become important. Basically FDI can be 
described as a system for identifying the occurrence a 
fault which causes of changes in the system structure or 
parameters leading lowered system performance or loss of 
function, and also for pinpointing the type of fault and its 
location. 
 In the literature, there are some works on fault 
detection and isolation on wind turbines. One of these 
studies which are worth to mention belongs to Wei et al. 
[1]. Wei and his colleagues presented their work about 
blade root moment sensor fault detection and isolation by 
investigating residual which are generated by Kalman 
filter. Meanwhile, an unknown input observer based 
scheme for detecting faults in a wind turbine converter is 
proposed in [2]. Odgaard and Stoustrup tried to estimate 
the faults in the converter and isolate them either to be an 
actuator fault or a sensor fault.  Furthermore, two 
feasible fault detection and identification algorithms that 
are based on the Kalman filter are presented by [3] where 
pitch-to-vane controlled horizontal axis wind turbines are 
taken into consideration to examine the usability of time-
domain model based FDI. From a sensor fault detection 
point of view, two more studies are worth to mention here. 
Rothenhagen and Fuchs [4] presented a work on advanced 



 

Proceed

 

 

sensor fault detection of wind power p
fed induction generators (DFIG). M
detection on current sensor of DFIG w
[5]. 
 The aim of this study is to create a 
sensor faults in a redundant speed sens
used on wind turbine with doubly-fed i
(DFIG). This paper is organized as fo
part, linear modeling of wind turbine i
in the second part sensor fault detectio
presented. In part 3, simulations results 
finally, this paper ends with a conclusio
 
2. Wind Turbine Modeling 
 
 In this study, a linear model of a 2
which was presented by [6] is used. 
considered wind turbine was as variab
pitch wind turbine with doubly-fed in
The working principle of a wind turb
wind moves the blades of turbine ther
rotor shaft which is connected to the 
gear box between two shafts is used to
ratio. 
 The general model consists of sub
model, aerodynamic model, drive tr
subsystem was described using a state-s
This study mainly focuses on mechani
turbines, which is described in next sect
 In this report, details on modeling
and its subsystems will not be introd
refer to [6] for more information. 
 
2.1. Mechanical Model 
 
 Wind turbines transform the avail
wind into mechanical power. The wind 
the wind turbine rotor. This torque 
electrical unit via a mechanical system
train. The drive train dynamics of a w
of rotor, gearbox and generator dynamic
 The rotor and gearbox are connec
speed shaft. On the other hand, a 
connects the gearbox and the genera
two-mass model is used in simulations
instead of three-mass model which is
representation of complete dynamics. 
 The reasons of selecting a two-m
simplification of the model and the rela
of the gearbox compared to the wind tu
generator inertia. So, in a two-mass mo
considered as lossless. A scheme of t
given in figure 1. 
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Fig. 1: Two-mass Drive Tra
 

As can be seen in the
into account as lossless. Th
two-mass model are presente
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In equation 1, 2 and 3, 
the torque, J represents th
coefficients of damping 
Additionally, sub-indeces t, 
and generator. Also, ngb rep
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model in terms of states 
equations 4 and 5.  
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e mechanical equations of the 
ed in equation 1 and 2, 
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The character tilde on the variables means that these 

equations are written around a given operation point. It 
should be noted that the used simulator contains all 
systems and sub-systems of a wind turbine. What is done 
in this study is, taking the measurement of angular speed 
of the generator with a redundant sensor system, and 
trying to detect sensor faults by tracking the residuals via 
a statistical approach, explained in the next section. 
 
3. Sensor Fault Detection and Isolation 
  
 As mentioned in the introduction, the reliability of 
wind turbines gains importance increasingly day-by-day 
due to the fact that they should keep running as much as 
possible to overcome the economical drawbacks. To 
ensure this, one possible way is to get help from advanced 
methods, i.e. fault detection and isolation (FDI) systems. 
Basically, there exists some FDI system embedded in 
industrial wind turbines. However they are often 
conservative and do not exploit systematically the 
correlation between the different measurements. The 
concern of this study is to create advance systems for 
detection of sensor faults in redundant measurement 
system. 
 
3.1. Generation of Residuals 
 

Consider the measurement equation as follows, 
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where ξi(k) are normally distributed random sequences 
and they are independent from each other. They have zero 
mean and covariance R; Ξ(k) ~ N(0,R). Moreover, fi(k) are 
corresponding fault values and x(k) represents the 
measured state. Equation 6 can be written in matrix form 
as, 
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In order to eliminate the state variable, equation 7 
can be multiplied on the left by a row vector vT such that; 
 

vT[1;1;1]T=0 (8) 
 

In our particular case, the left null space of As has 
dimension 2. Hence, one can introduce a matrix V made of 
two independent vectors vi that span this left null space 
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If both sides are multiplied by matrix V, equation 6 
becomes, 
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Let us defined τ(k) as, 
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This variable is called residual, and it indicates the 

inconsistency exhibited in the signals yi(k), i=1, 2, 3. In 
summary, residual is generation described by, 
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In the no–fault case, where F=0 in equation 7, the 

residual becomes, 
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in this case the expected value of the residuals is equal to, 
 

E [τ(k) τT(k)] = E [V Ξ(k) ΞT(k) VT] 
= V R VT 

(13) 

 
where R is the covariance vector of Ξ(k). In here one more 
parameter, Γ, can be introduced as, 
 

E [τ(k) τT(k)] = V R VT = ΓT Γ (14) 
 

If one transforms the residuals, the normalized 
residuals are equal to, 
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(15) 

 
Again in the non-faulty case the expected value of 
)(~ kτ  is equal to, 

 
E [ )(~)(~ kk Tττ ] = Γ-T E [τ(k) τT(k)] Γ-1 (16) 

 
Inserting equation 14 into equation 16, the expected 

value of )(~ kτ  in the non-faulty case becomes, 
 

E [ [ ] I)(~)(~E =kk Tττ ] = I (17) 
 

 
Fig. 2: The residual portrait in non-faulty case 

 

where I is the identity matrix of proper size. As a result 
the plot of the residuals in non-faulty case would be as in 
figure 2. It can be easily seen that the realizations of the 
residual samples lie within in a disc. 

Now consider that there is a fault in one of the sensors. 
The residual equation becomes, 
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Letting V●1, V●2 and V●3 denote the three columns of 

matrix V, the residual equation can be written as follows 
when F is non-zero 
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Thus if only the ith sensor has a fault, the residuals are 

located in the direction vector V●i, instead of locating in 
the center (Fig. 3). 
 

 
Fig. 3: The residual portrait in faulty case 

 
3.2. Detection 
 

In order to detect faults in the redundant sensor 
system, a statistical approach is used. Consider that 
initially a test of hypotheses is introduced as 
 

H0: E[ )(~ kτ ]=0 



 

Proceed

 

 

H1: E[ )(~ kτ ]≠0 
 

Acceptance of the hypothesis depend
degree chi-square test as 
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The chi-square test is based on 
giving the threshold h corresponding 
probability α as 
 

αγ −=≤ 1)Pr( h  
 

In order to detect faults, the 2χ  ran
compared to h. If γ is equal or smaller t
results of a acceptance of H0, contrary t
than h, this results in the acceptance o
noted that these evaluation include
probability, that is α. 
 
3.3. Isolation 
 

As mentioned in previous sections, 

fault in the system and the 2χ  test lead
the residual vector is located in 
corresponding vector V●i, i=1, 2, 3 up 
due to the noise. By checking the angl
vector and the column vectors of vect
the fault can be indicated. 
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where ii VVRV •

−= 2/1)(μ .

  Mainly if the angle ϑ  between th
residual and μi is minimal, one decid
likely fault is affecting the sensor i. 
 
4. Simulations 
 

Simulations were performed by us
Simulink model of FDI system is shown
implementation of the FDI system
parameters that are used as follows; the
wind is taken as 16 m/s, the turbulence
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Fig. 6: Sensor measurements with fixed fault in sensor 

two between 200-300 sec 
 

 
Fig. 7: Angle between residual and corresponding μi  

 

 
Fig. 8: Sensor measurements with gain type fault in sensor 

one between 350-500 sec 
 

As can be seen from the figures, the angle between the 
residual and the corresponding μi is minimum in 
comparison with the others during the fault occurrence. In 
figure 7, throughout the fault duration, the angle   of the 
second sensor remains smallest. Besides this, in absence 
of fault, there is no clear difference observed between the 
angles. Similarly, in figure 9, except during the fault 
occurrence, there is no obvious difference between the 
angles. Thus, it can be indicated that the FDI system 
successively achieve to detect and isolate the given faults. 
 

 
Fig. 9: Angle between residual and corresponding μi  

 
5. Conclusions 
 
 The major purpose of this study is to create a system 
that detects sensor faults in a redundant sensor system on 
a wind turbine with doubly-fed induction generator 
(DFIG). In this manner, using previously completed wind 
turbine model, a statistical approach based FDI system 
was introduced. The mechanical system of wind turbine 
with DFIG was taken into consideration for simulations 
performed in Simulink. In a redundant sensor system with 
three sensors that are measuring the speed of the generator 
shaft, two kinds of faults were created, i.e. fixed type (bias 
like) and gain type faults. In the simulations, the generated 
residuals were controlled using a statistical approach. A 
chi-square hypothesis test was performed to achieve the 
fault detection, and angle comparison was taken into 
account for isolation. The designed system achieves fault 
detection and isolation with a prespecified false alarm 
probability. The latter can be decreased by considering 
residual samples over a finite time window, but the 
resulting detection delay will increase. Combining this 
FDI system with a software sensor is a possible extension 
of this work.  
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Abstract 
Industrial robots are part of production systems and it is 
important to place them into the system according to their 
properties - behaviour and requirements. The information, 
obtained from the technical sheets of robots, about workspace 
(its dimensions and shape) is insufficient for designing the 
production system. The information about dexterity is missing. 
To represent the behaviour of the robot in the workspace, 
velocity anisotropy of the robot is introduced and defined as the 
normalised length of the shortest velocity ellipsoid axes which 
can be constructed in the tool centre point for any position of 
robot. A graphical representation of the 3D workspace with 
included velocity anisotropy is then performed and an example 
for a design of a robotised welding production system is given. 
In this example the benefits of the graphical representation of 
the workspace with included velocity anisotropy are presented 
and discussed.  
 
Keywords: robot, workspace, velocity anisotropy 
 
 
1. Introduction 
 

Robots are used in variety of industrial applications. 
The use of robots is dictated from the market requirements 
and the competitiveness between producers in different 
branches. The majority of industrial robots are used in the 
motor vehicles industry, followed by the production of 
automotive parts, [1]. And most of them are used for 
welding operations. The introduction of robotised welding 
systems is important particularly when the technological 
and quality requirements on the product are higher than it 
can be done with conventional or manual welding 
methods. The robotisation of production systems is not 
important just for the humanisation of the working process 
but also for increasing the quality and the continuity of 
products in particular welding and the decreasing of 
production costs. The welding robot is almost an 

indispensable part of the production chain where 
pretentious structures are welded. This is possible because 
of the wide selection of industrial robots in the world’s 
market. Especially for welding operations new robotic 
structures, welding equipment and peripherical devices 
are designed. The peripherical devices increase the 
applicability of welding robots for different welding 
technologies. But only the use of high quality robots and 
equipment cannot guarantee top-level quality of the 
products if the technological set-up of the robotised 
technological system is not optimal. The proper design of 
robotised technological systems is therefore very 
important for high quality realization of the technological 
processes and because of this, high quality products [2].  

In the literature we can find some contributions 
where authors try to show the manipulability distribution 
in the workspace of the robot. Zacharias, Borst and 
Hirzinger [3] show the use of capability maps. Using this 
map, a manipulator is able to deduce places that are easy 
to reach. Ottaviano, Ceccarelli and Husty [4] use 
mathematical analysis to characterize workspace 
topologies of 3R manipulators. Industrial 3R manipulators 
are classified as functions of workspace kinematic 
properties. The manipulability is a very often discussed 
property of manipulators. In the literature we can find a 
lot of interesting papers which deal with this problem, so 
Lee [5-6] introduces in his work polytopes instead of 
velocity ellipsoids. The ellipsoid always inscribed into the 
polytope, and Doty [7] demonstrates some fundamental 
problems with dexterity measures. A new algorithm for 
measuring and optimizing the manipulability index is 
shown in [8]. 

The aim of the present paper is to show the 
development and the 3D representation of the velocity 
anisotropy of the industrial robot in the workspace. The 
anisotropy measure is defined with the so-called 
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“Condition number” which is the quotient between the 
length of the shortest and the longest velocity ellipsoid 
axes for the defined point in the workspace. 

The development is shown on the example of a real 
industrial robot which is specially designed for spot and 
MAG (Metal Arc Gas) welding applications. The graphic 
representation of the 3D workspace with included velocity 
anisotropy field is generated with an auxiliary software 
package on the basis of Autocad Mechanical Desktop [9]. 
The graphical presentation enables the visualization of the 
velocity anisotropy in a three dimensional space and it is 
specially designed for the use with production system 
design software. The presented approach can be also used 
for creating 3D maps for families of industrial robots 
which differ in dimensions or even in the structure. These 
maps can be integrated into CAD programs for designing 
robotised production systems and for off-line 
programming purposes of industrial robots and 
simulations. 
 
2. Trajectories in the workspace 
 

The TCP trajectories of industrial robots can be 
divided into two main groups: 

 
Fig. 1: Trajectories for simple manipulation /  

technologically conditioned trajectories  
(PTP – point to point, CP continuous path) 

 
In this work we are interested in technologically 

conditioned trajectories, where not just the correct passing 
through is important, but also the velocity profile on it, 
Fig. 1. 

The parameter for determining the velocity 
anisotropy in each point in the robot’s workspace depends 
on the momentary robot’s position in the space. To 
overcame the difficulties which result from the description 
of the position and the orientation of the TCP [10-12] and 
because the transmission of kinematic and kinetic 
quantities from the actuators to the TCP depends in 
general on the first three “positional” degrees of freedom, 
the wrist degrees of freedom which are responsible for the 
orientation of the TCP are not taken into consideration. 

 
 
 
 
 
 

3. Manipulability of the mechanism 
 

 
 

Fig. 2 : Manipulability and the velocity ellipsoid 
 

In all positions in the workspace the robot has not 
got equal dexterity. The transmission of motions, from 
each actuator to the TCP, will not guarantee equal 
velocities of the TCP in all points in the space, Fig. 2. The 
TCP point on the robot is identical with the point in the 
workspace. For each point in the workspace we can find a 
position of the robot mechanism and to this position the 
corresponding manipulability. 

The velocities which the robot’s TCP can produce in 
an arbitrary point of the workspace are different not just 
from point to point in the workspace, but also differ in 
different directions in a point. So the velocity is 
anisotropic in robot’s workspace. This can be clear 
represented with a velocity ellipsoid [10-11]. The velocity 
ellipsoid in the workspace of the robot can be constructed 
in the TCP as the result of transformation of velocity 
hyper-sphere from configuration space into an ellipsoid in 
the task space, Fig.3. 
 

 
 
 

 
 

Fig. 3: Hyper-sphere / Velocity ellipsoid 
 

The lengths of the axes of the ellipsoid are 
proportional to the singular values of  J. Singular values of 
the Jacobian matrix are calculated for each robot position 
numerically. Singular values of matrix J, if the matrix is 
regular, corresponds with the eigenvalues of the matrix 
[10-11] with 
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ii λσ =  , mi ,...,2,1= . (1) 
 

The number of non-zero singular values σi  of the 
matrix defines the range of the Jacobian matrix. If just one 
singular value is zero, the Jacobian matrix is singular and 
the mechanism is in a singular position. The product of 
singular values defines the volume of the velocity 
ellipsoid and through this the manipulability index of the 
serial mechanism. 
 

mM σσσ ...21=  .   (2) 
 

The relation between the minimal and the maximal 
singular value is the “condition number”  

 

max

min

σ
σ

=K

   (3)
 

 
it is a normalized quantity which defines the roundness of 
the velocity ellipsoid. The ellipsoid is close to a sphere 
when K is near to 1 and flat, when K is near to zero. If 
K=0, the Jacobian matrix is singular, and if K=1 it is far 
from a singular position, the mechanism is in a velocity 
isotropic position. 
 
4. Industrial robot IR 
 

For calculation of the condition number we need the 
robot’s kinematic structure and its geometrical data. From 
the structure and the geometrical data the Jacobian matrix 
can be calculated in symbolic form. The eigenvalues are 
then calculated numerically. If the matrix is regular, the 
eigenvalues represent the lengths of all three axes of the 
velocity ellipsoid and therefore our parameter of velocity 
anisotropy is given according to (3).  
 
5. Example of the OTC AX-V4 IR 
 

The robot AX-V4 is one from the new generation of 
OTC [13] robots specially designed for MAG arc welding 
purposes. The speciality of this robot structure is a hollow 
arm, which is used to carry through the required 
installations and so enables better flexibility for welding 
because no wires and pipes are installed outside the robot 
structure. The payload of the robot is 4 kg and in fig.4 two 
layouts of the workspace are given. Both are from the data 
sheets of the robot. 

With the introduced procedure for developing the 
workspace with included parameter of velocity anisotropy 
we get fig.5, where isometric projection of the workspace 
is given. Additional to this isometric projection two cross 

sections in the x-y and x-z direction through the robots 
base coordinate origin are shown in fig.6 and fig.7. 

 

 
 

Fig. 4: Layouts of the workspace 
 

 
 

Fig. 5.  Isometric projection of the workspace 
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Fig. 6.  X-Y cross section of the workspace 
 

 
 

Fig. 7.  X-Z cross section of the workspace 
 
6. Disscusion and conclusions 
 

The graphical presentation of velocity anisotropy 
in fig. 5-7 is very useful for designing robotic systems for 
welding operations. Two shown layouts (fig. 6 and fig. 7) 
can be perfectly used for embedding the welded part into 
the workspace when the welds are positioned on the edges 
of the part. In fig. 8a the welded part is set into the 

workspace perpendicularly to the robot. The robot can 
move parallel to the part. The area of high manipulability 
is too small according to the dimensions of the part and 
the robot cannot completely cover it with sufficiently high 
manipulability. If we rotate the robot’s axes for 90°, fig. 
8b, so that the robot is parallel to the welded part, then the 
workspace area of higher manipulability covers the 
welded part much better and we can expect better quality 
of welding on it. 

 

 
 

a 
 

 
 

b 
 

Fig. 8.  Production system for arc spot and MAG welding 
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In the preset paper a procedure for analyzing and 3D 
representation of robot’s workspace is given. Additionally 
a parameter for velocity anisotropy in each point of the 
workspace is introduced. The velocity anisotropy is 
defined with the condition number.  

To show the benefits of the presented procedure a 
realized robotised production system for MAG welding is 
presented in fig. 8a and b. In given figures it is clearly 
shown that the correct positioning of the work part can 
guarantee better covering of all welding operations on the 
part (fig. 8b). The benefit of the introduced graphical 
representation of the anisotropy is the recognition of 
difficulties with welding in the edges of the part during 
the design of the robotic system. The position of the robot 
could be displaced before the production system is 
finished and put into work. 

From the designer’s point of view the visualization 
of the velocity anisotropy is an important and useful tool, 
because it gives the possibility of over-viewing the robot’s 
behaviour in the production system in the phase of 
designing and virtual simulations before the system is 
really produced. 

The introduced tool helps the designer of production 
systems with additional data, which are not available from 
the producer’s data sheets. With the given tool it becomes 
possible to avoid difficulties which appear when the robot 
is not properly positioned into the production system. 

Today it is impossible to think about design without 
software tools which do not support 3D representation. 
The presentation of the velocity anisotropy of the robot’s 
workspace is in 3D with the possibility of making 
arbitrary cross sections through it to get better insight into 
the behaviour of the velocity anisotropy inside the 
workspace. 
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Abstract 
 
 In this paper mechanical design, and kinematic solution of a 
3-PUU translational parallel manipulator (TPM) with its 
position control, is presented. A SolidWorks based design and 
simulation is used for further analysis and a MATLAB based 
iterative algorithm for the forward and inverse kinematics 
solutions is developed. The inverse kinematic solutions of limbs, 
which are activated through screw rails driven by encodered DC 
motors, are then used to control the end effector position. 
 After the general mechanical design of the manipulator all 
parts are drawn and modelled in SolidWorks, and a simulation 
of the motion in three dimensional space is made.  For the 
kinematic analysis relevant equations are derived from the 
geometrical vector relations, which are then solved with 
MATLAB iteration. The calculated results of kinematic solutions 
by using MATLAB iteration are then compared with the 
SolidWorks simulation model. 
 Finally the accuracy of position control is tested with the 
calculated values and very satisfactory results are obtained. 
 
Keywords: kinematics, manipulator, workspace, control, 
simulation  
 
1. Introduction 
 
 In recent years parallel mechanical manipulators have 
become very popular in various industrial applications. 
Their main advantages can be expressed as high accuracy, 
velocity, stiffness, and load carrying capability. Compared 
with their serial counterparts, parallel manipulators suffer 
a main disadvantage of relatively small workspace [15]. 
 Parallel manipulators with less than six DOF, which 
maintain the inherent advantages of parallel mechanisms 
[16] and possess several other advantages such as 
reduction of the total cost of the device in manufactures 
and operations, are attracting attentions of various 
researchers. 
 A parallel manipulator typically consists of a moving 
platform that is connected to a fixed base by several 

kinematic chains in parallel [5]. Rather exhaustive and 
versatile applications of parallel robots are described in 
[14, 4]. Many 3-DOF parallel manipulators have been 
designed and investigated for relevant applications, such 
as the famous DELTA robot with three translational DOF 
[2, 3] whose concept then has been realized in many 
different configurations [11, 15].  
 Y-Star like and Orthoglide parallel robots with pure 
translational motions [1, 8], spherical 3-DOF manipulators 
with pure rotational DOF [6,7,10,11,13] and 3-RPS and 3-
PRS parallel mechanisms with combined translational and 
rotary motions [9, 12] etc. 
 Among them, translational parallel manipulators 
(TPMs) have potential wide applications (as seen in Fig.1 
and Fig.2), where a pure translational motion is needed in 
cases of a motion simulator, a positioning tool of an 
assembly line and others.  
 

 
Fig. 1: Tripod manipulator       
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Fig. 2: Application in food industry 

 
  2. General Description of   TPM 
 
 A parallel manipulator is a closed-loop kinematic 
chain mechanism whose end effector is linked to the base 
by several independent kinematic chains a parallel 
manipulator, also called a parallel robot, consists of a 
fixed "base" platform, connected to an end effector 
platform by means of a number of "limbs". These limbs 
(legs) often consist of an actuated prismatic joint, 
connected to the platforms through passive (i.e. not 
actuated) spherical and/or universal joints. The actuators 
for the prismatic joints can be placed in the motionless 
base platform, so that their mass does not have to be 
moved, which makes the construction lighter. Parallel 
manipulators have generally high structural stiffness, 
since the end effectors are supported in several places at 
the same time.  All these features result in manipulators 
with a wide range of motion capability 
 The schematic diagram of TPM is represented in 
Figure 3. It consists of a moving platform, a fixed base, 
and three limbs of identical kinematic structure. Each limb 
connects the fixed base to the moving platform by a 
prismatic (P) joint followed by two universal (U) joints in 
sequence, where the P joint is driven by a linear 
actuator.(In our designed model they are screwed rails) 

Fig. 3: Schematic of a general 3-PUU TPM 

 Since each U joint consists of two intersecting 
revolute joints, each limb is kinematically equivalent to a 
PRRRR chain. It is shown that in order to keep the 
moving platform from changing its orientation, it is 
sufficient for the four revolute joint axes within the same 
limb to satisfy some certain geometric conditions [3, 20]. 
That is, the first revolute joint axis is parallel to the last 
revolute joint axis; the two intermediate joint axes are 
parallel to one another. Since the geometric conditions 
stated above do not require the U joint axes to intersect at 
a point, any 3-PRRRR parallel manipulator whose 
revolute joint axes satisfy the above conditions will result 
in a manipulator with a pure translational motion. 
  

 
Fig. 4: Schematic of limb angles 

 
 Some parts of the manipulator, which are designed in 
SolidWorks are shown in Fig.5. These drawings are then 
used to evaluate the general assembling and motion 
simulation of the manipulator. 
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Fig. 5: SolidWorks design of parts 
 
 For the purpose of analysis, as represented in Fig. 3 
and Figure 4,  a fixed Cartesian coordinate system O{x, y, 
z} is assigned at the centered point O of the fixed base 
platform A1, A2, A3 and a moving Cartesian frame P{u, v, 
w} at the centered point P of triangle B1, B2 and B3  on  
the moving platform. 
 During the motion the moving platform keep its 
parallelism to base platform. In Fig. 4 one of the 
kinematic chains of TPM is shown. 
 The one ends of screwed rails are connected to the 
fixed platform with a lay out angle of 60 degrees and 
intersect the x–y plane at points A1, A2, and A3 .The 
intersected ends are fixed with each other at the point M. 
The three limbs CiBi (i = 1, 2, 3) with the length of l 
intersect the u–v plane at points B1, B2 and B3. 
Angle γi is measured from the z-axis to limb vector CiBi, 
and angle αi is measured from the limb projection on base 
frame with OAi vector.  

 The sizes of Fixed and moving platforms in form of 
equilateral triangles and following measured datas are 
given as main construction parameters below; 

 
Table 1: Rail and Screw sizes 

Table 1 Rail and Screw Sizes 

The length of rail l = 600 mm 

The length of screw ls= 490 mm 

Screw diameter D = 50 mm 

Pitch of screw p =   6 mm 

Speed of screw n = 740 rpm 

 
3. Vector Analysis  
 
 An analytic method referring to Figure 3, by using a 
vector-loop equation can be applied to solve the nonlinear 
kinematic relations. For this purpose the vectorial 
relations according to the predefined coordinate frames 
are used. The position vectors of points Ai and Bi with 
respect to frames O and P can be written as below: 
  
For the i-th limb following vector - loop equations: 
 
OP=OAi+AiCi+CiBi+BiP         (1) 
 
So as first vector equation, OP=OA1+A1C1+C1B1+B1P and 
followings can be written from the geometry of Fig. 3: 
 
OA1= +331.6•cos(30)i - 331.6•sin(30)j 
A1C1= -l1•cos(60) •cos(30)i + l1•cos(60)•sin(30)j 
           -l1•sin(60)k 
C1B1= -620•sin(γ1) •cos(30+α1)i +620•sin(γ1) •sin(30+α1)j     
          -620•cos(γ1)k 
B1P = -83.2•cos(30)i + 83.2•sin(30)j  
OP = +x·i + y·j + z·k 
 
where i, j and k represents the relevant unit vectors in 
directions x, y and z. The limb rates are expressed as l1, l2 
and l3 and relevant angles αi and γi are shown in Fig.5 
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i  331.6•cos(30) - l1•cos(60) •cos(30) -    
      620•sin(γ1) •cos(30+α1) - 83.2•cos(30) - x = 0 
 
j  -331.6•sin(30) + l1•cos(60)•sin(30) 
     +620•sin(γ1)•sin(30+α1) + 83.2•sin(30) - y = 0 
 
k   -l1•sin(60) - 620•cos(γ1) - z = 0 
 
As second vector equation OP=OA2+A2C2+C2B2+B2P and 
following statements: 
 
OA2= + 331.6j 
A2C2= - l2•cos(60)j - l2•sin(60)k 
C2B2= -620•sin(γ2) •cos(α2)i - 620•sin(γ2) •sin(α2)j  
           - 620•cos(γ2)k 
B2P = - 83.2j  
OP = +x·i + y·j + z·k 
 
i  -620•sin(γ2) •cos(α2) - x = 0 
 
j  -331.6 + l2•cos(60) + 620•sin(γ2)•sin(α2) + 83.2+y =0 
 
k   -l2•sin(60) - 620•cos(γ2) - z = 0 
 
As last vector equation OP=OA3+A3C3+C3B3+B3P   and 
following statements: 
 
OA3= -331.6•cos(30)i - 331.6•sin(30)j 
A3C3= +l3•cos(60) •cos(30)i + l3•cos(60)•sin(30)j 
           -l3•sin(60)k 
C3B3= +620•sin(γ3) •cos(30+α3)i+620•sin(γ3) •sin(30+α3)j  
          - 620•cos(γ3)k 
B3P = +83.2•cos(30)i + 83.2•sin(30)j  
OP = +x·i + y·j + z·k 
 
where i, j and k represents the relevant unit vectors in 
directions x, y and z. 
 
i  331.6•cos(30) – l3•cos(60) •cos(30) -    
      620•sin(γ3) •cos(30+α3) - 83.2•cos(30) + x = 0 
 
j  -331.6•sin(30) + l3•cos(60)•sin(30) 
     +620•sin(γ3)•sin(30+α3) + 83.2•sin(30) - y = 0 
 
k   -l3•sin(60) - 620•cos(γ3) - z = 0 
 
 Solving the 9 final nonlinear equations above with 
iteration in MATLAB, the 9 unknown parameters can be 
investigated. 
 
 

4. Kinematic Analysis  
 
 The schematic and assembled view of the manipulator 
is given in Fig.3. A MATLAB iterative method is used to 
obtain both the forward and inverse the kinematic 
solutions.  
 
4.1. Inverse Kinematics Solution 
 
 Using the non-linear MATLAB Solution Method, 
limb motion rates (l1, l2 and l3) can be calculated from 
given the location (center point coordinates x, y, z) of 
moving platform as given in the following MATLAB 
(inverse.m) file: 
 
function var=bul(X,Y,Z) 
var0=[0,0,0,0,0,0,0,0,0]; %Initial values 
var=fsolve(@(var0) myfun(var0, X,Y,Z),var0).';  
for i=4:9 
var(i)=rad2deg(var(i)); %Convert angles radian to degree 
end 
 
function F=myfun(var, X,Y,Z) 
l1=var(1);  %Length_1  
l2=var(2);  %Length_2 
l3=var(3);  %Length_3 
g1=var(4); %Gama_1 
g2=var(5); %Gama_2 
g3=var(6); %Gama_3 
a1=var(7); %Alfa_1 
a2=var(8); %Alfa_2 
a3=var(9); %Alfa_3 
 
f1= + 331.6*cos(pi/6) - l1*cos(pi/3)*cos(pi/6) 
       - 620*sin(g1)*cos(pi/6-a1) - 83.2*cos(pi/6) - X; 
f2= - 331.6*sin(pi/6) + l1*cos(pi/3)*sin(pi/6) 
       + 620*sin(g1)*sin(pi/6-a1) + 83.2*sin(pi/6) - Y; 
f3= + 568.0646 - l1*sin(pi/3)  - 620*cos(g1) - Z; 
 
f4= - 620*sin(g2)*sin(a2) + X; 
f5= - 331.6 + l2*cos(pi/3) + 620*sin(g2)*cos(a2) + 83.2 
+ Y; 
f6= + 568.0646 - l2*sin(pi/3) - 620*cos(g2) - Z; 
 
f7= + 331.6*cos(pi/6) - l3*cos(pi/3)*cos(pi/6)  
       - 620*sin(g3)*cos(pi/6+a3) - 83.2 * cos(pi/6) + X; 
f8= -331.6*sin(pi/6) + l3*cos(pi/3)*sin(pi/6)  
      + 620*sin(g3)*sin(pi/6+a3) + 83.2*sin(pi/6) - Y; 
f9= + 568.0646 - l3*sin(pi/3) - 620*cos(g3) - Z; 
 
F=[f1;f2;f3;f4;f5;f6;f7;f8;f9]; %Nonlinear Equation Set 
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4.2. Forward Kinematics Solution 
 
 Using the same non-linear MATLAB Solution model 
given above, the location (center point coordinates x, y, z) 
of moving platform can be calculated from given limb 
motion rates (l1, l2 and l3) with following MATLAB 
(forward.m) file: 
 
function var=bul(l1,l2,l3) 
var0=[0,0,0,0,0,0,0,0,0]; %Initial values 
var=fsolve(@(var0) myfun(var0,l1,l2,l3),var0).';  
for i=4:9 
var(i)=rad2deg(var(i)); %Convert angles radian to degree 
end 
 
function F=myfun(var,l1,l2,l3) 
X=var(1);  %Gripper Position X 
Y=var(2);  %Gripper Position Y 
Z=var(3);  %Gripper Position Z 
g1=var(4); %Gama_1 
g2=var(5); %Gama_2 
g3=var(6); %Gama_3 
a1=var(7); %Alfa_1 
a2=var(8); %Alfa_2 
a3=var(9); %Alfa_3 
 
f1= + 331.6*cos(pi/6) - l1*cos(pi/3)*cos(pi/6) 
       - 620*sin(g1)*cos(pi/6-a1) - 83.2*cos(pi/6) - X; 
f2= - 331.6*sin(pi/6) + l1*cos(pi/3)*sin(pi/6) 
       + 620*sin(g1)*sin(pi/6-a1) + 83.2*sin(pi/6) - Y; 
f3= + 568.0646 - l1*sin(pi/3)  - 620*cos(g1) - Z; 
 
f4= - 620*sin(g2)*sin(a2) + X; 
f5= - 331.6 + l2*cos(pi/3) + 620*sin(g2)*cos(a2) + 83.2 
+ Y; 
f6= + 568.0646 - l2*sin(pi/3) - 620*cos(g2) - Z; 
 
f7= + 331.6*cos(pi/6) - l3*cos(pi/3)*cos(pi/6)  
       - 620*sin(g3)*cos(pi/6+a3) - 83.2 * cos(pi/6) + X; 
f8= -331.6*sin(pi/6) + l3*cos(pi/3)*sin(pi/6)  
      + 620*sin(g3)*sin(pi/6+a3) + 83.2*sin(pi/6) - Y; 
f9= + 568.0646 - l3*sin(pi/3) - 620*cos(g3) - Z; 
 
F=[f1;f2;f3;f4;f5;f6;f7;f8;f9]; %Nonlinear Equation Set 
 
5. Comparison of MATLAB Results with 
SolidWorks Model 
 
 By using the values of SolidWorks animation model 
in Fig.6, a comparison of the calculated results with 
iterative method in MATLAB are given in Table 2 for 
forward kinematics and Table 3 for inverse kinematics. 
 

 
 

Fig. 6. SolidWorks Animation Model 
 

Table 2::Results for ı1=25.06, ı2=90.27, ı3=411.39 

Table 2 
Forward Kinematic Example 

i (mm) j (mm) k (mm) 

Pobtained(x,y,z)  520.1605 244.6751 155.0479 

Preal(x,y,z) 520.29 244.78 155.54 

Errors  + 0.13 + 0.10 + 0.49 

 
Table 2: Results for x=520.29, y=244.78, z=155.54 

Table 3 
Inverse Kinematic Example 

l1 (mm) l2 (mm) l3 (mm) 
Obtained 
values 24.6720 89.9244 411.5927 

Real values 25.06 90.27 411.39 

Errors + 0.39 + 0.35 - 0.20 

  
 The top and side views of the investigated workspace 
by using MATLAB simulation and the real (effective) 
workspace are given in Fig.7 and Fig.8. With given X, Y, 
Z coordinates in space, special trajectories and time 
dependent functions can be simulated in the same way.  
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Fig. 7: Top view of theoretical and effective Workspace 

 

 
Fig. 8: Side view of Workspace 

 
6. Trajectory Planning 
 
 As can be seen from Table 2 the position errors for X, 
Y and Z values in case of forward kinematics are less than 
half millimeter. Also inverse kinematics errors are similar 
to forward kinematics errors as shown in Table 3. 
 To demonstrate the trajectory following of the 
manipulator in three dimensional space, a given time 
dependent trajectory function F(t) as in the following can 
be used: 
 
For 0 < t < 6π time interval 
F(t)=X(t).i + Y(t) j + Z(t).k 
F= [10t•cos (t)] i + [10t•sin (t)] j + [10t-200] k 

 
 The time dependent limb values li’s can be calculated 
from X, Y and Z values through iterative method in 
MATLAB and the manipulator can be let to follow the 
trajectory in workspace boundary as shown in Fig.9 and 
Fig.10.  
 

 
Fig. 9: Trajectory planning (Top view) 

 

 
Fig. 10: Trajectory following (3-dimensional) 

 
7. Control of Limbs 
 
   To control the limb motions screwed rails which are 
driven by encodered DC motors as seen in Fig.11 are 
used. The reference motion rates given through hyper 
terminal of a PC and the feedback values of limbs are 
transmitted and received from RS-232 serial port of  PC 
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via an interface circuit by using PIC 16F877. According to 
the screw datas given in Table 1 relevant motion rates are 
then evaluated through measured pulses from the 
encoders. The very simple position control algorithm 
involves the comparison of measured pulses coming from 
the encoders with the given reference motion rates. The 
serial interface unit and animation model in PROTEUS 
ISIS to test the control unit are shown in Fig.12 and 
Fig.13. 
 

 

 
Fig. 11: Connection of DC Motors and motor drive 

electronic circuit diagram 
 

 
Fig. 12: The serial Interface Unit 

 
Fig. 13: PROTEUS ISIS Animation Model 

 
 As motor drive L298 Transistorised H Bridge devices 
are used. Through these a probable speed control for 
trajectory planning can be realised easily. As future work 
different control algorithms like P, PI and PD can be 
applied and for trajectory planning time dependent 
applications by synchronous driving motors will be tested. 
A simple trajectory following test by using an equivalent 
time synchronous motion of limbs delivered satisfactory 
results.   
 
8. Conclusions 
 
 By using MATLAB iterative method both the inverse 
kinematics and forward kinematics solutions are evaluated 
and theoretical workspace of the manipulator is generated. 
However the real (effective) workspace can be expressed 
in the same way under physical constraints (like collision 
of limbs, limitation of rail screw motions because of the 
screw nut lengths etc.) taken into consideration Fig. 6.  
 In a future work this general disadvantage of parallel 
manipulators will be investigated by using the dexterity 
analysis of workspace.  
 In case of forward kinematic application and within 
effective workspace, the calculated values both by using 
MATLAB iteration and evaluated values from 
SolidWorks simulation are compared in Table 2 and Table 
3. From the comparison of the calculated and simulated 
results given in tables it can be seen that both confirm 
each other with a great accuracy.  
 The calculated results can further be used for 
trajectory planning and control of manipulator in three 
dimensional space. Because of the simplicity and accuracy 
of created equations, these can also be used for further 
dynamic analysis. 
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Abstract 
The This study describes design and control of a eight-legged 
single actuator walking ROBOTÜRK SA-2 spider robot based on 
the features of a creatural spider. The tetrapod walking robot is 
formed  by being mounted spider-like leg structure. Since a 
creatural spider walks in a style of 4 legged support (R1 the first  
and R3 the third leg of the right side and L2 the second and L4 
the forth leg of the left side) and the others moves forward, 
ROBOTÜRK SA-2 eight-legged walking robot has been 
developed by designing a novel motion mechanism to realize this 
walking motion using one only actuator. In the second step, the 
roles of legs change vice versa. First, the single actuator eight-
legged tetrapod walking spider robot was modeled on Solid 
Works and then the animation of the model was realized to 
ensure the accurate walking patterns and more stable walking. 
Based on this model, the novel prototype of the single actuator 
eight-legged walking spider robot was constructed. In order to 
give more flexibility to the legs and mimic muscles, two springs 
were mounted to each leg. The control of the system was realized 
by using PLC(Programmable Logic Controller). To verify to 
walking performance, the experimental results were obtained.  
Consequently, the single actuator eight-legged tetrapod walking 
spider robot proposed in this paper is believed to be the first 
design specifically for having novel motion mechanism and 
minimum number of actuators in the knowledge of the authors. 
 
Keywords: ROBOTURK-SA2 Spider Robot, Robotics, 
Tetrapod Walking, A Single Actuator, Motion Mechanism 
Concept. 
 
 
1. Introduction 
 
 In last years, a lot of studies on legged robots have 
been published [1-10]. People have considered in 
manufacturing legged robots whose designs one based at 
least in part an biological principles [6]. The basic 
advantage of legged robots is to be capable of going 
where wheeled robots are not capable of.  
 Formerly, H. ALLI and S. SOYGUDER designed six-
legged robot using only two actuators [1]. In this study, 
ROBOTÜRK SA-2 with eight-legged and only one 
actuator has been realized for the aim of defense industry 
and natural disasters (Fig.2). The design of this robot has 

been made both low energy consumption and weight 
minimum and its control ease by decreasing the number of 
the used actuators. The most important feature of the 
designed robot is to realize walking like spiders in nature 
using only one dc motor (with planetary gear; 28:1) 
actuating all legs and joints of the robot. The kinematics   
chain of the legs actuated by the cam mechanism and 
transmission bar is six-bar Watt’s chain. The springs are 
mounted to the legs to mimic important muscle 
characteristics. PLC is used for controlling the motion 
mechanisms. 
 This article has six sections. The next section presents 
the steps of motion mechanism concept and morphology 
of a single actuator walking spider robot. The prototype 
model and innovations are investigated in section 3. 
Workspace and walking plan of the ROBOTURK SA-2 
spider robot is given in section 4 and section 5 presents 
the experimental works. Finally, the last section includes 
some conclusion remarks and future works. 
 
2. Motion Mechanism Concept and Morphology 
 
 In this study, a different morphology for the designed 
robot from those of animals, including many insects, to 
superior to the current legged robots, has been formed. 
The used motion mechanism couples the robot joints for 
the aim of reducing the number of actuators and 
simplifying the control problem since actuators are 
generally heavy and reducing the number of actuators are 
also able to save energy consumption. Autonomy, a 
critical component of our aspiration toward real-world 
tasks in unstructured environments outside the laboratory, 
imposes very strict design constraints on the hardware and 
software components. It is often impossible to achieve 
with simple modifications to a system otherwise designed 
for non-autonomous operation. These constraints also 
justify our preference for overall simplicity, in particular 
the minimum amount of actuation and energy.The 
mobility of the legged robot is one degree of freedom 
(DOF) and it has identical legs. The main target in this 
study is for the legged robot to walk on smooth ground 
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and verify the tetrapod gait pattern similar to that 
observed in the spider. For more information, Fig.1 shows 
body size of the single actuator eight-legged walking 
spider robot. 
 

 
Fig. 1: Body size of the single actuator eight-legged 

tetrapod walking spider robot 
 
3. ROBOTÜRK SA-2 and Innovations 
 
 ROBOTÜRK SA-2 is name of the eight-legged 
tetrapod walking robot with a single actuator, owning 
many innovations (Fig.2). The innovations of 
ROBOTÜRK SA-2 as follows; 
 
            * The number of actuators, 
            * The cam mechanism mounted in the back of the 
eight-legged spider robot, 
            * Mounting springs to mimic muscles,      
            * The characteristics of gait are similar to those in 
nature. 
 

 
Fig. 2 : ROBOTÜRK SA-2 

 
3.1. Design of Motion Mechanism 
3.1.1 The Actuator of The Robot 
 
 The main feature of the spider robot owning the 
tetrapod gait like spiders in nature (Fig. 6.) by using only 
single dc motor is to be one degree of freedom. The 
motions of the all legs and joints are provided by geneva, 
cam mechanisms and springs driven by single dc motor. 

Providing to contact with the ground for the marked legs 
in Fig.6 and lifting up/down motions of the other legs 
have been realized by means of cam and geneva 
mechanisms driven by a dc motor. It is seen in Figure 3 
that each of the links mounted on the cam mechanisms 
provides the legs to contact with the ground. Furthermore, 
the geneva mechanism rotates only 120o and then waits 
240o while the dc motor rotates one revolution. Hence, the 
motion of the geneva mechanism transmits to the cam 
mechanism so that the legs simultaneously contact with 
the ground. At the same time, the same dc motor in each 
revolution  performs the walking of the spider robot by the 
belt-pulley mechanism making the legs leaving from the 
ground translate forward by the means of the 
transmission-bar and connecting rod. 
 The obtained results of the minimizing of the number 
of actuators: 
• The energy consumption has been minimized by 

decreasing the number of actuators. (The designed 
spider robot uses only single dc motor in this study 
while the similar robots in the literature use at least 
six or eight dc motors. 

• Increasing the number of actuators would make the 
control difficult.   

• The structure of the robot has been made more 
flexible. 

• The cost has been minimized. 
 

3.1.2. Function of The Transmission bar and 
Connecting rod 
 
 The transmission bar and the connecting rod is used 
for swinging motion of the legs, as illustrated in Fig.3. 
The left and right side transmission bar and connecting 
rod group of the spider robot are simultaneously actuated 
by the same dc-motor. Furthermore, each leg of the spider 
robot is placed on the fixed bar.  The right tetrapod and 
left tetrapod legs, oscillating through the rotating-axis, 
pace forward by the forward/backward motion of the 
transmission bar. This motion is realised by only one dc-
motor which drives the connecting rod (Fig.3). That is, the 
lifting legs go forward one step by means of the 
connecting rod and transmission bar when the dc-motor 
rotates one revolution. It is seen in Figure 8 that the legs 
are connected to the fixed bar while the leg joints are 
connected to the transmission bar by means of the 
connecting links. The swing angle (θ) limits ± 15o while 
the transmission bar translates 0.02m when the connecting 
rod moves one period, as in the previous study of the 
authors [1].  
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Fig.3: The transmission-bar, the connecting-rod and the 

genova mechanism group  
 

3.2. The Cam Mechanism Mounted to The Back 
of The Spider Robot 

 
 The cam mechanism provides that the legs forming 
the gait of the robot contact with the ground as shown in 
Fig.4. In the each step of the gait, the cam mechanism 
makes the some legs contact with the ground while the 
some legs stop contacting with  the ground depending 
upon the character of the gait. The innovations because of 
using the cam mechanism are followings: 
 
• It is no need to use different actuators for each leg 

because the cam mechanism realizes to contact the 
each leg with the ground. 

• The period of service needs and technical defaults 
decreases because of using the cam mechanism 
instead of using many number of dc-motors. 
 

 
Fig. 4. The cam-shaft 

 
3.3. The Springs To Mimic Muscles 
 The springs transmit the motion obtained by the cam 
mechanism to the joints (Fig.5). The existence of the cam 
mechanism and springs cause the easy control of the 
spider robot and minimizing the number of actuators used. 
The innovations because of using the springs are 
followings: 
 
• Using the springs in the leg joints makes the legs gain 

the features of muscles like those in nature. 

  
• The motion is transmitted to the joints by the 

extension and compression of the springs like the 
flexion and laxation of muscles in living being. 

 

 
Fig 5: The springs to the prototype to give more flexibility 

to the legs and mimic muscles. 
 

4. Workspace and Walking plan of the 
ROBOTÜRK SA-2  

 
 The walking stability of the eight-legged robot is 
provided by the four legs becoming support legs in each 
walking step [11]. It is also seen in Fig.6 that L1 and L3 
on the left-side and R2 and R4 on the right-side become 
support legs in the first step while L2 and L4 on the left-
side and R1 and R3 on the right-side become support legs 
in the second step.  

These situations are also presented in Table I that the 
leg supporting the body are represented by         and the 
ones floating are represented by        . The walking is 
realized by repeating this cycle. The most important 
feature in this design is that the legs are connected to the 
clippers on the fixed bar as shown in Fig.3. The leg 
clippers are connected to the transmission-bar by means of 
a connecting-rod. The transmission bar is driven by the 
connecting-rod. Transmission-bar translates forward 0.02 
m from the reference point in one cycle of the motion of 
the connecting-rod. Then, this motion provides the 
translation of the spider robot by means of the ± 15o (θ) 
angular displacement of the legs depending on walking 
patterns. Besides, the up/down motion of the legs is 
realized by the cam mechanism. By the way, the motion 
of the cam mechanism is provided by 120o angular 
displacement of genava mechanism transmitting to the 
cam-shaft by the bevel gears. After that, the support legs 
stop touching with ground as they rotate between 0o and 
+60o (φ) from the ground to the up-position whereas the 
other legs touch with the ground by moving from up to 
down. Furthermore, Fig.7 and Fig.8 show the trajectory of 
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each leg in the workspace of the spider robot.  
 

 
Fig. 6: The structure of walking pattern [1,4,5] 

a)  

b)  
Fig.7(a-b): Body and right-side legs of ROBOTÜRK SA-

2 workspace [18,19] 

 
Figure 8. Body and left-side legs of ROBOTÜRK SA-2 

workspace [18,19] 
 

Table 1: Walking-Pattern [5] 

 

5. Experimental  Results 
The bottom half of Fig.9 illutrates the typical 

sequence of leg contact conditions. To make more 
understandable, this part of the figure consists of top view 
and side view of the conceptual diagram. The tetrapod 
legs start to liftoff in the first interval. Then, the legs 
perform floating and followed by an interval of touching 
down. At the end, the interval of the fixed tetrapod stance 
of the next step occurs. The top half of the figure shows 
the relation between these four phases and leg positions, 
obtained the gathered data from the potentiometers 
located to the legs. A the end of measuring at 1 KHz 
averaged over 25 experimental runs, Table II indicates the 
average times of four phases and the total time in one 
complete stride. Table II [8-12] has been motivated and 
obtained by using Figure 9.  
 

Table 2: Experimental phase relations in insect robot 
tetrapod gait 

 

 
Fig.9: The four following intervals during the i th tetrapod 
stride S(i), with data plotted in the upper figure showing 

the relation between leg  angular positions. (0o = (φ) 
vertically downward, + 60o (φ) = vertically upward and   

± 15o (θ) = forward ) and four intervals gathered from the 
physical insect robot experimental data.  

  
6. Conclusion 
The developed legged robot in this study is based on 
resembling much or less spider leg mechanism. One DC 
gear motor has only been used to get the tetrapod gait. 
Using the minimum number of actuators makes the light 
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structure possible and simplify the control problem. 
Increasing power consumption and complexity of the 
control systems depending on number of the used 
actuators are well known. To disappear the mentioned 
problems, special mechanisms can be used. The geneva 
mechanism, the cam mechanisms, the connecting rods, 
and springs used in our design made the number of 
actuators decrease thus the control of the spider robot 
eased and its cost also decreased. It is indicated and 
compared to number of actuator, leg number and speed of 
the presented insect and spider robot and a few leg robots 
in the literature in Table III. This table concludes that the 
speed of the presented robot is reasonable in the existing 
leg robots in the literature. In order to save trial-error time 
and faults, first, the design was modelled on Solid Works 
and the animation was realized on COSMOSMotion. 
Based on the developed model, the prototype of the single 
actuator eight-legged tetrapod walking spider-like robot 
was built. The control of the systems was realized by 
using PLC. As a result, using intelligent biologically 
inspired walking robots have great potential for in 
inaccessible and dangerous places to humans and 
currently available equipments. Studies on biologically 
inspired robots will increase to improve the actual 
performance of the designed walking robots in the near 
future.    
 
Table 3: Actuator number, leg number and speed of some 

leg robots [1,20,21,10,18] 
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Abstract 
This paper presents joint space trajectory planning strategy for 
the legs of 4-DOF parallelogram bipedal robot. The use of two 
sets of pulley-based parallelogram mechanisms in each leg 
allows to reduce the number of joint actuators by one in each leg 
and to keep legs feet parallel to the horizontal walking surface. 
By reducing some actuators in the legs design the overall 
weight, energy consumption of the robot and complexity of the 
robot controller can be reduced. The walk patterns presented in 
the paper allows the major body mass located at the robot hip to 
be always vertically aligned with the center of the foot area 
during the single-leg supporting phase of the robot. The hip 
mass is then transferred from one leg foot area to another leg 
foot area only during two-legged supporting phase when both 
legs are firmly in touch with the ground. The idea is to force the 
hip mass gravity force constantly generate the reverse torque 
with respect to the front edge of the stationary foot while other 
forward perturbation torques generated by various gravity and 
inertia forces tend to overturn the robot in forward direction 
when the robot takes a step forward. The two-dimensional 
spatial trajectories are planned also to reduce the ground 
impact during the legs motion. The legs desired Cartesian 
motion trajectories are derived in joint space coordinates form 
and can be used directly to control actuators motion. Although 
the paper does not discuss any issues related to the dynamic 
walk and dynamic properties of robot it however provides a 
logic precondition for its successful dynamic balancing in 
vertical forward motion plane in terms of proper positioning of 
the major (hip) mass on the robot structure and using this mass 
as a counter mass for the balancing.  
 
Keywords: Parallelogram bipedal robot, , Hip mass, Single- 
and Two- legged supporting phases, Joint -space trajectory 
 
 
1. Introduction 
 
 Nowadays the development of robotics system to 
assist and replace human in various tasks is continuously 
growing. Most of the existing robots work in a restricted 
environment such as assembly lines and product 
inspection. In order for a robot to be able to replace 

human completely, one of the criteria is to have a similar 
physical structure with human. This will enable the robot 
to work and directly adapt into human environment. 
However, realizing human like walking in a robot is a big 
challenge due to the complexity of motion and the number 
of human’s limbs involved in the walking. Over the years, 
researchers are looking into many different issues related 
to bipedal walking i.e. stability, walking style, energy 
efficiency etc [1][2][3]. One of the problems commonly 
faced by conventional bipedal that utilize compass-like 
walking gait is it will suffer from impact with the ground 
at the end of every single support phase and all the forces 
tend to overturn the robot in forward direction over the 
foot edge e (Fig. 1a). This impact will cause an impulsive 
force to occur at the contact point which will disturb the 
stability of the robot. Furthermore, the effect of impact in 
bipedal walking is difficult to predict by a dynamic model, 
as a result various alternative approach are proposed to 
tackle this problem. Huang et al. [4] proposed the method 
to minimize the impact force by using heel-to-toe landing 
instead of landing the whole sole at once. Wongsuwarn 
and Laowattana [5] proposed a learning method to correct 
the planned trajectory in order to minimize the impact. 
Also, many are opting for the traditional way of using 
deformable sole or absorbing mechanisms to absorb the 
force caused by the impact [6][7][8][9][10]. 
 

 
Fig. 1a: Impact occurs during foot landing (gravitational 

force of body hip mass contributes to the impact) 
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 This paper proposes a method to minimize the impact 
force during the foot landing by carefully planning the 
walking gait of the robot in forward direction of motion at 
the first stage of the robot design and design of special 
balancing mechanism to prevent sideway motions of the 
robot in the following stage of the research. The spatial 
leg trajectory is design in such a way that in the single-
legged supporting phase, the robot main body mass (the 
hip mass) held stationary on the stationary leg and it is 
always vertically aligned with the center of the stationary 
foot area (Fig 2a). The other leg is swinging around the 
stationary hip when the robot is taking a step. Since the 
main body mass is within the area of stationary foot (i.e. 
at its center), it should not contribute to the impacting 
forces and to the landing velocity as in the case of 
compass-like gait (Fig. 1a). Meantime mass M acts as a 
counter mass preventing the robot from overturning in 
forward direction about the foot edge e. The robot has to 
advance its body mass in forward direction for successful 
walk. For the designed walk pattern it occurs only when 
both legs are in touch with the ground, i.e. when there is a 
bigger supporting area for the body mass transfer. The 
paper also introduces traditional parallelogram mechanism 
for the legs design. It reduces the number of actuators 
required to achieve human like leg design and allows 
keeping the robot feet always parallel to the ground 
surface. In addition, space joint trajectory planning 
strategy developed in this work would simplify the control 
of the legs actuators to implement the designed walk 
patterns. One of the key design objectives is also to avoid 
an excessive inertial forces (accelerations) applied on the 
actuator shafts during the implementation for the joint 
space trajectories.  
 

 
Fig. 1b: Impact occurs during foot landing (gravitational 
force of body hip mass does not contribute to the impact) 

 
 Details of the design are presented as follows. Section 
II discusses the mechanical components and structure, 
section III discusses trajectory planning strategy. In 
section IV, computer simulation results are presented 
followed by the conclusion of work in section V.  
 
 

2. Mechanical Structures of Robot Legs 
 
 This paper describes only the basic structure of the 
robot legs. Mechanical system of the robot has been 
divided into two separate subsystems:  

-Robot locomotion subsystem (robot legs)  
-Robot balancing mechanism (additional balancers)  

 This paper describes only the robot leg structure, 
optimal hip-mass carry walk patterns, joint space legs 
trajectory planning and its computer simulation in terms 
of the legs successive positions and actuators time-based 
angular position, velocities and accelerations. Robot real 
time balancing strategies will be developed at the later 
stages of the research  
The robot leg structure is shown in Fig. 2. 
 

 
Fig. 2: Simplified structure of the leg 

 
 The main components of the legs are timing belts and 
pulley system that work as a parallelogram mechanism. 
The main advantages of the parallelogram mechanisms 
leg structure are that they are able (Fig. 1):  

• To decouple the motion of the upper leg from the 
lower leg  

• To maintain the foot plane level always parallel 
to the ground while the robot moves  

 
 Fig. 1(a) shows that when the upper and lower 
sections of the leg are both vertical, the actuation angles 
are initialized to zero. Fig. 1(b) shows the upper section of 
the leg after it has been actuated. However, lower section 
of the leg still maintains its vertical position (θ2=0) and 
foot plane always remains horizontal. The other advantage 
of the structure is that the joint angles are always counted 
from to the vertical axis of the stationary world coordinate 
frame regardless of the leg postures. This structure also 
allows either removing the ankle actuator from the 
structure if the walk is intended on the horizontal ground 
surface, or just keeping it if the walk on the slopped 
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surface is an option. For the design without the ankle 
actuator, the irregularities of the ground can be absorbed 
by adding some controllable degree of freedom to the 
ankle structure alone.  
 
3. Trajectory Planning  
 
A. Classification of angular boundary conditions for 
single- and two-legged supporting phases of robot walk  
 
 The basic requirement for the trajectory planning is to 
achieve smooth walking pattern of bipedal robot with less 
stresses the actuators and minimum impact at the end of 
the walking phase. In addition, the trajectory is 
deliberately planned to keep the hip height at a constant 
level above the ground as it walks. This feature of the 
robot can be used if the robot is employed as a service 
robot that carries items not to be shaken up and down. The 
main body mass (hip mass) is planned to be advanced 
forward only when both legs are in touch with the ground 
for the sake of static stability condition. The dynamic 
stability will be designed at the later stage of research by 
implementing of special balancing mass and related 
mechanical system (it is not a topic for this paper).  
 The entire trajectory planning for the robot legs 
motion is achieved only by controlling the motors in joint 
space coordinates without referring to the legs 3D 
Cartesian space coordinates. Matching of the parameters 
in joint and Cartesian spaces is achieved by carefully 
selecting the boundary conditions for the joint space 
control and proper timing. This will provide smooth 
transition from one controlled interval of the time into 
another one.  
 The joint space trajectories are designed to fulfill the 
following boundary conditions for a joint motion during 
interval 0<t<tf  
 

 
 
 A complete walking cycle consists of single-legged 
and two-legged supporting phases. In single legged 
supporting phase only one foot is in contact with the 
ground while the other is swinging to make a step 

forward. During this phase, the position of the hip is kept 
stationary and aligned vertically with the supporting foot 
in order to maintain static stability for the main hip mass. 
In two-legged supporting phase, while two feet are in 
contact with the ground, the hip is transported forward 
horizontally. Moving the hip only during the two-legged 
supporting phase will help to widen the static stability 
condition since the area of support polygon is larger.  
 The boundary conditions of the joint are selected 
based on the designed walking gait as mentioned above. A 
complete walking cycle is formed by executing three 
different sets of movement in specific sequence, i.e. thigh 
movement, shank movement and hip movement. Thigh 
and shank movement are executed in single-legged 
supporting phase whereas the hip movement is executed 
in two-legged supporting phase.  
 
1) Single Support Phase  
 In Fig. 3, θ1,1 and θ1,2 are the joint angles for hip and 
knee joints of the supporting leg respectively, whereas θ2,1 
and θ2,2 are the joint angles for hip and knee joints of the 
swinging leg respectively. l is the equal length for both 
upper and lower legs. It is clear from the drawing that 
during thigh movement, the hip joint for the swinging leg 
moves from its initial to final angular position while the 
knee joint stays at the same angular position. During the 
shank movement, the hip joint remains at its final angular 
position while the knee joint move from its initial to final 
angular position. 
 

 
Fig. 3: Leg posture of single-leg supporting phase 

 
 The reason for moving the hip joint before the knee 
joint is to provide some clearance for the foot above the 
ground in order to prevent the foot from dragging along 
the ground surface. The angular boundary conditions for 
θ2,1 and θ2,2 can be calculated from the geometry of the leg 
postures shown in Fig. 3. The duration for the single-leg 
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supporting phase is assumed to be tf and the step size is s.  
 The angular boundary conditions for hip joint are as 
follows:  
 

 
 
 The angular boundary conditions for knee joint are as 
follows:  
 

 
 
2) Double Support Phase  
 In Fig. 4, θ1,1 and θ1,2 are joint angles for hip and knee 
joints of the supporting leg respectively, whereas θ2,1 and 
θ2,2 are the joint angles for hip and knee joints of the 
swinging leg respectively. In this phase, both feet are in 
contact with the ground and the hip is moving forward 
horizontally. In order to keep the hip at constant height, 
the horizontal trajectory of the hip and the trajectory of the 
joint angle θ1,1 are predefined and the remaining joint 
angles are calculated to follow the hip trajectory.  
 

 
Fig. 4: Leg posture of double support phase 

 
 The angular boundary conditions for θ1,1 and the 
joint angle for θ1,2, θ2,1 and θ2,2 can be calculated from the 

geometry of the leg postures according to Fig. 3. The 
duration for the two-leg supporting phase is assumed to be 
tf and the hip advances by the distance s.  
 The angular boundary conditions for θ1,1  
 

 
 
B. Joint space trajectory planning  
 Trajectory planning for the postures shown in Fig. 3 
and 4 are designed based on linear segment blended with 
polynomial sections. This type of planning will produce 
less tension on the actuators because they will run with 
nominal constant speed most of the time. Moreover, the 
order of the trajectory curve will be less as compared to 
the choice of single polynomial function for the entire 
segment of the trajectory which will result in less complex 
controller.  
 Selection of linear segments blended with fourth order 
polynomial sections will smooth the transition between 
the trajectory intervals at points A and B (Fig 5) at least to 
the acceleration level. 
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Fig. 5: Linear segment with parabolic blends 

 
 The angular boundary conditions for the actuator shaft 
are:  
 

 
 
 The fourth order polynomial and derivatives are as 
follow:  
 

 
 
 Substituting the initial boundary condition (1) to the 
polynomial gives: 
 

 
 
 Fig. 5 shows angular motion of the actuator designed 
as linear segment blended with polynomial sections at the 
beginning and the end of the motion period.  
 Matching the first and second derivatives of the 
polynomial with constant speed ω and zero acceleration to 
the linear segment of the trajectory yields the following 
expression:  
 

 
 
 Solving equations (2) simultaneously yields:  
 

 
 
 Matching the boundary angular values for polynomial 
and linear segments yields:  
 

 
 
 The motion of the actuator for three separate time 
segments can be expressed as:  
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4. Simulation Of The Bipedal Motion Trajectory  
 
 To simulate the bipedal motion, arbitrary step size s, 
leg length l and time interval for full step tf are selected. 
The simulation of the above algorithms was done using 
MATLAB programming environment. Plotting of random 
positions or postures of both legs during the simulation is 
shown in Fig. 6.  
 

 
Fig. 6: Stick diagram for walking pattern 

 
 Fig. 7, 8 and 9 show the position, velocity and 
acceleration for each joint of the leg 1 and 2 respectively 
during the simulated walk. From the figures it is clear that 
the objective of providing a smooth transition between the 
strides has been achieved up to the second order 
derivatives of the motion curves. All the picks of motion 
characteristics curves are within the controlled limits.  
 
5. Conclusion 
 
 The paper presents 4-DOF parallelogram bipedal 
walking robot which requires less number of actuations 
and thus less energy consumption than the traditional leg 
structure. The single-legged and two-legged walk patterns 
and trajectory planning are deliberately designed to keep 
the main body mass (hip mass) within the center of static 
stability region, i.e. vertically aligned with the center of 
the stationary robot foot area. It will eliminate 
unnecessary stability disturbance torque (by setting 
moment arm to zero) generated by the largest mass at the 
hip of the robot and helps to stabilize the remaining forces 
by designing additional counter masses for the dynamic 
balancing and selecting proper control strategies. A 
trajectory planning method developed in the work 

potentially minimizes the impact force between robot feet 
and the ground because of the minimum acceleration and 
velocity of the foot when it approaches the ground. The 
effectiveness of joint space trajectory planning is verified 
by the results of real time computer simulation. The stick 
diagram of the computer animation is presented in Fig 5. 
The graphs of legs motion characteristics (Fig. 7, 8, 9) 
show that the planned trajectories are within an applicable 
range for all four actuators limits while the walking robot 
demonstrates smooth legs motion in the animation test 
(Fig. 5). The work will be continued towards the 
development of dynamic algorithms for the structure 
using controlled motion a specially designed balancers 
and building a working prototype of real size robot.  
 
References 
 
[1]. J. Yamaguchi, A. Takanishi, and I. Kato, “Development of a biped 

walking robot compensating for three-axis moment by trunk 
motion,” IEEE Int. Conf. on Intelligent Robots and Systems, pp. 
561–566, 1993.  

[2]. H. Siswoyo Jo, N. Mir-Nasiri, and E. Jayamani, “Design and 
Trajectory Planning of Bipedal Walking Robot with Minimum 
Sufficient Actuation System,” WASET Int. Conf. on Control, 
Automation, Robotics and Vision Engineering, pp. 65-71, 2009.  

[3]. R. Kurazume, S. Tanaka, M. Yamashita, T. Hasegawa, and K. 
Yoneda, “Straight legged walking of a biped robot,” IEEE/RSJ Int. 
Conf. on Intelligent Robots and Systems, pp. 3095–3101, 2005.  

[4]. Q. Huang et al., “A high stability, smooth walking pattern for a 
biped robot,” IEEE Int. Conf. on Robotics and Automation, pp. 66-
71, 1999.  

[5]. H. Wongsuwarn and D. Laowattana, “Experimental study for a 
FIBO humanoid robot,” IEEE Conf. on Robotics, Automation and 
Mechatronics, pp. 1-6, 2006.  

[6]. G. Kinoshita, C. Oota, H. Osumi and M. Shimojo, “Acquisition of 
reaction force distributions for a walking humanoid robot,” 
IEEE/RSJ Int. Conf. on Intelligent Robots and Systems, pp. 3859-
3864, 2004.  

[7]. N. Oda, T. Nagaki and M. Takighira, “An approach of hip motion 
compensation using laser range sensor for biped walking robot,” 
The 30th Annual Conf. of the IEEE Industrial Electronics Society, 
pp. 1064-1069, 2004.  

[8]. K. Hirai, M. Hirose, Y. Haikawa and T. Takenaka, “The 
development of Honda humanoid robot,” IEEE Int. Conf. on 
Robotics and Automation, pp. 1321-1326, 1998.  

[9]. K. Kaneko et al., “Humanoid robot HRP-2,” IEEE Int. Conf. on 
Robotics and Automation, pp. 1083-1090, 2004.  

[10]. J. Yamaguchi, A. Takanishi and I. Kato, “Experimental 
development of a foot mechanism with shock absorbing material 
for acquisition of landing surface position information and 
stabilization of dynamic biped walking,” IEEE Int. Conf. on 
Robotics and Automation, pp. 2892-2899, 1995.  

 
 
 
 
 
 
 
 
 
 
 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

265 
 

 
Fig. 7: Joint positions for simulated walk 

 

 
Fig. 8: Joint velocities for simulated walk 
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Fig. 9: Joint accelerations for simulated walk 
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Abstract 
Design, manufacturing, integration and initial test results of the 
6-DoF haptic interface, HIPHAD v1.0, are presented in this 
paper. The hybrid haptic robot mechanism is composed of a 3-
DoF parallel platform manipulator, R-Cube, for translational 
motions and a 3-DoF serial wrist mechanism for monitoring the 
rotational motions of the handle. The device is capable of 
displaying point-type of contact since only the R-Cube 
mechanism is actuated. The dimensions and the orientation of 
the R-Cube mechanism are reconfigured to comply with the 
requirements of the haptic system design criteria. The system has 
several advantages such as relatively trivial kinematical 
analysis, compactness and high stiffness. The integration of the 
system along with its mechanism, data acquisition card (DAQ), 
motor drivers, motors, position sensors, and computer control 
interface are outlined.   
 
Keywords: Haptic interface, Parallel manipulators, R-Cube 
 
 
1. Introduction 
 

Among all senses, touch sense is the most amazing 
and necessary one. In embryos, it develops and activates 
before all other senses. It provides information about 
texture, shape, temperature, weight, etc. of an object or 
environment. Touch sense is the most durable sense organ 
because it employs many connections to nervous system 
from every single part of the body. This complexity also 
provides reliable sensory inputs to cerebral cortex of the 
brain. Basically, the mechanoreceptors can be classified 
into two groups based on the location in the body. 
Kinaesthetic receptors are located in muscles, tendons and 
joints of the body and cutaneous receptors located in the 
skin. Nowadays, haptics technology is developing to 
stimulate both of these systems.  

The word Haptic, based on an ancient Greek word 
called haptios, means related with touch. As an area of 
robotics, haptics technology provides the sense of touch 
for robotic applications that involve interaction with 
human operator and the environment. The sense of touch 
accompanied with the visual feedback is enough to gather 
most of the information about a certain environment. It 

increases the precision of teleoperation and sensation 
levels of the virtual reality (VR) applications by exerting 
physical properties of the environment such as forces, 
motions, textures. Currently, haptic devices find use in 
many VR and teleoperation applications such as computer 
aided design, entertainment, education, training, 
rehabilitation, nano-manipulation, virtual prototyping and 
virtual sculpturing. 

Various types of haptic devices are developed, and 
they are employed in different types of tasks. Especially 
for accurate teleoperation and precision required VR 
applications, high precision haptic systems are required 
with respect to the current commercially available haptic 
devices. In order to meet this precision criterion, in this 
work, the aim is to design and manufacture a 6-DOF high 
precision desktop haptic device.  

This paper focuses on the integration of a general 
purpose 6-DoF haptic desktop interface along with its 
mechanical, electromechanical and electronics 
components. The design criteria of the system are listed as 
high stiffness, high precision and high loading capacity 
(high force-feedback capability). The design process of 
the device is outlined in [1]. The system is selected to 
have hybrid structure that is composed of a 3-DoF parallel 
mechanism for translational motions and a 3-DoF serial 
mechanism for rotational motion.  

The parallel mechanism is a modified R-Cube 
mechanism and it is actuated with direct driven brushless 
DC motors to simulate point-type of contact. The 
mechanism for rotational motions is a passive mechanism 
with only position sensors to monitor the motion of the 
handle.  

 The next section provides a brief summary on the 
haptic devices. Haptic devices are classified by their 
haptic sensation types, and mechanism types. The 
fundamentals and basic components of a haptic device 
design are also described in the following section. The 
next section is dedicated to design, analysis and 
simulations of the mechanism. Also, in this section, the 
design criteria are listed and discussed, the design 
procedure is presented both for translation and orientation 
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mechanism along with the kinematics analysis for the 
mechanism. The manufacturing processes of the 
mechanism are explained in Section 5. Finally, in the last 
section, the integration of the mechanical, electro-
mechanical and electronic components are presented, part 
selection and integration of the complete system is 
described and experimental results are provided and 
discussed. 

 
2. Background 

Wide variety of types and sizes of haptic devices are 
utilized in various state-of-the-art applications for both 
scientific and commercial purposes. Haptics technology is 
usually used for complex tasks such as controlling a 
manipulator in hazardous environments, minimal invasive 
surgery, robotic rehabilitation, nano-manipulation task, 
3D design, education, and training applications. 

In this section, the aim is to describe previous haptic 
applications and clarify the concept of haptics. In order to 
achieve this objective haptics technology is investigated in 
three separate groups by their: (1) feedback types, and (2) 
mechanical structures. 

 
2.1. Kinaesthetic and Cutaneous Haptic Devices 

Kinaesthetic receptors are located in muscles, tendons 
and joints of the body as shown in Fig. 1(a). The 
kinaesthetic system refers to the awareness of force, 
motion, position and low frequency vibration. Cutaneous 
receptors are located in the dermis and epidermis layer of 
skin as shown in Fig. 1(b). Cutaneous system refers to the 
awareness of touch, pressure, stretch, texture and high 
frequency vibration. 

 

 
  (a)    (b) 

Fig. 1. Types of mechanoreceptors receptors: (a) 
Kinaesthetic, (b) Cutaneous [2] 

 
Kinaesthetic display devices are human–computer 

interfaces that can simulate kinaesthetic parameters of an 
environment or an object, such as motion, location, weight 
and rigidity. Recently, kinaesthetic haptic devices are the 
most common type of haptic interfaces. Several types of 

robot arm mechanisms have already been configured as 
kinaesthetic haptic devices. However, it is still an active 
field of research and development. Wearable haptic 
devices [3 & 4] and desktop haptic devices [5 & 6] are the 
most common device types of this class. An example of a 
haptic desktop device is shown in Fig. 2. 

 

 
Fig. 2. Prototype of 3-DOF parallel-type haptic device [6] 

 
Cutaneous display devices are human–computer 

interfaces that can copy tactile parameters of a surface 
such as texture, shape, roughness and temperature. 
Cutaneous device technology has been developed making 
use of several technologies such as mechanical needles 
actuated by electro-magnetics, piezoelectric materials, 
shape memory alloys and pneumatics. Various types of 
tactile display devices and tactile actuation systems are 
still an active research area. A tactile display device called 
VITAL1 is shown in Fig. 3. It has an 8x8 arranged pin 
matrix that is actuated by electro-magnetic actuators [7]. 
 

 
Fig. 3. VITAL1: vibrotactile display [7] 

 
Combination of kinaesthetic and cutaneous sensation 

in one haptic device improves realistic hand and object 
interaction between user and computer. Currently most of 
the developed haptic interfaces are separated as, force 
feedback devices and tactile devices. Nevertheless some 
combined haptic systems that have the capability to 
stimulate both kinaesthetic and cutaneous receptors. 

A pen-like haptic interface is shown in Fig. 4. The 
system is based on a tactile display and a vibrating 
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module. It is also combined with PHANTOMTM haptic 
system in order to add kinaesthetic feedback capabilities 
to the pen-like haptic interface [8]. 

 

 
Fig. 4. Prototype of a pen-like Haptic Interface [8] 
 

2.2. Haptic Device Mechanisms 
Serial manipulators are the most common industrial 

robots that have been widely used variety of applications. 
They have serial mechanical arm structure, which is a 
composition of serial chain of links and joints. The main 
advantage of the serial manipulators is their large 
workspace with respect to their footprint. However their 
low stiffness, amplified errors from link to link due to 
their open kinematic structure are their main 
disadvantages. The serial structure has to carry and move 
the large weights of links and the actuators; hence it has 
limited loading capacities. 

A parallel manipulator is a closed-loop mechanism 
with an end-effector placed on the moving platform that is 
connected to the ground with kinematic chains. Parallel 
manipulators have some structural advantages with 
respect to serial manipulators such as their higher 
precision, robustness and stiffness. The mechanism has to 
carry relatively low mass due to its ground fixed actuators. 
Therefore, parallel manipulators have higher loading 
capacity with respect to the serial manipulators. Their 
major disadvantage is their limited workspace, and low 
stiffness in singular positions. 

A Hybrid manipulator is a combination of parallel and 
serial manipulators. They embrace the advantages of both 
serial and parallel manipulators. 

Serial structures have been used in many haptic 
interface designs. Serial structure haptic devices are 
commercially available and probably the most well known 
devices are the products of Sensable Technologies [9]. 
The PHANTOM haptic device (Fig. 5) is currently used in 
various types of applications that range from commercial 
to scientific purposes.   

 

 
Fig. 5. PHANTOM® Desktop™ Haptic Device [9] 
 
Wearable haptic interfaces are usually designed in 

serial structure in order to fit the mechanism to human 
body. These haptic interfaces are frequently used as 
rehabilitation systems. An example for such an application 
is the wearable haptic interface shown in Fig. 6. The 
Maryland-Georgetown-Army (MGA) Exoskeleton has 6-
DOF and it is designed and developed for shoulder 
rehabilitation applications [10]. 

 

 
Fig. 6. The MGA Exoskeleton [10] 

 
Various researchers have recently designed several 

types of parallel structure haptic interfaces. Most of the 
published designs in the literature are based on Delta 
structure [6]. 

In Fig. 7, a modified version of Gough–Steward 
platform is configured as 6-DOF parallel haptic device. 
The system has cable-driven pantographs and rotational 
electrical actuators for improved workspace and output 
bandwidth [11]. 

Hybrid manipulators have the advantages of a parallel 
structure and serial manipulators such as high loading 
capacity, manipulability, stiffness, high precision, 
robustness and relatively large workspace. Commercial 
hybrid haptic devices are also available in the market for 
various types of applications such as Force Dimension’s 
Delta-based haptic devices [12]. The Delta-based hybrid 
haptic device, Omega 6, from Force Dimension is shown 
in Fig. 8. 
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Fig. 7. 6 URS Haptic Device [11] 

 
 

 
Fig.8. Omega 6 haptic device [12] 

 
3. Haptic Desktop Device Components 

 
Towards developing a new haptic desktop device, a 

designer has to identify the task that the haptic device will 
be employed. According to the task requirements, the 
design criteria of the haptic device have to be formed and 
the components should be selected. Although the 
components of a haptic device vary depending on the 
outlined types of the devices, basically all haptic systems 
are composed of mechanical, electro-mechanical, 
electronics and software parts. In this section, the 
commonly used components of the haptic desktop devices 
are investigated and discussed. 

 
3.1. Mechanical Components 

Mechanical components of a haptic device can be 
listed as the mechanism, material and drive system. 
Mechanism selection is probably the most important 
phase in developing a haptic device. Therefore the 
selection procedure is outlined in the next section. In this 
section, only the materials and drive systems of the haptic 
devices are explained and discussed. 

 
 3.1.1. Materials for the mechanism 

In haptic devices the specifications of the selected 
material for the mechanism are directly related with the 
quality of the haptic perception. The weight of the 
mechanical components must be minimized and the 

device has to have low inertia and high stiffness. Hence 
the most important specifications for the design haptic 
device material are; 

i) Low density 
ii) High strength and rigidity 
In order to minimize the gravitational effects, haptic 

devices are manufactured from light weight materials such 
as aluminum, nickel, titanium alloys and plastics. Haptic 
devices transmit the forces that are applied by the user. 
Hence, the rigidity and the strength of the mechanism are 
important for precision and perception of the system. As a 
consequence strength to weight ratio is an important 
factor, which has to be considered in haptic device 
development. 

Among the other alloys, aluminum alloys is the most 
remarkable material in haptic devices. In general 
aluminum alloys have reasonable price, good 
machinability, high corrosion resistance and vital 
specifications outlined above. 

Non-metallic material plastics also provide good 
strength to weight ratio and very low cost which are used 
in many haptic devices. In mass production of the haptic 
devices, plastic injection molding is an easy 
manufacturing process that is used for the manufacturing 
of the least important parts. Hence in general, the 
commercial haptic devices are composed of plastic and 
aluminum alloy parts and the custom haptic devices 
include only aluminum alloy components. 

3.1.2. Drive systems 
In haptics, drive systems are used for the transmission 

of the torques from actuators to the operator and the 
performance of the actuation system is more important 
with respect to the other robotic systems. Hence selection 
of the appropriate drive systems considering the type of 
the haptic device is important. The appropriate drive 
systems for a haptic device can be selected depending on 
the two broad classes; 

i) Admittance type devices 
ii) Impedance type devices 
Admittance haptic devices include force sensors that 

sense the applied force by the operator and adjust the 
operator’s position according to the manipulated virtual or 
real object. Hence the traditional transmission 
mechanisms such as gears can be employed in admittance 
type haptic devices. Nevertheless, the precision loss due to 
the use of transmission mechanisms is an important fact, 
which has to be considered in haptic device design. 
Therefore, high efficient and precise gearing transmission 
technology such as harmonic drive is currently used in 
haptic devices. Harmonic drives provide nearly zero 
backlash, light weight and high torque reduction ratios. 
An example for an admittance type haptic interface is 
VISHARD7 which can be seen in Fig. 9. VISHARD7 is a 
6-DOF mobile haptic interface for large remote 
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environments. The haptic interface is built by using 
brushless DC motors coupled with harmonic drive gears 
that provide relatively high force feedback capacity [13]. 

 

 
Fig. 9. Mobile haptic interface VISHARD7 [13] 

 
In contrast to the admittance haptic devices, in an 

impedance haptic device, position sensors sense the 
position of the operator, and then the computed forces are 
applied to the user. Therefore, impedance type haptic 
devices have to be back-drivable which is possible with 
low inertial and low frictional drive systems. Today most 
of the commercially available haptic desktop devices such 
as Phantom, Omega and Falcon are impedance type haptic 
systems. They are back-drivable and have a common 
mechanical transmission system called Capstan drive 
mechanism (Fig. 10). The capstan drive mechanism 
consists of tendon wrapped around pulley that actuates a 
semi-circular link. The ratio between the pulley’s and the 
semi-circular link’s diameters provides reduction that 
increases the force feedback capacity of the haptic 
systems. Capstan drive mechanism of a 1-DOF haptic 
paddle can be seen in Fig. 10 [14]. 

 

 
Fig. 10. Capstan drive mechanism of a haptic paddle [14] 

 
3.2. Electro-Mechanical Components 

Electro-mechanical components of a haptic desktop 

device can be listed as the brakes, sensors and actuators. 
In haptics usually two types of sensors are used; position 
and force/torque sensors. Position sensors measure the 
angles or positions of the links and this sensory input is 
transmitted to the computers. Depending on the type of 
the haptic system, force/torque sensors are also used 
especially in admittance type haptic devices. Moreover 
brakes and motors are used for the actuation of the 
mechanism and the properties of the actuation system are 
directly related with performance of the haptic device. In 
this section, electro-mechanical components of a haptic 
device is presented and discussed. 

3.2.1. Brake systems 
Haptic interfaces can also be categorized as active or 

passive interfaces depending on the employed actuators. 
Active haptic interfaces employ active motors, to provide 
active feedback to the user. On the other hand, passive 
haptic interfaces use dampers or brakes that dissipate the 
energy of the motion. In contrast to the active actuators, 
passive actuators such as brakes, dampers and clutches are 
actually stable components that they can only absorb the 
energy of the system. Therefore they can provide 
relatively larger forces without risking the user's safety. 
Furthermore it can improve the stability of the system. 
However passive actuators can only simulate some 
models such as high stiff wall or any rigid surface but they 
cannot simulate a model of an elastic surface or moving 
object. Nevertheless, due to the outlined advantages, 
dissipative components are recently employed in some 
haptic devices for better force-feedback capabilities and 
higher perception levels. Currently mechanic friction, 
electro-magnetic, magneto-rheological, electro-
rheological brake systems are employed and tested in 
haptic devices. 

Mechanical brake system of the previously presented, 
4-DOF wearable passive haptic interface is shown in 
Figure 3.7. The brake system of the device is located at 
the top of the exoskeleton and the mechanism consists of 
separate transmission cables for actuation with brake 
mechanism. In this example, the requirements of an 
exoskeleton haptic device such as simplicity, lightweight, 
high safety and hard-contact simulation are provided by 
passive actuation [15]. 

An example for hybrid actuation is the 2-DOF haptic 
interface that is used for medical purposes has rotational 
and translational axes actuated by both active and passive 
actuators. The combination of active motors and passive 
brakes improves sensation levels by reflecting the natural 
friction and high level force feedback of the haptic 
colonoscopy [16]. 

Electromagnetic brakes such as eddy current brakes 
(ECB) are also employed in haptic systems. Some of the 
specifications of the ECBs such as programmable 
damping rates, applicability to the linear motion, high 
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frequency responses make them very appropriate for 
passive haptic interfaces. The development and 
implementation of an ECB to a haptic interface is 
proposed in [17]. 

 

 
Fig. 11. Wearable passive haptic interface [15] 

 
Magneto-rheological (MR) fluids and electro-

rheological (ER) fluids are types of smart materials. They 
are both capable to change their viscosity reversibly 
within milliseconds by controlling the applied magnetic or 
electric field. This feature can be applied to wide range of 
applications such as variable damping systems. Especially 
in haptics due to the short response time and damping 
abilities of both MR and ER fluids are used as braking 
systems. An example of MR fluid brake system in haptic 
devices is presented in [18].  

3.2.2. Actuators 
Motors are the active actuation components in haptic 

devices. The performance of an active haptic device is 
directly related with the characteristics of the actuators. In 
order to provide high level sensations in a haptic interface, 
the actuators of the system must have low inertia, low 
friction, low torque ripple, high back-driveability, low 
backlash and high torque ratings. The selection of the 
appropriate actuators to meet the requirements of the 
haptic device is important. Currently various types of 
active actuators are employed in haptic desktop devices 
such as pneumatic, hydraulic, shape memory alloys 
(SMA), piezoelectric, pneumatic muscle, ultrasonic, 
magnetic and electrostatic actuators. 

Currently, DC motors are the most common actuation 
systems utilized in haptic devices. Most of the haptic 
devices in literature, including the commercial ones are 
configured with DC motors. DC motors are the pioneer 
electrical actuation method with respect to the other 
actuation methods. The performance, limitations, 
dynamics and control methods of the DC motors are well 
known. Moreover, DC motors have low cost, high 
reliability, and simple structure. Hence in robotics, 
actuation with brushed or brushless DC motors is the most 
preferred method. However, in haptic devices other 
actuation systems can provide better results. 

Shape memory alloys (SMA) are smart materials that 
have the ability to change its dimension via heat 

variations. Recently SMAs are employed in various types 
of applications including haptics. Although it seems that 
the SMA actuators are only employed in tactile haptic 
devices, SMA actuators have the potential to be used in 
SMA actuated haptic devices. 

Pneumatics converts air pressure to rotational or 
linear motion. The main advantage of the pneumatic 
actuation is the flexibility of the actuators which is 
necessary in a device that interacts with human. Due to 
the difficulties of position and force control, the 
pneumatics is not common in haptic devices. An example 
for pneumatic parallel haptic interface is proposed by 
Masahiro Takaiwa et al. The proposed device is a parallel 
mechanism that includes 6 pneumatic actuators and 
potentiometers [19]. 

Similar to the human muscles, pneumatic muscle 
actuators (PMA) are contractile components work with 
pressurized liquid or gas. The specifications of the PMAs 
are similar to the conventional pneumatic actuators, but 
the power/weight ratios of the PMAs are relatively 
greater. Due to the presented advantage, PMA actuators 
are suitable for exoskeleton haptic devices. A 7-DOF 
PMA actuated exoskeleton haptic device is presented in 
[20].  

Ultrasonic motors are piezoelectric motors that are 
actuated by ultrasonic vibrations. Similar to the DC 
motors, they consist of a rotor and a stator which is 
produced by piezoelectric materials. The ultrasonic 
motors are driven by two sinusoidal signals with a 
different phase. Associated with the phases of the signals 
the ultrasonic actuator has three phases; free, active and 
fixed phase. Thus, ultrasonic sensors are capable to 
actuate a haptic device as a hybrid (passive/active) system 
without using brakes or clutches. An example of such a 
mechanism is actuated with only four ultrasonic actuators 
that reflect bi-directional forces [21].  

Magnetic levitation actuators are probably the most 
interesting ones among the other actuators. The theory is 
based on suspending a handle object in magnetic field. A 
study on developing a magnetic haptic device is presented 
by Berkelman et al. 6-DOF device has motion ranges of 
±5 mm and ±3.5 degrees in all directions and can generate 
20N force, 1.7 Nm torque [22]. A commercial magnetic 
levitation haptic is the product of Butterfly Haptic Inc. 

 
3.2.2. Sensors 
In haptic device design, appropriate sensor selection 

is important for the electro-mechanical precision of the 
mechanism. Essential sensors of a haptic device are 
force/torque and position sensors. Position sensors can be 
categorized in two groups; analog and digital sensors. In 
general, hall-effect and resistive sensors are frequently 
employed in haptic devices due to their high resolution 
and low cost. 
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However the noisy nature of the analog signals needs 
extra care during transfer and conversation to the digital 
signals. Besides potentiometers have various technical 
specifications that have to be evaluated carefully for use 
in haptic devices, such as mechanical resolution, linearity 
errors and resistance tolerance. On the other hand, digital 
encoders provide more accurate and noise free signal 
therefore digital encoders are more convenient for haptic 
applications. Nevertheless today, the cost of the digital 
encoders is relatively high and supplied resolution is 
limited. 

Currently commercially available haptic devices are 
composed of both optical encoders and potentiometers. 6-
DoF PHANTOM haptic device includes optical encoders 
and potentiometers on its active and passive joints 
respectively. 

A variety of sensors are designed to measure 
forces/torques for different applications. The components 
of a force/torque sensor can be categorized in two groups 
as; the construction of the sensor and the sensing element. 
The construction of force sensors has to be designed 
considering the requirements of the application and the 
sensing element. Currently, strain gauges and 
piezoresistive sensing elements are the most common 
sensing elements in the force/torque sensor design. In 
admittance type haptic devices, both custom and 
commercial type force/torque sensors can be used. 
Although the commercial type sensors have relatively 
high cost, they can provide more accurate and reliable 
measurements. 
 
3.3. Electronics 

Data acquisition (DAQ) cards and motor amplifiers 
can be listed as electronic components of a haptic device. 
DAQ cards are the systems that measure, process, convert 
and transmit real world data to computers. Although the 
components of a DAQ system vary, depending on the 
specified tasks, DAQ systems may include, analog to 
digital converters (ADC), digital to analog converters 
(DAC), encoder decoders, counters, timers, digital inputs 
and outputs. In this section, appropriate DAQ systems for 
a haptic device are reviewed. 

During the development of a robotic system, 
commercial DAQ systems provide fast and reliable 
environment for initial tests of the integrated mechanism. 
Various DAQ cards are available for haptic device 
development with varying low prices. The primary 
specification of a DAQ system in haptic device design is 
the sampling rate requirement of the system. The selected 
commercial DAQ acquisition system has to support at 
least 1 KHz sampling rate [23]. Moreover the supported 
software environments such as Simulink and LabVIEW 
are also important for easy programming phases and 
initial test of the device. Some of the commercial DAQ 

system providers can be listed as National Instruments 
(NI), Labjack, Quanser, Sensoray, Diamond Systems, 
dSpace, IOTech, Servo2go. 

Towards developing an end product, custom designed 
and manufactured data acquisition cards and drives for the 
developed system are a necessity. As a result of the 
literature survey, it is observed that PIC© (Programmable 
Interface Controller) based DAQ cards via serial port (RS-
232) is commonly used in most haptic device designs. PIC 
is a popular microcontroller that is developed by 
Microchip Technology Inc. It is used in many digital 
control applications due to their low cost, easy 
development process, wide availability and high ability. 
 
4. Mechanism Design 
 

This paper outlines the design of a general purpose 
haptic device for fine VR and teleoperation applications 
that require higher level of precision. In order to develop a 
general purpose haptic device, a kinaesthetic desktop 
device is selected since it supports a wide variety of 
applications. The hybrid mechanisms have both the 
advantages of serial and parallel structures as discussed in 
Section 2.2. Therefore, the structure of the mechanism is 
selected to be configured as a hybrid structure. 

 
Table 1. Design criteria of the haptic device 

 
 
The device is designated to provide feedback signals 

to determine the pose of the rigid body in space, therefore 
it should be configured as a 6-DOF mechanism. Only 
point type contact is considered for this work, so the DOF 
can be grouped as 3-DOF active translational and 3-DOF 
passive rotation. Considering the task requirements the 
design criteria of the mechanism are listed in Table 1. The 
workspace, continuous exertable force and the resolution 
of the system are selected to be compatible with the 
commercial haptic desktop devices. 
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4.1. Conceptual Designs 
According to the specified design criteria, the possible 

mechanism types for the hybrid structure reviewed in two 
groups, translation and orientation mechanisms. For 
translational mechanism, Delta, Cartesian Parallel, and R-
Cube manipulators are considered and for orientation 
mechanism Agile Eye, Hybrid-Spherical and Serial- 
Spherical manipulators are considered in conceptual 
designs [1]. 

 
4.1.1. Translation mechanisms 
Delta robot is a 3-DOF parallel manipulator with 

3RRNR structure that is used for translational motions for 
various haptic device designs (Fig. 12(a)). It has seventeen 
links connected with twenty-one joints that are actuated 
by three ground fixed rotary motors. It has coupled motion 
and its structure provides high resolution, manipulability 
and high loading capacity with relatively limited 
workspace. 

Cartesian manipulator is a 3-DOF parallel 
manipulator with 3PRRR structure. It can generate only 
translational motions (Fig. 12(b)). It has three legs that 
consists eleven links connected with twelve joints 
including base and platform. The actuation is provided by 
three prismatic joints with linear actuators. The motion of 
the manipulator is de-coupled in the direction of the 
prismatic axes. 

R-CUBE manipulator is a 3-DOF parallel manipulator 
with 3NRRR structure (Fig. 12(c)). It can generate 
translational motions with only revolute joints. It has three 
legs and seventeen links connected with twenty-one 
revolute joints. The motion of the moving platform is 
directly related with the input of the first links, therefore 
the structure has decoupled motion making use of rotary 
actuators. Its kinematics analysis is simple with respect to 
other manipulators due to the de-coupled motion. The 
singularities of the manipulator only exist at the limits of 
the workspace which is easy to avoid [24]. 

 
4.1.2. Orientation mechanisms 
Agile Eye is a 3-DOF parallel manipulator with 

3RRR structure (Fig. 13(a)). Its workspace is a 140° cone 
with ±30° in torsion. It has eight links connected with nine 
joints. As a constructional advantage, it has ground fixed 
sensors. The structure has coupled motion. 

Hybrid-Spherical is a 3-DOF hybrid manipulator with 
2RE+R structure (Fig. 13(b)).  Its workspace is a spherical 
surface with ±90°(x) ±90°(y) ±120°(z). It has four links 
connected with six joints. It has 2 ground fixed and 1 
moving sensors. 

Serial Spherical Manipulator is a 3-DOF serial 
manipulator with RRR structure (Fig. 13(c)). As a 
consequence of its serial structure, it has large workspace 
with a range about ±120° around all directions, but it has 

two moving sensors. 
The comparison tables of the conceptual designs for 

translation and orientation mechanisms are shown in 
Tables 2 and 3 respectively. These two tables are used to 
select the configuration for the prototype of the hybrid 
mechanism. 

 
Table 2. Comparison of translation mechanisms 

 

 
 

Table 3. Comparison of the orientation mechanisms 
 

 
 

 
  (a)     (b)        (c) 
 

Fig. 12. (a) Delta, (b) Cartesian, (c) R-Cube parallel 
mechanism 
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  (a)        (b)        (c) 
 

Fig. 13. (a) Agile Eye, (b) Hybrid-Spherical, (c) Serial- 
Spherical 

 
4.2. Design of the Final Translation Mechanism 

Design of the translational mechanism is presented 
into three sections (1) Structural design parameters, (2) 
Mechanical part designs and (3) Link parameter 
determination. In the first subsection, the design criteria of 
the mechanism are identified. The necessary mechanical 
component designs are developed in the second 
subsection and finally, in the third subsection the 
dimensions of the links are determined. 

 
4.2.1. Structural design criteria 

In the prototype mechanism, the original structure of 
R-CUBE had some actuation problems due to the 
unequally distributed gravitational effects. Hence, the 
original structure of R-CUBE is reoriented and the effect 
of gravity is distributed equally to all actuators. Apart 
from that, such an oriented configuration also facilitates 
the controller design and gravity cancellation algorithms. 

The original structure configuration and the proposed 
configuration are shown respectively in Fig. 14(a) and 
14(b). The rotation of the structure is based on isometric 
projection problem, which is explained in the following 
section [25]. 

 

 
  (a)    (b) 
 

Fig. 14. R-CUBE designs: (a) Original design [24], (b) 
Rotated design 

 
In haptics, due to the random motion of the operator, 

motion through singular positions must be restricted. 
During the design procedure two singularity conditions 

are encountered which are important to avoid 
mechanically. One of them is already discussed in the 
work in [24] and presented as avoidable with a proper 
design. The reported singularity is at at θi = ±90 of the 
first link of the mechanism which is shown in Fig. 15(a). 
Although the four-bar mechanisms are reported as 
possible engineering trouble in [24], the problem is 
resolved by precise manufacturing technologies and the 
redundant constraint structures are used in order to avoid 
the singularity position mechanically (Fig. 15(b)). 

 

 
  (a)     (b) 
 

Fig. 15. Singularity in the first link: (a) Singularity if 
θi=±90, (b) Singularity avoidance 

 
In Fig. 16, the link lengths of the jth link is denoted by 

lij for j=1, 2, 3, 4. The singularity at θi4=0 may cause 
trouble at the boundaries of the workspace. Hence the link 
lengths of the link, lij for j=2, 3, 4 are configured to avoid 
any link collisions and possible singularity positions. The 
link length determination process is based on the iterative 
simulations of the mechanism that were carried out in 
CosmosMotion©. 

 

 
Fig. 16. Length of the second, third and fourth links 
 
The location of the workspace is important for the 

compactness of the design and it is limited with the 
footprint of the haptic device which is specified in the 
design criteria table (Table 1). The graphical 
representations of the workspace and Si parameter which 
defines the distance of the actuation axis from the origin 
of the base frame are shown in Fig. 17. The location of the 
workspace is determined with Si parameter by 
identification of the dimensional limitations of the 
mechanism. 
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Fig. 17. The workspace and the Si parameter of the 

mechanism 
 

Lengths of the first links (Fig. 18) determine the 
volume of the workspace. According to the design criteria 
the first link length of the mechanism is calculated by 
direct kinematics analysis formula which is shown in 
detail in the following section on mechanism analysis in 
order to meet the 120x120x120mm workspace 
specification. 
 

 
Fig. 18. Joint variables and length of the first links 
 

4.2.2. Component design criteria 
The main criterion of the parallel mechanism is to 

develop a universal design that is appropriate for different 
types of orientation mechanisms, so the moving platform 
of the mechanism (Fig. 19) is designed complying with 
this criterion. An example of this is presented in Fig. 
20(a), where instead of the orientation mechanism a 
simple handle mechanism is mounted on the platform thus 
the hybrid mechanism’s total DOF is decreased to 3-DOF. 
Similarly, mounting a 4-DOF mechanism can result in a 
total 7-DOF hybrid structure. 

During the design of haptic desktop devices, one of 
the most important design specifications is the handle 
space that is required for operator’s hand to fit 
ergonomically, especially when converting a standard 
manipulator design into a haptic device. Therefore during 
the design of the final mechanism, the ergonomics of the 
handle space is also conceived in the design phase. 

 

 
Fig. 19. Platform of the mechanism 

 
In the design, the locations of the sensors are selected 

for aesthetic considerations and to have a universal design 
for incorporating various sensor types. The three position 
sensors of the mechanism mounted at the base frame on 
the free rocker of the four-bar mechanisms as shown in 
Fig. 20(a) denoted as 1, 2, 3. The position sensors of the 
mechanism can be replaced with various types of sensors 
only by remanufacturing the sensor housings. In Fig. 
20(b), the sensor mechanism is shown with the sensor 
housing denoted as 1, the sensor as 2, the bearings as 3, 
and the shaft of the sensor as 4. 

 

 
Fig. 20. Sensor locations and sensor housing designs: (a) 

Location of the sensors, (b) The design of the sensor 
housings 

 
The CAD representation of the joint structure is 

shown in Fig. 21. The structure has a shaft (4), bearings 
(3), screws (1) and the bearing plates (2). The outer 
bearing plates at the left and right hand side of the image 
are shown in the Fig. 21. They provides leaning surface 
for the screws while fastening the joints. The inner 
bearing plate shown in the middle of the image prevents 
the outer races of bearings against getting stuck. The main 
objective in this design is to improve the mechanical 
precision of the joints. Besides it is also aimed to design a 
compact structure which has easy disassembling 
procedure. 

 

 
Fig. 21. CAD representation of joint components M4 

screw, bearings and bearing plates 
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4.2.3. Link dimensioning and shape identification 
Link dimensioning and shape identification of the 

translation mechanism are results of the structural and 
mechanical criteria outlined previously. The determination 
criteria can be listed as; 

i) Dimensions of the workspace 
ii) Location of the workspace 
iii) Universal design 
iv) Structure of the joints 
v) User’s handle space requirements 
vi) Singularity avoidance 
The lengths of the first links are determined to meet 

the workspace dimension specification. Previously 
defined 100x100x100mm workspace criterion is extended 
to 120x120x120mm, in order to avoid the motions in the 
close-range of the singular positions. The location of the 
workspace, which is important for the general dimensions 
of the mechanism, is identified with the max footprint 
criterion (Table 1). The universal design criterion sets the 
dimensions of the moving platform (Fig. 19); therefore the 
dimensions are determined by the size of the possible 
upper mechanisms. Volumes of the links are minimized to 
decrease the weight of mechanism. The cross-sectional 
area of the links is determined through the dimensions of 
the joint structure (Fig. 21). The second, third and the 
fourth link length and shape determination process is 
based on the iterative simulations carried out in 
SolidWorks© CosmosMotion© utilizing the singularity 
positions, link collisions and handle space ergonomics. 

 
4.3. Design of the Final Orientation Mechanism 

The serial structure proposed for the final design does 
not have any structural criteria. Therefore, link 
dimensioning and shape identification of the orientation 
mechanism’s links is the result of criteria; 

i) Sensation levels 
ii) Ergonomic design 
iii) Available sensors 
Due to the manufacturing limitations and precision 

requirements, previously employed orientation 
mechanism of the prototype system is replaced with the 
serial-spherical manipulator in the final design. The 
orientation mechanism, serial-spherical manipulator is a 
3-DOF-RRR spatial serial mechanism shown in Fig. 22. 

The mechanism is designed for monitoring the 
rotational motions of the user’s hand, so it is designed in 
consideration with handle ergonomics. The design is 
manufactured in rapid prototyping machine in our 
laboratories and the ergonomics of the design are 
evaluated. 

 

 
Fig. 22. Orientation mechanism 

 
The primary challenge in the design of this 

mechanism is adjusting the size of the mechanism with 
huge amount of components, such as position sensors, 
bearings, cables and A/D converters. 3-DOF rotational 
motions of the end-effector are monitored through three 
miniature sensors as shown in Fig. 23(b). The A/D 
converters are mounted inside the mechanism (Fig. 23(a)) 
in order to reduce the noise level by converting the analog 
outputs of the position sensors to digital signals. 

 

 
Fig. 23. Position sensors: (a) Location of the sensors, (b) 

Dimensions 
 
The design procedure of the mechanism is finished 

with necessary modifications to facilitate the 
manufacturing process. Finally, the model is designed in 
CAD environment and blue-prints are prepared for the test 
of the ergonomics of the mechanism. The CAD design of 
the new configuration of the hybrid mechanism with 
motors, sensors, bearings is shown in Fig. 24. 

 

 
Fig. 24. The CAD representation of the final design 
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4.4. Kinematics and Static Force Analysis 

Haptic devices are the systems that are used to 
manipulate virtual or real systems that may be a virtual or 
a robotic arm. In order to control a virtual or real system 
by a haptic interface, the position of the handle point has 
to be measured then measured or calculated forces from 
the VR system or the slave side of the teleoperation must 
be reflected back to the operator. The position of the tip 
point, Wr, (Fig. 25) must be calculated with direct 
kinematic analysis of the parallel mechanism (R-Cube) 
making use of the joint sensor readings. Forces on the VR 
system or teleoperation slave system must be calculated or 
measured to restrain the operator’s motion with calculated 
forces. In this section the position and torque calculation 
formulas of the developed haptic device are presented and 
discussed. 

In Fig. 25, position of the tip point, Wr, is defined as 
the intersection point of the last link connection surfaces 
on the moving platform. The origin of the base coordinate 
frame, O, is located at the intersection point of the unit 
vectors of the coordinate frame that is originated from the 
respective actuator axes. The mechanism parameters, 
variables and the rotated coordinate axes as shown in Fig. 
25 that are used in the direct and inverse kinematics 
analysis, and in the static torque calculations. 

 

 
Fig. 25. Mechanism parameters 

 
In the parallel mechanism, the translational motion of 

the platform is regulated by the orientation of the 
actuators. Due to the decoupled motion of the mechanism, 
the motion along 1u

r
, 2u
r

, and 3u
r

axes is only dependent on 
the motors placed on the same axes which have rotations 
about 2u

r
, 3u
r

, and 1u
r

 axes, respectively. Therefore, the 
mechanism’s direct and inverse kinematics analysis is 
relatively trivial. Nevertheless, the mechanism is only 
decoupled in rotated coordinate frame as shown in Fig. 
25, hence the torque and position analysis of the system is 

carried out in rotated coordinate frame. For VR or 
teleoperation applications coordinate frame is reoriented 
with rotation sequence presented in Eq. (1), (2) and (3). 
The reorientation angles, α and β, are calculated by using 
the isometric projection representation (Fig. 26) [25]. 

 
βα 21

~~),(ˆ uuWR eeC =         (1) 
 

°≅°= 26.35)30arcsin(tanα    (2) 
 

°−= 45β      (3) 
 

 
Fig. 26. Isometric projection 

 
The control scheme of the slave system is based on 

the calculation of the Wr point by utilizing the 
measurements from the positions sensors. This procedure 
is generally called direct kinematics. In Eq. 4, the 
calculation of the position vector of the tip point, Wr, with 
respect to the origin point, O, in the ground reference 
frame which is presented in Fig. 25, is described. 

 

∑
=

=
3

1i
iiuWrrW
rr

     (4) 

 
Components of the Wr vector are a function of the 

rotation amounts of the actuators, θ, as shown in Eq. 5. 
The zero position of the angle, θi, is represented with 
dotted line in Fig. 27. In Eq. 5, Si is the distance between 
motor axes and origin point and li is the link length of the 
first link which is previously presented in Fig. 25. 

 

 
Fig. 27. Joint variable (θi) and torque (Ti) directions 
 

( ) 3,2,1;sin =+= ilSWr iiii θ    (5) 
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The inverse kinematics solution is given in Eq. 6, 7 
and 8. In inverse kinematics solution, the mechanical 
structure of the four-bar mechanism limits the motion of 
the first link to about ±65°. Therefore, it is not possible to 
pass to the region where the cosines of the joint variables 
become negative. As a result of this, the sign ambiguity 
denoted with σ in Eq. 7 can be neglected and σ can be 
taken as +1 without the loss of generality. 

 

( ) 3,2,1sin =
−

= i
l

SWr

i

ii
iθ    (6) 

 
( ) ( ) 1;sin1cos 2 ±=−= σθσθ ii   (7) 

 
( ) ( )( )iii θθθ cos,sinarctan2=    (8) 

 
The components of the applied force, F, are 

calculated in the ground reference frame in Eq. 9. 
 

∑
=

=
3

1i
iiuFF
rr

     (9) 

 
Torque demands for a specified force that has to be 

applied to the operator’s hand can be formulated by Eq. 
10. In Eq. 10, T is the torque required to be applied by the 
actuators about their respective axis of rotation as shown 
in Fig. 27, and F is the desired force to be applied to the 
operator’s hand. Torque values for each actuator are 
calculated by taking cross product of the moment arm 
vector, Wr, and the force vector, F, and then taking the dot 
product with the respective actuator’s rotation axis. The 
torque element in all axes that has the moment arm along 
its respective axis is neglected because the forces will not 
be transferred as a consequence of the rotation axis 
arrangement of links 2, 3, and 4. T is the torque applied by 
the actuator about each axis as shown in Fig. 25, and F is 
desired force to be applied to the operator’s hand. 

 
( )
( )
( )233

122

311

WrFT
WrFT
WrFT

=
=
=

     (10) 

 
In Figure 4.23, the tip point of the parallel mechanism 

is denoted with Wr. The orientation mechanism is in the 
form of a spherical wrist configuration. Thus, its forward 
kinematics analysis is provided as a series of pure 
rotations as in Eq. 11. The orientation mechanism is a 
passive mechanism. The inverse kinematics solution is not 
required since the motion of the mechanism is not 
controlled by any actuation system. The measured angles 
from this mechanism are used only for the control of the 

rotation motion in VR or teleoperation applications. 
 

 
Fig. 28. Wr point of the mechanism 

 
( ) 635243

~~~6,3ˆ θθθ uuu eeeC =     (11) 
 
Three rotational sequences of the spherical orientation 

mechanism can be carried out by simple quaternion 
operations (Eq. 12-16) as any quaternion operator ( ) 1−qq  
will rotate any vector around any axis by the desired 
amount of angle, provided that they are passing from a 
common point. 
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Consider that the global axes are carried to the Wr 

point of the mechanism, and ir  shows the initial position 
of the tool point. Eq. 12 represents the first rotation of ir  

around 3u
r

 by angle 4θ . After calculating the new ( )1
2u
r  

(Eq. 13.), the second rotation 5θ  can be carried out around 
( )1
2u
r  to obtain 3r  (Eq. 14.). The final rotation will be 

performed around the precalculated ( )2
3u
r  by rotation 
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amount of 6θ  (Eq. 15, and 16). The whole rotation 
sequence can be represented by Eq. 17. 
 

( ) 1
3

1
2

1
1123

−−−= qqqrqqqr if     (17) 
 
Although 4θ , 5θ  and 6θ  can easily be obtained from 

the acquired potentiometers signals, as it is required for 
the VR representation they should be converted into a 
single rotation ψ  around a single rotational axis m

r  (Eq. 
18).  
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2
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2
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,
2
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2
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1
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r
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−
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  (18) 

 
Using Eq. 17 and 18, and recalling that the 

quaternions have four components including one scalar 
and three vectoral parts, Eq. 19 and 20 can be developed 
to find the desired parameters ψ  and m . 
 

2
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cos321123
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  (20) 

 
It should be noted that multiplications between the 

quaternions should be carried out by using the rules of 
quaternion multiplications. 

 
5. Manufacturing Process 

 
The designed device is manufactured by utilizing 

various types of manufacturing processes, such as wire 
erosion, laser cutting, milling and turning for both 
translation and orientation mechanism. In general the 
manufacturing process of the entire mechanism is 
challenging due to; 

i) Small scale parts 
ii) High precision parts 
iii) Parallel structure 
iv) Irregular part shapes 
v) Non-magnetic materials 
vi) Average machinability materials 
The design of the mechanism includes small bearings, 

bearing housings, bearing shafts, wiring and electronic 
component houses which are difficult to manufacture with 
conventional manufacturing processes. All moving parts 

of the mechanism are manufactured with high precision in 
order to detain possible backlashes and develop high 
precision mechanism. Non-identical and less precise parts 
in a parallel mechanism can also block the motion of the 
mechanism. As a result of the link length and shape 
determination process outlined in the previous section, the 
manufacturing of the irregular shaped parts result in a 
difficult and long manufacturing process. Especially, the 
platform of the mechanism is manufactured in several 
manufacturing phases. The presented materials which are 
discussed in the next section have average machinability 
and non-magnetic atomic configuration. In general 
magnetic materials can be clutched with magnetic 
clutches to the milling and turning machines, however 
non-magnetic materials require custom manufactured 
fixture in order to fix the workpiece to the machines. 
Manufacturing the parts of the mechanism with custom 
gages and fixtures increases the cost and time of the 
manufacturing process. 

In material selection for translational mechanism, the 
primary objectives are to manufacture the mechanism 
with a material that is light, non-corrosive, and rigid. 
Therefore, non-ferrous metal alloys based on aluminum, 
zinc, nickel, copper, titanium, tungsten and cobalt are 
investigated and among the other non-ferrous alloys 
aluminum alloy 7075 is used to manufacture of the 
parallel mechanism. 7075 aluminum alloy includes 5.1-
6.1% zinc, 2.1-2.9% magnesium, 1.2-2.0% copper, 
maximum 0.4% iron, less than 0.4% silicon and other 
metals. Its density is 0.0028 g/mm³ and it has wide 
application in highly stressed structural parts that range 
from various commercial aircraft components, aerospace 
to defense equipments. The material combines high 
strength with moderate toughness and corrosion 
resistance. Alloy 7075 offers reasonable price and good 
machinability when machined with carbide machining 
tools. 

 

   
        (a)    (b) 
 

Fig. 29. Assembled (a) translation mechanism, (b) 
orientation mechanism 

 
The primary objective during the material selection of 

the orientation mechanism is to use ultra light materials, in 
order to reduce the payload amount of the platform of the 
mechanism. An engineering plastic, cast polyamide 
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commonly known as Kestamid© can provide low densities 
with reasonable rigidity and price. Delrin material has 
density of 0.0014 g/mm³ and it has wide application for 
general purposes especially in chemical and food 
industries. It is resistant to corrosion and it has average 
machinability. 

Both mechanisms, translation and orientation, are 
manufactured by using different materials and machining 
processes as discussed in this section. The assembled 
representations of both mechanisms are shown in Fig. 29. 

 
6. System Integration 

 
Haptic systems are composed of mechanical, electro-

mechanical and electronics components. The mechanical 
component of the system is presented and manufacturing 
processes are explained in the previous sections. The 
electronics and electromechanical components such as 
actuators, sensors, data acquisition cards and motor 
amplifiers of the system are required to be selected and 
integrated to the system. In this section, the selection of 
the outlined components of the system is discussed and 
selected components are presented. 

The basic components and the data flow among these 
components are shown in Fig. 30. This flow chart 
facilitates the identification of the correlation and data 
transfer between the system and the components. The 
control scheme of impedance type haptic system starts 
with the measurement of the positions of the mechanism’s 
degrees of freedom from potentiometers via data 
acquisition card. The analog signals from the 
potentiometer are converted to digital signals by ADCs in 
the DAQ card. Through the reserved communication port 
of the PC, digital signals are transferred to the computer 
control software and the forces are calculated as a result of 
the interaction between the object and the environment in 
VR or teleoperation application. Afterwards, the resultant 
forces are transmitted back though the same way, back to 
the actuators of the mechanism. In a VR application, 
acquired signals from the motion sensors through the 
DAQ card are used to move a virtual object in VR screen. 

The only difference in teleoperation integration of this 
haptic device would be that actual forces has to be 
measured on the slave side of teleoperation instead of 
calculating virtual forces in the VR environment. The 
slave system is usually at a distant site. Therefore, the 
signals between the master and the slave robot must have 
a communication system such as the Internet, cables or 
wireless technology in teleoperation systems. 

Among the other actuation methods presented in the 
Chapter 2, DC motors are the most frequently used 
actuator types in the design of the robotic applications 
owing to their simple structure, low cost, high reliability 
and wide availability for various applications. DC motors 

are also used in the design of the haptic devices. In this 
thesis due to their advantages outlined above, Brushless 
DC motors are employed in the system. Basically DC 
motors can be grouped in two categories as brushed and 
brushless DC motors. Brushed DC motors are composed 
of brushes, commutator, stator and rotor. Because of the 
switching mechanism, motor and the maintenance cost of 
the actuator is high and the structure of the motor is 
sensitive to dust and abrasion. In contrast brushless DC 
(BLDC) motors include only a permanent magnet rotor 
and a stator. In BLDCs, the switching is generated with 
electronic switching circuits, instead of any mechanical 
switching.  
 

 
Fig. 30. Data flow 

 
The actuators are selected as a result of the force 

analysis performed in the simulation studies. The applied 
force specification of the haptic device is to apply at least 
0.8 N of force in all directions. This specification is 
consistent with the similar haptic devices in the market 
[9]. The initial selection of the actuator is a Maxon 
brushless DC motor that provides 310 mNm of continuous 
torque according to its datasheet to comply with the force 
requirements of the device. 

In impedance type haptic devices, usually DC motors 
with capstan drives are used. However, it is foreseen that 
in time, the cables of the capstan drives loosen and results 
in loss of precision since the mechanism is driven without 
any transmission mechanism. Brushless DC (BLDC) 
motors are used in direct drive formation. 

The system requires motor amplifiers that drive the 
three BLDC motors through current mode requiring +/- 10 
V analogue signals as inputs. Maxon BLDC motor 
amplifiers (drivers) are selected to be compatible with the 
current requirements of the motors. These amplifiers are 
used to drive the actuators in current mode, which enables 
to drive the actuators by torque inputs that originated from 
the haptic controller system. The amplifiers are selected to 
have a response rate of at least 1 kHz. 

The design of the mechanism allows using separate 
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sensors to measure the rotation amount of each actuator. 
Thus, it is not required to have an encoder system at the 
rear end of the actuator which usually has 9-bit of 
resolution. The four-bar structure placed as the fist link 
has identical nominal lengths, which permits the same 
motion on each link. 

A potentiometer or a higher bit resolution encoder 
(12-bit) can be aligned with the free link of the four-bar 
system and measure the same motion with more precision. 
In the initial system, six potentiometers that provide 
analogue signals, three on the parallel mechanism and 
three on the orientation mechanism, are used due to their 
low cost and simplicity. The selected potentiometer for 
the links of translation mechanism has linear track tapper, 
approximately 270o mechanical angle, ±5 resistance 
tolerance and 1% linearity error. In order to design a 
compact handle mechanism, it is required to use 
miniaturize potentiometers. 

The potentiometers of the rotational mechanism have 
small dimensions about 10x11x4 mm. Although the 
presented components, called trimpot, are not designed for 
position sensing, due to the availability limitations of 
miniaturize size position sensors, these trimpots are used 
as sensors. 

In order to minimize noise in the analog signal it is 
required to convert to digital signals directly. Therefore 
16-Bit, High-Speed, ADC ADS8331 and the passive 
filtering components are mounted on the back of the 
trimpots. Finally, the integrated sensor modules are placed 
into the links of the mechanism. Located sensor of the 
second link can be seen in Fig. 31. 

 

 
Fig. 31. Integration of the miniaturize position sensors 

 
Due to the noise effects in high speed digital signals, 

cased ribbon cables are used for the power and data 
transmission between the integrated sensors and DAQ 
card. The array of the signal cables are composed of data, 
clock, positive supply, ground and enable signal cables. 

A data acquisition (DAQ) card developed to convert 
analogue inputs from the potentiometers to digital signals 
to be fed into the computer and digital outputs from the 
computer to analogue signals to be fed into the motor 
amplifiers. The developed data acquisition card is a 

Microchip© PIC based system that has six 16-bit A/D 
converters and three 16-bit D/A converters. The 
developed data acquisition system includes three analog to 
digital converter, micro processor, three digital to analog 
converters and RS-232 communication ports. 

Although various types of commercial data 
acquisition systems are available, due to the performance 
ratings, Quanser Q8 Hardware in the Loop (HIL) Board 
from Quanser Consulting Inc. is selected. Q8 has eight 12-
bit D/A converters, eight 14-bit A/D converters whivh is 
enough for 6-DOF mechanism. Furthermore, it also has 
eight quadrature encoder inputs is for future modifications 
on the system’s sensors. The system currently occupies 
three D/A converters for motor amplifiers and six A/D 
converters for the potentiometers of the Q8. While human 
motion is limited to 10 Hz, forces that are up to 1 kHz is 
important for the perception of the outer media. Therefore, 
in general, haptic devices are required to have at least 1 
kHz of sampling rate in order to accurately provide the 
sense of touch [26]. Quanser Q8 DAO card can operate at 
100 kHz sampling rates even in simultaneous acquisition. 

Due to the sampling rate limitations of the developed 
custom data acquisition card, the initial tests of the 
mechanism are performed with the purchased commercial 
DAQ system. Nevertheless the small dimensions and wire 
houses transmitting the analog sensory outputs from the 
mechanism are impossible. Therefore, the digital signals 
from the embedded DAQ components (Figure 6.6) are 
converted by developed ADC to DAC converter circuit. 

Integrated mechanism can be seen in Figure 6.14. The 
VR application, computer control scheme, DAQ 
components and the mechanism is denoted by 1, 2, 3, 4 in 
Fig. 32, respectively. 
 

 
Fig. 32. The 6-DOF haptic system 

 
7. Initial Tests and Modifications 

 
The integrated system is tested and necessary design 

modifications are identified and some of them are applied 
system. According to the integrated system test results, 
necessary modifications are addressed in; 

i) Rotation of the mechanism 



 

 
Proceedings of the International Symposium of Mechanism and Machine Science, 2010 

AzCIFToMM – Izmir Institute of Technology 
5-8 October 2010, Izmir, TURKEY 

 
 

283 
 

ii) Motor selection 
iii) Sensor selection 
iv) Second link of the orientation mechanism 
The initial test results revealed that the reoriented 

mechanism increased power consumption with respect to 
the original configuration due to the gravitational effects 
as shown in Table 4. Hence the orientation of the 
translation mechanism is changed back to the previous 
configuration (Fig. 33). 

 
Table 4. Power Consumptions due to Gravitational Effects 

 
 

 
Fig. 33. Modified 6-DOF mechanism 

 
Although the technical specification sheet of the 

selected rate presents the motor’s stall torque at 310 
mNm, it is measured that the actuator can apply one third 
of the rated stall torque. Furthermore, changing back the 
orientation of the mechanism decreased the force 
feedback capability. Nevertheless this configuration can 
still provides enough torque rates to the mechanism. In 
order to achieve the required the feedback capacity more 
powerful brushed dc motors are planned to be used. 

A closed-loop position control is used for gravity 
compensation. Fig. 34 shows the variation between torque 
demands for actuator 1 and different positions for 
actuators 1 and 2 while 3 is kept at a constant position. 
The torque is given in the unit of current, A, and it is 

experimentally measured that 1 A can be converted as 
about 90 mNm of torque for all actuators. It is clearly 
observed that gravitational effects vary as the manipulator 
travels. Therefore, at each instant the center of mass 
information should be recalculated to compensate for 
gravity. 
 

 
Fig. 34.  Torque supplied to actuator 1 at different 

positions of the axes 1&2 (@ axis3: -65°) 
 
Initially selected analog position sensors 

(potentiometers) provide noisy data which can results in 
precision loss. Therefore 12-bit three-channel incremental 
optical sensors can be replaced far the potentiometers. 

 
8. Conclusions 

The aim of this work is to develop a general purpose 
haptic device that provides higher precision ratings. 
Hence, previous haptic device designs are investigated, 
current haptic systems’ sensation types are reviewed, 
mechanisms and their structural advantages are identified. 
Afterwards, the general haptic device components are 
listed and previously employed materials are reviewed. 
The difference of the admittance and impedance haptic 
devices is described, and drive systems are investigated 
according to the type of the haptic device. 

Design criteria are identified and the conceptual 
designs are formed. Evaluating the literature survey 
results and the developed conceptual designs, R-CUBE 
mechanism is selected for reflecting three-dimensional 
forces and 3R serial spatial mechanism is selected for 
monitoring the orientation of the operator’s hand. The 
selected mechanisms are configured as a haptic device and 
the dimensions and shapes of the links are determined to 
meet the specified design criteria. The designed 
mechanism is modified according to the manufacturing 
abilities, and then the mechanism is manufactured 
utilizing various manufacturing processes. 

The mechanical, electro-mechanical, electronics and 
software parts of the device are integrated. Considering 
the force feedback requirements, motors are selected 
along with the appropriate motor amplifiers. In order to 
improve the precision of the actuation system, the driving 
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type is determined as direct drive. The sensors of the 
system are identified and the orientation mechanism is 
integrated with its DAQ modules. Then, the commercial 
DAQ system is integrated with the other components of 
the mechanism. Finally initial tests are performed, 
necessary design changes are offered and some of them 
are applied to the system. 

In the future the mechanism can be remanufactured 
with composite material in order to improve the 
weight/strength ratio. The electro-mechanical components 
such as sensors and actuators can be replaced for better 
accuracy and force ratings. Hence, the potentiometers can 
be replaced with optical encoders and the motors of the 
system can be changed with other types of actuators such 
as coreless DC motors. Furthermore, passive actuators can 
be integrated to the existing device; the four-bar 
mechanism provides unique advantage for such an 
implementation. The developed custom DAQ card’s 
sampling rate can be improved with the use of more 
advanced technologies such as DSPs and FPGAs. VR 
application can be enhanced with better VR modules or 
custom programming. Moreover, the system can be 
configured as the master system of a teleoperation 
application. 
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Abstract 
Mobile robots may be able to navigate in an unknown 
environment acquiring visual information of their surroundings 
with the aim of estimating the position and orientation of an 
obstacle which is in front of it. In this study, a robust stereo 
depth perception and obstacle detection algorithms are 
proposed for collision free navigation of a hydraulically 
actuated experimental crawling mobile robot in an unknown 
indoor environment. For safely navigation of the mobile robot 
within its environments and reliably move from start point to 
destination point, a navigation algorithm, obstacle avoidance 
strategy and motion planning algorithms are implemented on the 
robot and the behavior of  robot was observed. Experimental 
results were presented to show how the robot is able to reach 
destination point without collision with any obstacle. 
 
 
Keywords: Stereo vision, Mobile robot navigation, Stereo 
vision obstacle detection, Depth perception via stereo vision. 
 
1. Introduction 
 
 Mobile robots are a kind of robots which have the 
capability to navigate around their environment and are 
not fixed to one physical location in contrast with 
industrial robots. Mobile robot which is placed in an 
unknown environment must discover unaided and collect 
sufficient information about its surroundings to be able to 
accomplish its task. For such a robot, the most important 
requirement is adequate sensing. Visual information is 
widely used for navigation and obstacle detection of 
mobile robots. In order to navigate a mobile robot in 
unknown environment, the obstacle, which is in front of 
the robot, must be detected and depth information of the 
obstacle must be calculated. However, in order to avoid 
obstacles, when there is enough information about 
obstacles and their distance from the robot, complete 
information about the object in front of the robot is not 
required. Obstacle avoiding is an essential task for mobile 
robots. This problem has been investigated to solve for 
many years by researchers and a lot of obstacle detections 
and avoiding systems have been proposed so far. 
Nevertheless designing an accurate and totally robust and 
reliable system remains a challenging task, in the real 

environments. 
 In the mobile robot navigation, there are two 
important requirements: perception and navigation. In this 
study, stereo vision has been used as a perception sensor. 
Due to large number of available literature on the concept 
of mobile robot navigation, there is small number of 
studies closely related with mobile robot navigation using 
stereo vision. 
 Real time or nearly real time stereo images are 
available from different stereo hardware systems. But raw 
stereo images are useless for robot obstacle avoidance and 
navigation tasks. These images require significant post-
processing operation to extract three dimensional, range 
information. For example, researchers generally have 
applied some image processing and image enhancement 
techniques. Additionally researchers have applied various 
navigation and obstacle avoidance techniques which are 
developed for different sensors. 
 Don Murray et al. [1, 2] studied stereo vision based 
mapping and mobile robot navigation. They used 
occupancy grid mapping and potential field path planning 
techniques to form a robust cohesive robotic system for 
robotic mapping and navigation in both Spinoza [1] and 
Jose robots [2]. In these projects, trinocular, which is 
described as three camera stereo vision system, was used. 
Researchers used some techniques to improve the quality 
of stereo vision results on a working system and several 
example implementation results are given in related 
references. 
 Kumano and Ohya [3] proposed a new obstacle 
detection method. This method was based on stereo depth 
measurement but there was no corresponding point 
matching. Proposed method was fast enough for mobile 
robot navigation, but, not suitable robust for obstacle 
detection. For example, some ghost objects could not been 
detected during navigation. 
 Chin et al. [4] proposed an approach for robot 
navigation using distance transform methodology (DT). 
DT can be used in path planning for indoor robot 
navigation and also in performing obstacle avoidance 
simultaneously. But DT method is inefficient when 
performing both the tasks of path planning and obstacle 
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avoidance. Usually, both have to be coupled and DT is 
normally only used for path planning. The DT 
methodology developed in that paper [5] can solve the 
navigation problem by optimizing the DT algorithm and 
reducing the processing area. Finally, the researchers 
performed simulation and actual tests on their autonomous 
mobile robot to verify the algorithm. 
 Sabe et al. [6] performed stereo vision system on a 
humanoid robot QRIO and also they developed a method 
for path planning and obstacle avoidance allowing the 
robot autonomously walk around in a home environment. 
Researchers’ approach was based on floor extraction 
using Hough transform from image captured by stereo 
vision camera. 
 Stereo vision system also has been used for small 
mobile robot. It is a very challenging work and it requires 
small computing system instead of computer. Mingxiang 
and Yunde [7] studied on stereo vision system on 
programmable chip (SVSoC) which can be implemented 
by one Field Programmable Gates Array (FPGA). The 
researchers used three miniature CMOS cameras that are 
trinocular stereo systems with triangular configuration and 
all these systems were mounted on small hexapod robot 
for obstacle avoidance and navigation. 
 Recently stereo vision system has been tried to use on 
a passenger car as a driver assistant systems to perform 
with reliability to avoid any potential collision with the 
front vehicle. The feasibility of these systems in passenger 
car requires accurate and robust sensing performance. Huh 
et al. [8] developed an obstacle detection system using 
stereo vision sensors. Proposed method utilized stereo 
vision feature matching, epipolar constraint and feature 
collection in order to robustly detect initial corresponding 
pairs. After initial detection the system executed the 
tracking algorithm for the obstacles. After this operation 
system could detect a front obstacle, a leading vehicle 
then the position parameters of the obstacles and leading 
vehicles could be obtained. Researchers also implemented 
this system on a passenger car and their performances 
were verified experimentally on a Korean highway. 
 The main concentration of this study is to have an 
autonomous robot that will be able to visually navigate an 
unknown environment and be able to keep away from the 
obstacles during navigation. Obstacles detection and 
avoidance have been performed by our robot using 
computer stereo vision system. 
 A navigation algorithm for a mobile robot has been 
developed using stereo vision by MATLAB programming 
language. In the navigation algorithm, the starting and 
destination coordinates are specified and robot travels 
from the starting point to the destination point without 
having any prior knowledge of the environment. Thus, 
robot has been able to avoid static obstacle in this manner. 
Consequently, this study describes obstacle avoidance, in 

other words, collision free navigation using stereo vision 
perception system has been implemented on a 
hydraulically actuated crawling mobile robot. 
 
2. Stereo Vision 
 
 Stereo vision is a widespread technique for inferring 
the three dimensional position of objects from two or 
more simultaneous views of a scene. Mobile robots can 
take advantages of a stereo vision system as a reliable and 
an effective way to extract range information from the 
surroundings. Accuracy of the results is generally 
adequate for applications such as depth perception and 
obstacle avoidance. Figure 1 shows overall stereo vision 
system and all operations which are used in this study. 

 
Fig.1: Stereo vision system and all operations 

 
2.1 Pre Processing Operations 
 
 Pre processing operations are all the operations that 
are done before stereo matching. These operations have 
crucial role in stereo vision depth perception, because raw 
images are not adequate enough for depth perception and 
images should be prepared for matching operation. In this 
study five different pre processing operations are used 
which are; 
 
Image Grabbing: In stereo vision image grabbing is 
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performed via stereo rig in which two cheap USB web 
camera are used although, there are a lot of professional 
stereo rig in the market. Today most webcams are of a 
reasonable quality and have a sufficiently high frame rate 
to be practical on slow moving robots 
 
Color Adjustment: Color adjustment operation is the 
second operation of the pre processing operations. This 
function is used for making contrast or brightness 
adjustment of stereo image pair. Contrast is the difference 
in brightness between two adjacent pixels. On the other 
hand, brightness refers to the overall lightness or darkness 
of an image. This operation is necessary in order to 
improve the match quality, so stereo image pair should be 
set same contrast and same brightness level. 
 
Stereo Rectification: In order to improve stereo 
correspondence in other words in order to get correct 
depth map, images require some pre-processing 
operations for example reduction of noise, adjustment of 
illuminations or a white balance of each cameras. But the 
most effective pre-processing operation is the calibration 
of the cameras [9] and rectification of images to use of the 
epipolar constraint. Meaning of epipolar constraint is pixel 
in the left image the corresponding point in the right 
image lies on the same horizontal line (i.e. epipolar line). 
This constraint is used to reduce the searching area of the 
correspondence algorithms that calculates depth maps. 
 
Image Cropping: After rectification operation some 
useless areas appear on both left and right images as seen 
in Figure 2. For reducing computation time of stereo 
match, useless areas which are on the images are cut out 
by using image crop operation. 
 
Image Smoothing: Image smoothing operation (i.e. image 
blurring) is the last operation of pre processing operation 
and is used to make blur stereo image pair because image 
blurring reduces the sharp color changes. According to 
experimental results sharp color changes reduce stereo 
match quality. Because of that reason image smoothing 
operation were added into pre processing operations. 
 

 
  

Fig. 2: After rectification operation some useless areas 
appear on both left and right images 

2.2 Stereo Match 
 
 Stereo vision correspondence analysis tries to solve 
the problem of finding which pixels or objects in one 
image correspond to a pixels or objects in the other image. 
This is stereo correspondence and also called as stereo 
matching. Stereo corresponding algorithms require a 
measure of similarity in order to find correspondences 
between the left and right image. The stereo 
correspondence algorithms can roughly be divided into 
feature based and area based, also known as region based 
or intensity based [10]. 
 Feature based algorithms extract features (e.g. edges, 
angles, curves, etc.) from images and tries to match them 
in two or more views. They are very efficient but as 
drawback they produce poor depth maps. 
 Area based algorithms solve the correspondence 
problem for every single pixel in the image. Therefore 
they take color values and / or intensities into account as 
well as a certain pixel neighborhood. A block consisting 
of the middle pixel and its surrounding neighbors will 
then be matched to the best corresponding block in the 
second image. 
 In a robotic application generally an area based stereo 
algorithm has been used. Because feature based ones do 
not generate dense depth map and have difficulty to match 
smooth surfaces. Also the area based algorithm is faster 
than feature based. The main challenge of adopting an 
area based correspondence algorithm is its computational 
cost. An area based algorithm produces a dense depth 
map, which means that for each pixel of an image the 
algorithm tries to find its mutual pixel on the other view. 
This process is quite computationally expensive, but 
profiting on optimization techniques and by preprocessing 
operation such as image calibration and rectification. 
Finally we can reach a good compromise between the 
depth map density and its computation time. 
 In recent studies Sum of Absolute Differences (SAD) 
and Sum of Squared Differences (SSD) are the most 
widespread area or region based stereo correspondence 
algorithms in robotic and real time applications. Because 
they are faster than other algorithms and they give dense 
depth map (i.e. disparity map). According to these 
reasons, SSD type stereo matching algorithm is used in 
this study [10, 11]. 
 

,  ,

,  
Where;  
IL = Left image (Reference image)  
IR = Right image  
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x = Image Coordinate in x direction  
y = Image Coordinate in y direction  
i = Enumerator in x direction  
j = Enumerator in y direction  
dx = Disparity in x direction  
dy = disparity in y direction 
 
 In this study, during calculation of disparity between 
two stereo image pair, epipolar line constraint has been 
used. In other words stereo images are rectified with 
horizontal epipolar line. Because of that reason disparity 
in y direction is zero disparity only exist in x direction. 
 
Disparity Map: A disparity map is a method for storing 
depth of each pixel in an image. Each pixel in the 
disparity map corresponds to the same pixel in a reference 
image. Determine the disparity of a physical point in 
multiple point of view projections. By repeating this 
process for all points of the 3D scene the correspondence 
phase computes a disparity map. Figure 3 shows how 
disparity estimation works from any world scene.  
 In Figure 4 are shown left and right pictures, which 
are taken from our stereo hardware, and in Figure 5 
histogram equalized disparity map are shown. In disparity 
map objects which are on red pixels are close to cameras 
and objects which are on blue pixels farther away from 
cameras. 
 

 
Fig. 3: Disparity Estimation 

 

 
Fig. 4: Stereo Image Pair 

 
Fig. 5: Disparity Map 

 
2.3 Post Processing Operations 
 
 Post processing operations are all the operations that 
are done after stereo matching. These operations have 
crucial role in stereo vision depth perception because raw 
disparity map are not adequate enough and it is 
meaningless for depth perception and obstacle avoidance. 
Because of that reason disparity map should be passed 
through the following operations. In this study five 
different operations are developed which are;  
 
Median Filter: The median filter is a non-linear digital 
filtering technique, often used to remove noise from 
images or other signals. Median filtering is a common step 
in image processing. It is particularly useful to reduce 
speckle noise and salt and pepper noise [12]. After stereo 
matching produced, disparity map includes some noise 
due to mismatching. In order to remove this noise after 
stereo matching, median filter has been used. Figure 6 
shows median filtered left disparity map. 

 
Fig. 6: Median Filtered Disparity Map 
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Histogram: An image histogram is type of histogram 
which acts as a graphical representation of the tonal 
distribution in a digital image. It plots the number of 
pixels for each tonal value. By looking at the histogram 
for a specific image a viewer will be able to judge the 
entire tonal distribution quickly. [13] 
 In disparity map each color represents a disparity 
level. Hence histogram of disparity map gives information 
about object or objects positions and by using this 
information an object is recognizable. In Figure 7 
histogram of the median filtered disparity map shown in 
Figure 8 and Histogram of it after ghost object removed. 
In the figure horizontal axis indicates disparity value 0 to 
32 and vertical axis shows number of pixels. 
 In this study our stereo matching algorithm searches 
disparity at 5 bit level. In other words the closest object 
has a disparity value 32 and most far object has a 0 
disparity value.  If we look at the full histogram of the 
disparity map we can see two different groups. Of course 
the number of groups can be changed. But the important 
group is last one in every time because robot navigation 
calculations are done for closest object. So the other 
objects can be canceled as seen histogram plot which can 
be seen in Figure 8. 
 The interpretation of histogram is main important 
operation for object detection and its disparity. After 
finding the closest object disparity level and physical 
parameters of the objects can be found easily. 
 
Object Analysis: This function has been enhanced for 
finding the object position and object size from disparity 
map. Because object position and size are important 
parameters for collision free robot navigation. This 
function firstly takes closest object disparity information 
from histogram and then according to disparity level 
function combines neighbor disparity level and construct 
the near shape of the real objects.  
 

 
Fig. 7: Histogram of the Median Filtered Disparity Map 

 
Fig. 8: Histogram of the Median Filtered Disparity Map 

after Ghost Objects Removed   
 
Obstacle Analysis: Object analysis function is used to 
calculate area and centroid of the object which is found in 
object analysis step. Area of the object helps to get an idea 
about the obstacle size. Centroid of the object is used to 
calculate depth of obstacle instead of calculation of each 
pixel of the obstacle and also is used to determine position 
of the obstacle in the image. 
 Figure 9 shows calculated obstacle centroid and 
contour of the object. Also in the figure there is a blue box 
which shows the obstacle centroid. 
 

 
Fig. 9: Closest Obstacle Found by Stereo Vision  

 
Depth Calculation: In depth calculation step, real depth 
of the obstacle centroid is calculated. Disparity value of 
obstacle centroid has been calculated in stereo match step. 
Using disparity value of centroid, depth of the obstacle 
can be calculated via triangulation method and previously 
calculated parameters, which are internal and external 
camera parameters, in the stereo camera calibration step. 
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3. Robot Navigation 
 
 For any mobile robotic system, the ability to navigate 
in its environment is one of the most important 
capabilities. Mobile Robots, which are equipped with 
computer vision, may be able to navigate around an 
unknown environment acquiring visual information of 
their surroundings with the aim of estimating the position 
of obstacles which stay in front of it. Actually mobile 
robot navigation consists of two main tasks. Firstly 
remaining operational that is avoiding dangerous 
situations such as, collisions, secondly going through the 
start point to destination point. In other words, robot 
navigation is an ability to determine its own position in its 
frame of reference and then to plan a path towards some 
goal location while avoiding collisions. Navigation of 
mobile robots can be defined as the combination of the 
three fundamental abilities which are Perception, 
Localization and Motion control. 
 Perception is the interpreting its sensor data (i.e. 
stereo image data) to meaningful depth data. Localization 
denotes the robot's ability to establish its own position and 
orientation within the start point or any reference. Also in 
that it requires the determination of the robot's current 
position and a position of a goal location, both within the 
same reference or coordinates frame. Motion control is the 
modulating of motor outputs to achieve the desired 
trajectory. Furthermore, interrelation between perception, 
localization and motion control can be seen in Figure 10 
[14, 15] 
 

 
 

Fig. 10: Mobile Robot Navigation   
 
3.1 Perception 
 
 One of the most important tasks of an autonomous 
mobile robot of any kind is to acquire some useful 
information about its environment. This is done by taking 
measurements using various sensors and then extracting 
meaningful information from those measurements. 
 In previous part, mobile robot stereo vision perception 
system has been discussed. However, only depth 

perception is not adequate for mobile robot navigation. In 
order to safely navigation obstacle detection must be done 
by the robot perception system. Actually, not only 
obstacle detection but also position measurement of the 
robot has a crucial role during navigation. Because of that 
reason, odometry sub system has been developed for safe 
navigation. Perception system of our mobile robots can be 
easily divided into two main groups; 
 

• Depth Perception and Obstacle Detection 
 

• Position Estimation of Robot 
 

In this study obstacle detection of the robot includes a 
lot of calculations. The prepared stereo vision perception 
system gives high quality depth map, which is 240x320 
pixels with 32 disparities, using two calibrated cameras 
with an algorithm named Sum of Squared Differences 
(SSD). But unfortunately using only depth map, 
accomplishing of mobile robot navigation is impossible. 
Hence an obstacle detection system has been developed 
and reported at the post processing part. So in this part, 
only position measurement and position estimation of the 
robot are going to be discussed.  

In order to perform robust and accurate robot 
localization, mobile robotic systems need some odometry 
sensors. There are a wide variety of odometry sensors 
used in mobile robots such as servo potentiometer or 
encoder for position measurement of wheels or tracks, 
tachometer for velocity measurement of wheels or tracks 
or GPS (Global Positioning System). GPS can give 
latitude, longitude and altitude of the robot but 
unfortunately for indoor applications GPS is useless. The 
mobile robot used in this experiment is equipped with two 
servo potentiometers, two encoders and two tachometers. 

During the experimental studies an experimental 
crawling robot, which is hydraulically actuated small scale 
tank, has been used. The research robot was developed 
and constructed at University of Gaziantep, Mechanical 
Engineering Department, Robotics Laboratory. 

Our robot employs two servo potentiometers for 
position measurement of the tracks. They are enough for 
robust localization. Potentiometer has a capability to 
infinite turn. During linear movement each potentiometer 
gives a signal like a saw tooth. But unfortunately these 
signals are meaningless and due to the analog signal 
drawbacks they contain noise. In order to convert these 
analog voltage signals into the meaningful distance value, 
an odometry algorithm was developed. This algorithm is 
combination of some linear filter like mean filter, low pass 
filter, and also counting and summing algorithms. This 
algorithm calculates position of each track, turned angles 
and walked distances. Finally, measured and calculated 
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parameters are sent to navigation algorithm and they are 
used for accurate localization. 
 
3.2 Localization 

 
Autonomous mobile robots need localization ability 

to move and to get to any goal location. During mobile 
robot navigation, both location and pose information of 
the mobile robot in its surroundings are very important. So 
robot current location, walked distance and distance 
between goal (destination) location and current location 
must be known by the robot navigation algorithm for 
accurate localization. Actually in order to sense robot 
current location, there are three methods. The first one is 
landmark sensing which can be usable with computer 
vision but it requires extra computation time and it needs 
landmarks. The second one is GPS (Global Positioning 
System). It is easy to use but it is useless for indoor 
applications. Third one is dead reckoning (i.e. odometry). 
It is very easy to use and of course it needs some 
calculations as it was discussed in previous section. But it 
is the most applicable method for our applications.   

With the help of odometry algorithm, mentioned in 
previous section robot is able to estimate its own position 
at any time and also it is able to calculate the distance 
between current location and goal location. Figure 11 
shows data flow of obstacle avoidance algorithm operated 
during robot navigational motion. The prepared robot 
navigation algorithm contains four different sub 
algorithms which are; 
 

• Stereo Vision Depth Perception and Obstacle 
Detection Algorithm 
 

• Odometry Algorithm 
 

• Motion Planning Algorithm  
 

• Motion Control Algorithm 
 

 
 

Fig. 11: The Proposed Robot Navigation Algorithm 
 

Navigation algorithm of robot starts with specifying 
destination location coordinates. Navigation area of the 
robot is a two dimensional plane and it can be thought like 
a two dimensional Cartesian coordinate system. Goal 
location coordinates has to be entered to the algorithm by 
the user both in x and y directions. In the next step 
navigation algorithm calculates the shortest distance 
between start point and destination point and turning 
angle. During this calculation the start point coordinates 
are taken into account as a zero in both x and y directions. 
After the shortest distance and the turning angle 
calculated, by the help of robot motion control algorithm, 
the robot will turn up to calculated the turning angle and 
then robot starts to move in forward direction.  During 
movement, stereo vision and depth perception algorithm 
checks the existence of obstacles. In the navigation 
algorithm “Are there any obstacles?” question is 
completely related with stereo vision depth perception and 
obstacle detection algorithm and detail of the algorithm 
can be seen in Figure 1. If the obstacle detection algorithm 
detects any obstacle, the robot tries to escape from 
collision and after escaping it tries to go back to the target 
route by the help of motion planning algorithm as shown 
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in Figure 12. If there aren’t any obstacles on the route then 
the robot keeps itself on the route and it keeps on linear 
movement. Finally at each position robot motion planning 
algorithm checks rest distance between current location 
and goal location by the helps of odometry algorithm. If 
the robot reaches the destination point then the navigation 
algorithm stops the navigation. 

 
 

Fig. 12: Obstacle Avoidance Strategy 
 
3.3 Motion Control 
 
 Motion control of the robot is interconnection 
between perception algorithm and robot locomotion 
system. A basic motion planning problem is to produce a 
motion that connects a start position and a goal position, 
while avoiding collision with detected obstacles. Prepared 
stereo vision depth perception and obstacle avoidance 
algorithm (i.e. perception algorithm) gives depth map of 
the robot’s current scene, and also if the algorithm detects 
any object, it is able to recognize as an obstacle, it is able 
to calculate the distance between robot and object and it is 
able to calculate centroid, occupied area and position of 
the obstacle. However, to escape the obstacle which is 
detected by the perception algorithm robot must have a 
motion control mechanism. Motion control of robot 
contains two sub algorithms which are; 

 
• Motion Planning Algorithm  

 
• Locomotion Control Algorithm 

 
 At the beginning of the motion, motion planning 
algorithm calculates shortest distance and turning angle. 
During navigation if perception algorithm detects any 
obstacle, it sends the position information of obstacle to 

the motion planning algorithm. According to the obstacle 
information motion planning algorithm plans proper 
obstacle avoidance motion.  
 Motion Control Algorithm arranges track driving 
voltages according to the information which comes from 
the motion planning algorithm. In other words, the motion 
planning algorithm sends only distance and angle 
information to the motion control algorithm and then the 
motion control algorithm converts the distance and the 
angle information into voltage values by help of the 
odometry algorithm. Finally the motion control algorithm 
sends to voltage value to the robot locomotion system and 
also speed of the tracks are decided by this algorithm.  
 
4. Robot Locomotion System 
 
 During the experimental studies an experimental 
crawling robot, which is hydraulically actuated, has been 
used.  The robot is powered by four stroke air cooled 
single internal combustion engine motor. The IC engine 
drives the pump shaft of hydraulic power pack unit with a 
time belt reduction. Robot has two independent hydraulic 
motors and each hydraulic motor is connected to tracks 
separately. Hence velocities of the tracks can be changed 
separately. Hydraulic motor can be defined as a motor 
which is able to convert to hydraulic power into 
mechanical power. Rotation speed of the hydraulic motor 
is proportionally dependent on flow rate of the fluid (i.e. 
oil). The torque which is produced by the hydraulic motor 
is proportionally dependent on the operating pressure. In 
our robot operating pressure of the hydraulic system is set 
manually by helps of pressure relief valve. But the flow 
rate, which is sent to hydraulic motor, is changed by direct 
operated servo solenoid valves. Basically, servo valve is a 
type valve that produces an output that is proportional to 
the electronic control signal. For the any type of 
application there are many type of servo valve which are 
able to control direction, flow and pressure. In our robot 
flow rate and direction of the hydraulic motor are 
controlled by servo valves. Each hydraulic motor is 
controlled with one servo valve and flow rate passing 
through the hydraulic motor is proportional with the signal 
sent to the servo valve and it is also proportional to 
rotational speed of the motor. In order to operate the servo 
valve, the servo valve requires a power amplifier. To 
control the robot by computer, an interface is necessary 
between computer and hydraulic amplifiers. Our robot is 
equipped with data acquisition and motion control card for 
that purposes. This card is also used for getting 
potentiometer and tachometer information to the control 
computer. 
 An interconnection between all electronic mechanic 
and hydraulic hardware, which are constructed on the 
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robot, can be seen in Figure 13. Also general appearance 
of robot can be seen in Figure 14. 

 

 
Fig. 13: Robot Hardware Architecture 

 
5. Conclusion 
 
 This study has focused on the study of developing 
stereo vision depth estimation and obstacle detection 
system from depth map for mobile robotic applications. 
Developed algorithm has been used for safely navigation 
(i.e. collision free) of real hydraulically actuated 
experimental crawling mobile robot in unknown indoor 
environment. Within the scope of this study four main 
works have been accomplished. These are; 

 
• Developing Stereo Vision Depth Perception 

and Obstacle Detection Algorithm. 
• Constructing and Calibrating Stereo 

Hardware 
• Developing Navigation, Obstacle 

Avoidance, Motion Planning and Motion 
Control Algorithms 

• Constructing Fully Autonomous Crawling 
Mobile Robot 

 
 In this study stereo vision depth perception method 
for mobile robot navigation is divided into three main 
groups which are pre processing operations, stereo 
matching and finally post processing operations. 
Interconnection between all these function are given in 
Figure 1. 
 In proposed approach pre processing operation has 
five main functions which are image grabbing, color 
adjustment, stereo rectification, image crop and image 
smooth. All these pre processing functions are prepared to 
improve stereo match quality. 
 In order to accomplish safe robot navigation in 
unknown environment autonomous robot need to know 
not only depth map but also position, size and depth of the 
obstacle. The prepared stereo vision perception system 
gives high quality depth map, which is 240x320 pixels 
with 32 disparities, using two calibrated cameras with an 
algorithm Sum of Squared Differences (SSD). But 
unfortunately using only depth map, accomplishing of 
mobile robot navigation is impossible. At this point, post 
processing operations have been developed to extract 
depth, size and position information of the obstacle from 
disparity map. The proposed post processing operations 
has five main functions and it starts with median filter and 
it is going on sequentially with histogram of depth map, 
object analysis, obstacle analysis and it finishes with 
depth calculation. 
 In order to acquire sequentially image form robot 
surroundings, robot needs a stereo hardware system. To 
implement this operation a stereo hardware are designed 
and constructed with two CCD sensor USB webcams. 
Prepared stereo hardware is very cheap but it has some 
drawbacks in contrast to the professional stereo hardware. 
Firstly, during constructing stereo hardware it needs good 
design and good assembly work otherwise there will be 
some misalignment between two cameras and it will cause 
low stereo match quality. Secondly, our system does not 
need any frame grabber so it is very cheap solution. But, 
getting synchronize stereo image is very hard and passing 
time which is require for image grabbing is higher than 
the professional solutions. In contrast to professional 
stereo image grabbing hardware prepared stereo rig must 
be calibrated in offline by user. 
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 In this study, a navigation task is defined which is 
collision free navigation from start point to any 
destination point which is defined by the user. To 
accomplish this task robot need some algorithms which 
are motion planning, obstacle avoidance and motion 
control algorithms and combination of all these algorithms 
is called as robot navigation algorithm.  Motion planning 
algorithm is used for planning of robot motion, it 
calculates shortest distance between current position and 
destination position and required turning angle. By helps 
of obstacle avoidance algorithm, robot tries to escape 
obstacles according to the position and size of the 
obstacle. Motion control algorithm is interconnection 
software between robot locomotion system and navigation 
algorithm. In other words, motion control algorithm 
changes distance and angle value into track voltages and it 
does communication between control card and computer. 
In order to succeed position control of the mobile robot, 
kinematics of the robot is taken into account during 
writing codes of locomotion control algorithm. 
 To execute developed stereo perception algorithm and 
navigation algorithm an experimental crawling vehicle are 
modified and improved to build up a real autonomous      
robot. In order to control the robot easily and to combine 
all algorithms which are developed during this study. 
After optimization and combining all algorithms and            
codes, behavior of robot is observed, by use of developed 
algorithms, the robot is able to reach destination point 
without collision any obstacles. 
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Abstract 
This paper presents a characterization study conducted on a 
laser scanning range finder, Hokuyo URG-04LX. The working 
principle and the technical specifications of the laser scanner 
are represented. The effects of working environment and 
distance measured are investigated. The characteristics of the 
laser scanning range finder are searched by doing 
measurements on the surfaces clothed with different colours. The 
set-up, which is used during the experiments, is also introduced. 
The developed programming algorithm for the real time 
communication of the laser scanner is presented. The results of 
the measurement experiments are given in order to give a user 
guideline for the researchers who utilize a laser range finder 
into their works.  
 
Keywords: Laser scanning, Distance measurement, Range 
Finder, Characterization. 
 
 
1. Introduction 
 
 While an unmanned ground vehicle or a mobile robot 
is traversing over an area, scanning of the environment is 
very important to recognize for the obstacles. In order to 
scan the work space and notice the obstacles on the travel 
path, a variety of sensors can be used. Among these 
sensors, 2D and 3D scanners are mostly preferred by the 
researchers. 2D laser range finders may scan a planar 
surface whereas a 3-dimension surface can be scanned by 
a 3D laser scanning range finders [1, 2].  
 The most appropriate choice for scanning obstacles 
with which an unmanned ground vehicle may come upon 
is the 3D laser scanning range finder. However this type 
of range finder is highly expensive for mobile robotic 
applications. In addition 3D laser scanning range finders 
are slow for the real time objectives [2].  
 2D laser scanning range finders are used in robotic 
applications for pursuing, recognizing and avoiding 
obstacles. Moreover, robots can position themselves by 
using these range finders. The work space of a robot can 
also be mapped using a 2D range finder [3]. Sick LMS 
[4], Zoller-Fröhlich [5] and Hokuyo [6] are the laser 
scanning range finders commonly preferred by the 

researchers and engineers.  
 In the literature many different works have been 
proposed related to the characterization studies of the laser 
scanning range finders. Hoffman has used a 3D laser 
scanner for making a terrain mapping. He has investigated 
the effects of the surface and temperature changes on the 
measurements [7]. Adams has investigated the 
performance of a laser scanner on the surfaces with 
different colors [8]. Hebert has explored the effects of the 
noise on the measurements of a laser scanning range 
finder. He has also conducted a theoretical modeling study 
for this characterization [9]. Reina has developed a 
measurement model for a 2D laser scanning range finder 
(Schwartz Electro-Optic) [10]. Langer has searched the 
measurement characteristics of a Zoller laser range finder 
that is located on a rail-way of a tunnel. He has observed 
the errors happened by the noise changes [11]. Kneip has 
been worked with Hokuyo URG-04LX. He has 
investigated the effects of time drift, distance, target 
properties (such as color, brightness and material) and 
incidence angle on the measurement. He has also 
compared the sensor characteristics with those of the Sick 
LMS 200 [12].  
 In this paper characterization studies conducted for 
Hokuyo URG-04LX laser scanning range finder is 
presented. The organization of the paper can be given as 
follows. After the introduction section, the working 
principles and the technical specifications of the used laser 
scanning range finder are given. The programming 
algorithm steps for performing real time studies and the 
developed experimental set-up are given in section 3. The 
experiment results and the characterization studies are 
represented in section 4. The discussion on the results is 
provided in the last section of the paper. 
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2. HOKUYO URG-04LX Laser Scanning Range 
Finder 
 
 During the characterization studies, Hokuyo URG-
04LX laser scanning range finder [6], which is shown in 
Figure 1, is used.  
 

  
Fig. 1. Hokuyo URG-04LX laser scanning range finder 

[6]. 
 

 The baud rate speed of the range finder can be set to 
19.2, 57.6, 115.2, 250 and 500 Kbps. In our experiments it 
is set to 19.2 Kbps. This sensor has two communication 
alternatives:  RS232 serial or USB port. The angular 
resolution of the range finder is 0.35156250 (3600 / 1024).  
 

  
Fig. 2. The angular measurement range of Hokuyo range 

finder. 
 
 The angular measurement scope of the range finder, 
which is used in this study, is shown in Figure 2. The 
sensor divides this scope (2400) into 683 equal intervals. 
The minimum and the maximum measurement distance 
for which the range finder can be effectively used are 60 
mm and 4095 mm, respectively. However, It should be 
noted that the minimum distance that range finder can 
measure is 70 mm on a white surface. 
 

 

 
Fig. 3. The working principle of the range finder. 

 
 It has been seen from the experiments that Hokuyo 
URG-04LX laser scanning range finder has a sensitivity 
of +/- 10 mm in the measurement range of 1000 mm. It 
takes 0.1 s to scan a 2400 scope. The sensor works with 5 
Volt DC power. It has been also recognized during the 
experiments that it draws 800 mA, and 500 mA at the 
start-up and steady state working conditions, respectively. 
The working principle of the range finder is shown in 
Figure 3. It has a transmitter, a receiver and a rotary 
mirror.  
 
3. Working with the Sensor 
 
 The laser scanning range finder used in this study 
scans a 2400 scope in a 0.1 s and it sends this scanning 
information in a data packet that contains 1435 bytes. In 
order to convert this data into meaningful distance 
information in real time, a PC is used. The data packet 
content sent by the range finder is given in Table 1. 
 
Table 1. Data packet sent by the range finder. 

S1 S2 DA
1 DB

1  
................ DA

683 DB
683 

 
 As seen in Table 1, a distance value is represented by 
two parts specified as DA and DB and each distance value 
has 12 bytes length. An example related to shown the 
conversion process is given in Table 2. 
 
Table 2. An example to a conversion process. 

 

(A,B) = (0x41,0x42) 
↓  (0x30) Subtraction 

(0x11,0x12) = (00010001,00010010)2 
↓  Parse 

(010001,010010)2 
↓  Concatenate 

(010001010010)2 = 1106 mm 

Receiver 

Rotary Mirror 

Measurement distance 

Object 

Transmitter 
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 Table 2 shows an example for the conversion process. 
The character A and B that are sent by the sensor are 
concatenated and a distance value is obtained. 
 In this study, in order to work with the laser scanning 
range finder in real time, Matlab Real Time WorkShop 
toolbox is utilized. As given in Figure 4, the data packets 
sent by the sensor are converted into Matlab environment. 
The conversion algorithm is developed by using C 
language. In addition, in order to show the distance values 
on a polar plot, Embedded Matlab Function is used. 
 

 
Fig. 4. Conversion process. 

 
 An experimental set-up shown in Figure 5 is 
constructed for calibration and characterization studies. 
The surface which is used for the distance measurement 
tests is covered with 5 different clothes. These clothes are 
white, green, purple, orange, and black colors. In the 
experiments, the surface is scanned by the laser scanning 
range finder from a known distance. All the experiments 
conducted with the range finder are performed in indoor 
environment and with the room temperature of 230. The 
laser scanning range finder is connected to a PC having 
Windows XP operating system. 
 

 
Fig. 5. Test set-up. 

 
4. Characterization Studies 
 
 A sample polar plot drawn by using distance 
information of the laser scanning range finder is shown in 
Figure  6. 
 

 
Fig. 6. A sample polar plot. 

 
 As given in Figure 7, three points that are on the 
scanned range are selected for the distance measurement 
experiments. Point B represents the middle of the 
scanning range of the laser scanning range finder. In other 
words it indicates the angle of 00. Point A and B show 
+150 and -150, respectively according to point B. 
 

 
Fig. 7. Test points of the laser scanning range finder. 

 
 The angular resolution of the range finder is 3600 / 
1024. The distance gotten from the points of A, B, and C 
are obtained by the intervals of 385, 342, and 299, 
respectively. The measurement experiments are conducted 
for three different distances. The laser scanning range 
finder is located on a distance of 450 mm, 1570 mm, and 
1980 mm from the set-up. 
 In the first experiment, the range finder is located on a 
distance of 450 mm from the experimental set-up cloth 
covered with white surface. The results are given in 
Figure 8. In this experiment, 1000 values for three points 
are taken for 100 seconds. Actually, in all experiments 
distance data is taken from the sensor for over 10000 
seconds. After observing the results, it is seen the 
characteristics do not change. Therefore the experiments 
have been conducted for 100 seconds. 
 

150 

A B C 

150 

Data 
Packet 

S-Function 
(C) 

Embedded 
Matlab 

Function 
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Fig. 8. Results obtained from a white surface located on a 

450 mm distance from the range finder. 
 
 The laser scanning range finder stabilizes itself into 
15-20 seconds time period (Figure 8). It is a clear 
observation that in order to increase the reliability of the 
results, the distance information, which is obtained after 
15-20 seconds from the start-up of the sensor, should be 
used. 
 The distance measurement studies mentioned above 
have also been performed for the surfaces covered with 
green, purple, orange and black colored clothes. The 
measurement results taken from the green and black 
colored surface are given in Figure 9 and Figure 10, 
respectively. 
 

 
Fig. 9. Results obtained from a green surface located on a 

450 mm distance from the range finder. 

 
Fig. 10. Results obtained from a black surface located on a 

450 mm distance from the range finder. 
 
 In Figure 8, 9, and 10, the measurement values for 
points A, B, and C are given. In Figure 9, the experiment 
results conducted on a green surface is given. As seen in 
Figure 10, results obtained from a black surface located on 
a 450 mm distance from the range finder show that it is 
not easy to recognize the measurement values of the 
points A, B, and C. It can be seen from these plots that the 
absorption of the laser lights are increased from white 
surface to black surface. The quality of the measurement 
is also declined in this color range. 
 

 
Fig. 11. Results obtained from a white surface located on 

a 1570 mm distance from the range finder. 
 
 As seen in Figure 11 and 12, results obtained from a 
surface located on a 1570 mm and 1980 mm distances 
from the range finder are given, respectively. Both 
experiments are conducted on a white colored surface. 
The results given in Figure 11 and 12 indicate that the 
measurement characteristics show a similar attitude with 
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the results given above. The sensor stabilizes itself into 
15-20 seconds time period. After this time period it shows 
a linear and stable behavior. 
 

 
Fig. 12. Results obtained from a white surface located on 

a 1980 mm distance from the range finder. 
 
 The results obtained from a surface located on a 1570 
mm distance from the range finder are given in Table 3. 
The measurements are taken from the point B, which is 
located at the middle of the sensor. This table indicates the 
effects of the colors on the reliability and the quality of 
measurements. 
 
Table 3. Results taken from the point located at the middle 
of the laser scanner. 

 White Green Purple Orange Black
Minimum 

(mm) 1543 1540 1550 1546 1544 

Maximum 
(mm) 1566 1563 1569 1569 1564 

Average 
(mm) 1555 1552 1559 1557 1555 

Standard 
Deviation 3,09 3,265 2,991 3,317 2,868 

 
 In the experiment studies, it is also seen that if the 
Hokuyo URG-04LX laser scanning range finder is used 
for an unmanned ground vehicle or a mobile robot, it 
should be located 60-70 mm inside from the outer surface 
of the vehicle. Since the minimum measurement 
capability of the sensor is about 60 mm. 
 
5. Conclusion 
 
 In this study, the characterization of Hokuyo URG-
04LX laser scanning range finder is investigated. The 
experiments have indicated the following results. Laser 
scanning range finder stabilizes itself in 15-20 seconds. 
Therefore it can be advised that for getting high 
measurement quality, the sensor data should be collected 
after 15-20 seconds from the start-up. The measurement 
characteristics show differences for the different colored 
surfaces. The absorption of the laser lights declines from 

black to white color. 
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Abstract 
PP and PE sacks are used to store various items in industry. PE 
and PP sacks are separately produced and inserted together to 
form a strong sack for storing artificial fertilizers. Inserting of 
sacks are performed manually by human operators using 
different inserting and storing platforms. An inserting 
mechanism is proposed in this study by considering motion 
requirements during sack insertion. The proposed mechanism is 
presented with construction details. A mathematical model is 
given for horizontal sack inserting mechanism with turret 
configuration. Simulation results are seen for actuator and load 
given with action of different controllers. 
 
Keywords: PP (Polypropylene) sack, PE (Polyethylene) sack, 
Conceptual design, inserting mechanism, control of an 
inserting mechanism. 
 
 
1. Introduction 
 

The installed production capacity of Turkey is about 
912 million sacks per year [1]. The purpose of this study 
is related with fertilizer packaging. The PP sacks with PE 
are used for protecting the fertilizer from moisture. The 
PE sack is placed into that of PP manually. This labor-
intensive process is not only difficult but also causes 
many problems in practice. There is a necessity of an 
improvement in inserting procedure.  

The aim of this study is to design and control an 
inserting mechanism for PP and PE sacks. This study 
involves three important parts: design of an inserting 
mechanism with its auxiliary parts, synchronization with 
other units during the inserting procedure and the control 
of sensors and actuators properly in real time. Thus, the 
sack inserting rate will definitely be increased and faults 
caused by human operators will be overcome. The plastic 
packaging plant will be able to deliver more sacks while 
consuming less labor and time by using this mechanism. 
So a design procedure and its feasibility for further 

application will be presented with real figures taken from 
a Fertilizer Company. Referred sack dimensions are 550 
mm x 950 mm. This proposed design when used in future 
development will certainly provide a considerable 
contribution to reducing plant expenses [2-5] 

The inserting steps of a sack are also explained with 
concept design and evaluation for final design is given. 
The information on control issues on inserting of the PP 
and PE sacks mechanism is presented. Some design 
requirements on the placing mechanism are determined. 
They are taken from a fertilizer company. Here, the 
inserting operation of the sacks is explained. Design 
requirements of the placing mechanism used in the 
manual inserting platform are determined. Finally, the 
actuators drive systems and synchronization with other 
systems and automation of the system are given. A 
mathematical model is built for a brushless DC motor 
driven horizontal sack turret with a belt drive herein. 
  
2. Manual Inserting Procedure for PP and PE 
Sacks 
 

The PP and PE sacks are inserted manually in the 
sub-suppliers’ workshop. The sack inserting speed is 6 
sacks / min in average and the production output is 3200 
sacks/10hr per operator. The final sack means PE sack 
inserted into that of PP. The sack inserting workbench 
consists of four parts as PE sack storing table, PP sack 
storing table, the final sack storing table and the sack 
inserting platform. Manual inserting platform is seen in 
Fig. 1. The PE and PP sacks are separately stored on 
storing tables. They are put on the left and right side of the 
inserting platform. The PE sack storing table is 
700x700x1000 mm, and the PP sack 600x700x1000 mm, 
and the sack inserting platform 460x1050 mm in 
dimensions for placing the sack [2].  
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Fig.1. Manual Inserting Platform 

  
 The manual sack inserting procedure is summarized 
as (i) The PE sack is initially taken from the storing table. 
(ii)The PE sack is placed on the sack inserting platform. 
(iii) The PE sack is pulled down up to the sealed side of 
its reach the sack inserting platform (iv) The PP sack is 
taken from the storing table. (v) The PP sack slides down 
on that of PE which is already placed on the sack inserting 
platform. (vi) The PP sack is pulled down up to its 
stitched side to reach the sack inserting platform. Since PE 
sack is 7 cm longer than PP, it is then folded outside to 
form the cuff. (vii) The PE sack inserted PP sack is moved 
to outside of the sack inserting platform. (viii) Finally, the 
PE sack inserted into PP, the final sack is stored on the 
finish table.     
 
3. Concept Design 

The manual sack inserting procedure is given in 
above section. Because of several movements of the 
operator, it is seen that sack inserting looks simple but the 
procedure involves many problems in practice. A cycle 
should be completed in as short of time as possible. Many 
observations are made, and many independent 
measurements are also taken, and a final sack is 
completed in 10 seconds [6-8].  

The PE sack inserting system consists of (i) PE sack 
storing tables (2) and PP sack storing tables (2), (ii) the 
sack-turret, (iii) the sack-turret stand, (iv) horizontal and 
vertical pneumatic cylinders and a vacuum system, (v) 
final sack storing tables (2) 

(i) PE and PP Sack Storing Table 

The PE and PP sacks are separately stored on storing 
tables. These tables are necessary for starting the inserting 
procedure. They are made of steel profile with dimensions 
of 560 mm width, 800 mm height and 1000 mm length. 

(ii) The Horizontal Sack-Turret 

The horizontal sack-turret consists of 6 sack inserting 
platforms and a chassis. Every three inserting platforms 
are used for a sack inserting cycle, shortly in a cycle. On 
the front of every third inserting platform, there is a final 
sack storing table. On top of every inserting platform, 
there is a Horizontal-Vertical Pneumatic Cylinder, and a 
Vacuum System. 

 
Fig.2. The horizontal sack turret 

 
(iii) The Horizontal Sack-Turret Stand 
In the proposed design, the horizontal sack-turret is 
actuated by a BLDC motor via belt. Its stand has an 
overall height of 1300 mm. It can carry the motor and 
transmission system of interest. Here a belt driven system 
is considered. The sack-turret is fixed to the floor via a 
hollow shaft and a circular support which are made of 
steel for stability.  

 
Fig.3. Turret Stand 

(iv )Horizontal and Vertical Pneumatic Cylinders and 
Vacuum System 
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The PE and PP sacks will be held and placed via 
Horizontal and Vertical Pneumatic Cylinders, and a 
Vacuum System. It is shown in Fig.4. It is designed by a 
rod less pneumatic cylinder, two horizontal mechanical 
supports, a profile pneumatic cylinder, two vertical 
mechanical supports, twelve bellow suction pads [9-11].  
 

 
Fig.4 Horizontal-vertical pneumatic cylinders, and vacuum 
system 
 

(v) Final Sack Storing Tables 
 Final sack storing tables are necessary for completing 
the inserting procedure. They are made of steel profiles 
with dimensions of 1160 mm width, 800 mm height and 
1990 mm length. 
 All parts are assembled together using Figures 1, 
2, 3 and 4. It is given in assembly in Fig.5. Fig.6 (a) and 
(b)  show details in suction pads and installed sensors as 
well. The sensors (Sensors 1, 2 and 3) placed on the 

vacuum system of the sack inserting mechanism are 
shown in Fig. 6. The sensors of the other vacuum systems 
(2nd, 3rd, 4th, 5th and 6th  ) are placed in the same manner. A 
proximity sensor is one to detect the presence of nearby 
objects without any physical contact. Different sensors are 
used on the sack inserting system, a capacitive sensor for 
the plastic target, and inductive one for the metal target 
[12-13]. 
 
3.1 Design Criteria 

The mechanism for the inserting operation of PE 
and PP sacks must satisfy the following design 
requirements: 
i. Each Horizontal and Vertical Pneumatic 

Cylinders, and Vacuum System must transport 
PE and PP sack horizontally. 

ii. The sack inserting turret mechanism must work 
in sequence. When the Horizontal and Vertical 
Pneumatic Cylinders, and Vacuum System that 
works on the PE sack inserting platform has 
completed its task, which of PP sack has also 
completed its task too. In the same time interval, 
PE inserted PP sack is withdrawn by that of the 
final sack. 

iii. The mechanism must be in optimum geometry to 
allow sack placing and pulling and must not 
cause high tension on the sacks. 

iv. The sack inserting turret mechanism must be 
simple with a compact structure. The mechanism 
must not use a large space for operation. 

v. The mechanism must be simple to control and 
must be easily manufactured [2, 13-15]. 

 
4. Drive Systems and Control Structure of 
Inserting Mechanism 
 

The motion coordination and the control of the 
mechanisms are explained here. The inserting system 
consists of four different mechanisms; the sack-turret, the 
sack-turret actuator, the horizontal and vertical pneumatic 
cylinders and the vacuum system. Each mechanism has a 
different function and the structure which makes the 
system difficult to control. The above mechanisms can be 
controlled by using an electrical actuator, servo motor, 
vertical and horizontal pneumatic cylinders, sensors or 
vacuum systems [16-20]. Fig 7 shows the mechanism of 
the sack inserting system with a block diagram. A DC 
servo motor is used to control the sack-turret. A vacuum 
system is used to hold the sack. The Horizontal and 
Vertical Pneumatic Cylinders are used to transport the 
vacuum system which holds the sack and to place the sack 
on the sack-turret inserting platform and finally, to 
transport the final sack to the storing table. 

 

 
Fig.7. The sack turret inserting system 

 
  
 
 

The Sack-Turret Mechanism 

The Sack-Turret Actuator 

The horizontal and vertical 
pneumatic mechanism 

The vacuum 
system 
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Fig.5. An isometric view of sack inserting mechanism. 

 

  
 

(a) A view of vacuum system with suction pads  (b) A view of vacuum system with sensors 
 

Fig.6. Differents views on the assembly 
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As the first part of the motion cycle, the motor 
adjusts the location of the positioning mechanism, which 
can carry all the mechanisms to place the sack. The 
motion profile of the servo motor is designed using the 
trajectory available to the location of the PE sack, PP 
sack and the final sack. Here the servo motor operates at 
a 60o angle, and stops to perform the required operation. 

 
5. Synchronization Issues on Inserting 
Mechanism 
 

This section describes the synchronization all of the 
actuators in the system to insert PE sack into the PP. The 
operation steps of actuators are sequential, in a defined 
order for the purpose of synchronization. Twenty-one 
(21) operations (18 independent and 3 dependent) are 
needed to perform a sack insertion. Three dependent 
operations are performed by the servo motor. Eighteen 
independent operations are carried out by three 
horizontal and vertical pneumatic cylinders and a 
vacuum system. The six of them are performed by 
horizontal and vertical pneumatic cylinders and a 
vacuum system. The initiations of the operations are 
carried out by vertical pneumatic cylinders whereas the 
terminations are performed by that of the horizontal. 

The total time of all the operations is accepted as a 
specified unit of time to get the final sack – or when the 
PE sack is inserted into the PP. All the operations are 
explained as the following in Table 1.  
 

Table 1. Sequence of Operations 
Step-1 Positioning of Vertical Pneumatic Cylinders for PE  
Step-2 Vacuum On 
Step-3 Positioning of Vacuum 
Step-4 Placing PE Sack 
Step-5 Vacuum Off 
Step-6 Positioning of Horizontal Pneumatic Cylinders for PE  
Step-7 Positioning of Sack-Turret Inserting Platform of the PE 
Step–8 Positioning of Vertical Pneumatic Cylinder for PP  
Step-9 Vacuum On 
Step-10 Positioning of Vacuum 
Step-11 Placing PP Sack  
Step-12 Vacuum Off 
Step13 Positioning of Horizontal Pneumatic Cylinders for PP  
Step-14 Positioning of Sack-Turret Inserting Platform of PE 
Sack Inserted that of PP 
Step-15 Positioning of Vertical Pneumatic Cylinder for Final  
Step-16 Vacuum On 
Step-17 Positioning of Vacuum 
Step-18 Vacuum Off 
Step-19 Positioning of Vertical Pneumatic Cylinder 
Step-20 Positioning of Horizontal Pneumatic Cylinder 
Step-21 Positioning of Sack-Turret Inserting Platform 
 

6. Trajectories on Inserting Mechanism 
 

The manual sack inserting mechanism has a 
trajectory like Fig. 8. The first step of the manual sack 
inserting process is to place the PE sack. The trajectory 
of the PE sack is drawn by the green line and arrow 
(Number 1). After placing the PE sack, the PP is placed 
on it and the trajectory of the PP sack is drawn by the 
blue line and arrow (Number 2). The final sack, which is 
the PE sack inserted into the PP sack, is removed outside 
of the sack inserting platform.  Its trajectory is drawn by 
the red line and arrow (Number 3). Trajectory is also 
represented in X-Y coordinate in Fig.9. 
 

 
Fig. 8 Manual sack inserting mechanism trajectory 

 

 
Fig.9 Representation of trajectory in X-Y coordinates 
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7. Mathematical Model of Horizontal Sack 
Inserting Mechanism   
 

This section presents a mathematical model for a 
horizontal sack inserting mechanism given. The dynamic 
characteristic of the actuator is studied by using the 
mathematical model available. Here an inserting turret is 
used; an inserting is performed by 60˚ indexing at the 
output. This is provided by a servo motor as a servo 
mechanism in the application. The system consists of a 
BLDC motor with an incremental encoder for positional 
feedback. A horizontal turret is attached indirectly to the 
motor via a belt drive. System representation is 
schematically given in Fig. 10. 

 
 

 
Fig.10 Schematic representation of motor-load 

system 
 

Since a Brushless DC motor is chosen, the equations can 
be written by looking at a representative system as [20-
21] 

)()()()( tVtVtRi
dt

tdiL appemf =++    (1) 

LTtTtDw
dt

tdwJ =−+ )()()(
  

 (2) 

 
Where Vapp(t) is the applied voltage, w(t) is the motor 
angular velocity, i(t) is the motor circuit current, R is the 
motor resistance, L is the motor inductance, and D is the 
motor viscous coefficient. J refers the total inertia 
referred to motor shaft and the rotary actuator, motor as 
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Jm is the motor inertia, J1 and J2 are the inertias of pulley 
1 and 2, Jl is the load inertia, calculated from the 
horizontal turret configuration. A belt drive model 

contains the belt ratio (ratio of pulley diameters), the 
efficiency (η). Thus 
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The applied voltage in equation (1) is calculated 

using PID control which combines P (Proportional), I 
(Integral) and D (Derivative) control action producing 
the necessary voltage from the amplifier. This control 
takes the past, current and future error [19-20]. It can be 
represented as  

∫++=
t

ivpapp dtteKteKteKtV
0

)()()()( &    (5) 

 
Here P control is the simplest type of control and 

always tried first in a control system. Other types of 
control are considered to improve the system 
performance. The damping action is introduced by D 
control providing stability. Finally integral control 
reduces the steady state error. In the application e(t) 
refers to the positional error. It is fed back to the system 
to get proper indexing after reduction. In equations (1) 
and (2);  )()( twKtV eemf =  and )()( tiKtT t=  
representing Ke is the motor back emf constant, Kt is the 
motor torque constant. These equations can be 
represented as first order ones as 
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The electro mechanical characteristics of the motor 
are given in Table 2.  
 

Table 2. Motor parameters [22] 
 

Parameter Description Value 
Motor inertia Jm=0.000813 kg.m2 
Motor torque constant Kt=0.745 Nm/A 
Motor back emf constant Ke=86 (V/krpm) 
Motor resistance R=1.35 Ω 
Motor inductance L=7.3 mH 
Electrical time constant te=5.92 ms 
Mechanical time constant tm=1.80 ms 
Maximum speed (no load)  w=3000 rpm 
Static friction torque Tf=0.113 Nm 

 
7.1. Numerical Simulation 
 

There are different packages to solve equations of 
interest. Having obtained equations for the inserting 
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mechanism and the horizontal turret, the 4th order Runge 
Kutta method is applied for solutions. The time interval 
taken for integration is Δt=0.01 sec. The system 
equations (1) and (2) are linear in character. They are 
represented in state space for and solved with initial 
conditions given as motor current, motor displacement 
and motor velocity. For optimum performance, Kp, Kv 
and Ki must be tuned properly by looking at the closed 
loop performance of the system [23-25]. 

The dynamic model equations; (1) and (2) are 
solved to simulate system behavior. The response of the 
horizontal sack inserting mechanism is dependent on 
specified inputs.  Here a step input is given, with N=6 
belt-pulley ratio. The motor is required to turn 360˚, 
resulting 60˚ angular indexing at the end. Load inertia is 
calculated using the figures given in Chapter 2, 
horizontal turret configuration as JL=2.52 kg/m2. Many 
observations are taken by running simulations 
independently. Three basic observations are given here 
corresponding to P, PD and PID control system 
performance.  

Step responses of BLDC motor are given below 
with PID controller in this system, Figs. 11 (a),(b) and 
(c).The period of motion is taken as 8 seconds. The dwell 
motion is 5 seconds where the pneumatic action for 
holding the sack is performed. Rotation of turret for 
proper positioning is performed in 3 seconds to stay 
ready, in front of other table for sacks. Here the load is 
taken as a hexagonal turret made of galvanized steel. 
During different successive runs, P action is performed 
Kp=30, PD action is applied using Kp=30.0 and Kd=2.0 
and finally, Kp=30.0, Kd=2.0 and Ki=1.0 with PID.   
 
8. Conclusions 
 

This work presents a study for inserting PE sack 
into that of PP, the basic sack placing type used in the 
manual sack inserting procedure by means of an 
electromechanical system. The system referred to as the 
sack inserting system was designed and controlled by 
benefiting from technological developments of 
computers, actuators, etc. During the design of the whole 
system the function of the sack inserting system and its 
decomposition were firstly considered. The function was 
broken down into the sub-mechanisms and components, 
and then assemblies were developed to provide these 
functions.  

The sack inserting system involves different 
mechanisms: the sack-turret, the sack-turret actuator, the 
horizontal-vertical pneumatic cylinders and the vacuum 
system. The main mechanism was the sack inserting 
mechanism.  The others were accepted as auxiliary 
mechanisms to be developed and designed referring to 
the sack inserting mechanism. The design studies on 

each mechanism, which depended on the functional 
requirements, design criteria, assumptions and general 
properties of the sacks, were realized. In this study; rod 
less and profile pneumatic cylinders, solenoid valves, 
vacuum equipments, photoelectric proximity switches, 
brushless DC motor and servo driver were used.    

 
(a) 

 
   (b) 

 
   ( c) 
Fig. 11 Step responses for the horizontal turret 
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Having completed simulation of the system with 
real system data with an available fertilizer filling 
procedure, there will be a chance of applying this design 
in the future. This will eliminate the need for individual 
human effort as the process will be done automatically. 
Of course, production and integration of parts will take 
some time. Inserting procedure will be quicker and no 
time loss will happen in the operating system.  
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Abstract 
The aim of the study is to develop new preform structures and 
process in use for the technical textile and composite industries.  
Multiaxis and orthogonal 3D circular woven preforms and 
methods have been developed.The multiaxis structure has five 
yarn sets as ±bias, axial, circumferential and radial yarns 
whereas the orthogonal structure has three yarn sets as axial, 
circumferential and radial yarns.  The weaving method, which is 
called “Radial crossing”, was introduced to form the structures.  
The developed experimental weaving prototype was constructed 
to evaluate the methods. Basic process and structure parameters 
have been identified.The preliminary studies showed that it 
seemed feasible. 
 
Keywords: Multiaxis and orthogonal 3D circular woven 
preforms, Multiaxis 3D circular weaving machine, Weaving 
method, Radial crossing,  ±Bias yarns. 
 
 
1. Introduction 
 

At the beginning of twenty first century, textile 
structural composite has become attractive to various 
industrial sections as defense, energy and civilian areas. It 
is indicated that textile structural composites have 
superior specific properties compared to the basic 
materials as metal and ceramics [1, 2, 3, 4, 5, 6 and 7]. 
The researchers who studied on textile structural 
composites indicated that it could be considered 
alternative materials due to the delamination free and 
damage tolerance material [3, 8 and 9]. In textile 
processing standpoint, it is explained that they are readily 
available, cheap and not labor intensive [1, 10]. 
Fabrication of textile preform is made by weaving, 
braiding, knitting, stitching and nonwoven techniques and 
they can be chosen generally based on the end use 
requirements.  Originally 3D preforms can be classified as 
fiber interlacement types.  Simple 3D preform consists of 
2D fabrics and is stitched depending on stack sequence.  
More sophisticated 3D preforms can be fabricated by 
specially designed automated loom and made near –net 
shape to reduce scrap rate.  However, it is mentioned that 
they are low in-plane properties [1, 11]. 

Multiaxis 3D flat weaving is a relatively new concept, 
since they include also bias yarn sets introduced to the 
orthogonally structured preform.  Bilisik and Mohamed 
pointed out that Multiaxis 3D preforms enhance in-plane 
properties.  However, there is no one process to make 
multiaxis 3D woven preform with complex shape and 
various fiber orientations in the structure cross-section 
with large dimensions [12, 13 and 14]. To make circular 
preform, traditional filament winding and pultrusion 
techniques were used to make one or multi-directional 
preforms. However, there is no radial reinforcement in the 
thickness direction. 2D Triaxial and 3D braiding are 
employed to make multi directional preforms but there is 
no circumferential and true radial reinforcement. A few 
special processes have also been developed to make 
multiaxis preforms.  They are sleeve wrapping and fiber 
placement.  But there is no radial reinforcement in the 
preform [15]. A thick walled circular woven preforms 
were developed in which integrally woven preform has 
four yarn sets.  These are axial, circumferential and only 
bias(+) yarn. They are woven upon the surface of a 
mandrel with resulting shape being determined by the 
action of the jacquard [16]. Another type of 3D circular 
woven preform was developed in where three yarn sets 
have been used as axial, circumferential and radial yarns. 
All yarn sets are cylindrically orthogonal inside the 
structure except outer and inner surfaces in where yarn 
sets are interlaced to provide structural integrity [17]. 
Stitching-winding based 3D circular preform was 
introduced in where axial and circumferential yarns were 
wound on the mold and later stage, the preform was 
stitched to put some fiber in the radial direction.  But, 
stitching could be damaged yarn sets [18]. 3D preform 
technology called Autoweave which was transferred to the 
Textron Inc. in where the 3D preform structures were 
developed to be used in exit cone for aerospace 
application.  The preform has axial, circumferential yarn 
and pultruded radial rod and is suitable for only the part 
manufacturing. Winding principle was employed to form 
the structure. But, preparing the radial rod skeleton in the 
mandrel is labor intensive and not suitable to make 
continuous circular preform [19]. Yasui and co-workers 
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3D orthogonal circular woven perform unit cell has 
basically three yarn sets as axial, circumferential and 
radial yarns.  Axial yarns are arranged in a matrix of 
circular rows and radial columns within the required 
circular cross section.  It looks a spares network for laying 
the fibers in between adjacent axial fibers.  
Circumferential fibers are laid down between each 
adjacent axial fiber row.  They are single end and 
deposited through the preform length.  Radial ends are 
positioned between each axial row through the preform 
thickness based on radial crossing and in-out principals.  
They lock all other yarn sets to provide structural integrity 
of the preform based on radial crossing principal as it is 
seen schematically in figure 1(c). In side view, 
circumferential yarns are secured with axial fiber layers 
by radial yarns.  It can be realized that preform has an 
interlacement surrounding outer and inner surfaces but 
inside the preform circumferential fiber sets are helical 
path, whereas axial and radial are almost straight.  Again, 
circumferential fiber has made single end to the unit cell 
diameter. 

           

     
Fig. 1(c): Perspective and side views of the unit cell of the 

3D orthogonal circular woven preforms. 
 

A small diameter polyethylene tube is used in order to 
visually understand the orthogonal 3D circular woven 
preform unit cells and radial yarn path in the unit cell as 
radial crossing principles.  Figure 1(d) shows the radial 
yarn path “crossing” principles on the 3D orthogonal 
circular woven preform unit cell. 

   
Fig. 1(d): 3D orthogonal circular woven preform unit cell 

cross-section and radial tube path in the cell show as 
“crossing” principles. 

 
Method to Weave 

Starting position of the multiaxis 3D circular weaving 
is seen in figure 2(a) where ±bias yarns, circumferential 
and radial yarn sets have on the carriers.   Warp yarn sets 
pass through the guide tube and fed by bobbins.  As seen 
in weaving cross section, bias(+) yarns are denoted as b+1, 
b+2, b+3, b+4, b+5, b+6 and bias(-) yarns are denoted as b-1, b-

2, b-3, b-4, b-5, b-6.  The circumferential yarns are denoted 
as c1, c2, c3, c4, c5, c6.  The axial yarn sets are denoted ‘o’ 
on the cross section of the weaving bed.  The radial yarns 
are denoted as r1, r2, r3, r4, r5, r6. The ±bias and 
circumferential are mounted on the each individually 
rotated ring.  The radial carriers can reciprocate linearly to 
the radial corridor of the machine bed.       

 

 
 
Fig. 2(a): Starting position of side (left) and cross section 
(right) view for multiaxis 3D circular weaving based on 

radial crossing principals. 
 

For the first half  weaving cycle, after the two pair of 
±bias carrier rings rotates anticlockwise and clockwise 
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directions according to yarn orientation direction, bias 
yarns become at an angle compared to the axial yarns as 
seen in figure 2(b).  Rotation of the ±bias carrier rings is 
equal to one carrier distance for every weaving cycle.   
Two axial layers remain in their original positions.  The 
fiber position in the structure is seen in the left corner of 
schematic side view of the weaving. 

  
Fig. 2(b): ±Bias carrier ring rotation based on radial 

crossing principals. 
 

Circumferential carrier rings rotate one complete 
rotation around the machine bed to anticlockwise 
direction and lay the circumferential yarns in the structure 
seen in the left corner of the side view of the weaving.  
This is also seen in figure 2(c). 

 
Fig. 2(c): Circumferential carrier ring rotation based on 

radial crossing principals. 
 

In radial crossing principal, odd number radial carriers 
move from outer diameter to inner diameter to the radial 
corridor whereas even number radial carriers move from 
inner to outer diameter to the radial corridor.  They are 
crossing and lock all the previously inserted yarn sets to 
provide structural integrity as seen in the top of the left 
corner of side view of the weaving. Figure 2(d) shows the 
radial insertion cycle. 

 

    

 
Fig. 2(d): Radial insertion based on radial crossing 

principals. 
 

Circular open reed moves linearly toward the woven 
formation line and slides the inserted circumferential 
yarns.  Then it beats the inserted fibers to provide dense 
fabric structure.  During beat up action, excessive lengths 
on circumferential and radial yarns are compensated for 
by carriers, and the radial yarn formation in the preform 
structure is seen in the left corner of the side view of the 
weaving.  It is seen in figure 2(e).  After beat up is 
completed, reed is returned to the original position and 
take up unit removes the inserted yarns from the weaving 
formation line to provide the space for next weaving 
cycle.  Fabric volume fraction can be controlled by take 
up. 

 

  
Fig. 2(e): Beat-up movements based on radial crossing 

principals. 
 

For second half cycle of the weaving, after the 
weaving action has been completed as described in figure 
2(b) and (c), odd number radial carriers move from inner 
diameter to outer diameter to the radial corridor whereas 
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even number radial carriers move from outer to inner 
diameter to the radial corridor.  They are crossing and 
lock all the previously inserted yarn sets to provide 
structural integrity as seen in the left corner of side view 
of the weaving. Beat-up unit packs the previously inserted 
yarns to the weaving formation line. After beat up is 
completed, reed is returned to the original position and 
take-up unit removes the inserted yarns from the weaving 
formation line to provide the space for next weaving 
cycle.  Therefore one weaving cycle is completed and it is 
repeated according to required preform length.   

3D orthogonal circular woven preform unit cell is 
made by following weaving method in which the 
circumferential yarns are denoted as c1, c2, c3, c4, c5, c6.  
The axial yarn sets are denoted ‘o’ on the cross-section of 
the weaving bed.  The radial yarns are denoted as r1, r2, r3, 
r4, r5, r6.  The circumferential are mounted on the each 
individually rotated ring.  The radial carriers can 
reciprocate linearly to the radial corridor of the machine 
bed. In the first half of the weaving cycle, circumferential 
carrier rings rotate one complete rotation around the 
machine bed to the anticlockwise direction and lay the 
circumferential yarns in the structure as it is seen in the 
top of the left corner side view of the weaving.  This is 
also seen in figure 3(a). 
  

  
Fig. 3(a): Circumferential carrier rings rotations based on 

radial crossing principal. 
 

In the radial crossing principal, odd number radial 
carriers move from outer diameter to inner diameter to the 
radial corridor whereas even number radial carriers move 
from inner to outer diameter to the radial corridor.  They 
are crossing and lock all the inserted circumferential yarn 
sets to provide structural integrity as seen in the top of the 
left corner side view of the weaving.  Figure 3(b) shows 
the radial insertion cycle. 

  
Fig. 3(b): Radial insertion cycle based on radial crossing 

principal. 
 

Circular open reed moves linearly toward the woven 
formation line and slides the inserted circumferential 
yarns.  Then it beats the inserted yarns to provide dense 
fabric structure.  During beat up action, excessive lengths 
on circumferential and radial yarns are compensated for 
by carriers, and the radial yarn formation in the preform 
structure is seen in the left corner of the side view of the 
weaving.  It is seen in figure 3(c).  After beat up is 
completed, reed is returned to its original position and 
take-up unit removes the inserted yarns from the weaving 
formation line to provide the space for next weaving 
cycle.  Fabric volume fraction can be controlled by take-
up. 

     
Fig. 3(c):  Beat-up movements based on radial crossing 

principal. 
 

In the second half of the weaving cycle, after the 
circumferential yarns inserted in the preforms as described 
in figure 3(a), odd number radial carriers move from inner 
diameter to outer diameter to the radial corridor whereas 
even number radial carriers move from outer to inner 
diameter to the radial corridor.  They are crossing and 
lock all the previously inserted yarn sets to provide 
structural integrity as it is seen in the top of the left corner 
side view of the weaving. Beat-up unit packs the 
previously inserted yarns to the weaving formation line. 
After beat up is completed, reed is returned to its original 
position and take-up unit removes the inserted yarns from 
the weaving formation line to provide the space for next 
weaving cycle.  Therefore one weaving cycle is completed 
and it is repeated according to required preform length.   
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Bias Angle  

Bias fiber sets can be arranged between 15° to 85° 
through the in plane of both outer surface and inner 
surface of the preform.  In bias carrier ring when they are 
rotated to each other just for one carrier distance, each 
carrier distance is equivalent to the 15°.  This is seen in 
figure 2(a).  If the carrier ring is rotated two, three or four 
carrier distance, the preform surface has 30°, 45°, and 60° 
bias angle orientations, respectively.  
 
Weaving Machine 

Multiaxis 3D circular weaving machine has been 
designed and constructed to make multiaxis 3D circular 
woven preform to test the necessary units.  The multiaxis 
3D circular weaving is an experimental concept prototype 
and manually driven to make multiaxis circular structure.  
It has mainly six units as ± bias carriers and bias carrier 
rings, axial fiber feeding, circumferential carriers and 
circumferential carrier rings, radial carriers, beat-up and 
take-up.  The weaving prototype has basement for axial 
bobbins.  All axial fiber ends are fed to the weaving zone 
through the guiding tube in the machine bed via whole 
plate to provide proper alignment and prevent any 
entanglement. The braider type carrier can be used for 
yarn sets except axial yarn set to maintain the yarn feeding 
and tension functions. In the machine bed there are 
concentric rings in which the number of the rings depend 
on the number of layers in the preform unit cell.  Two 
pairs of bias carrier ring move in reverse directions to 
align the bias yarns both on the inner surface and outer 
surface of the preform.   However, any carrier ring in the 
machine bed can be used as ±bias or circumferential or 
axial feeding depending upon preform unit cell.  All radial 
carriers are positioned in outermost position of the 
machine bed, and the number of the radial carriers 
depends upon the radial row.  The beat-up is a circular 
open reed which has many finger rods corresponding to 
each radial row.  They beat the circumferential yarns 
against the preform formation zone.  Take-up unit consists 
of a pair of cylinders to deliver the inserted 
circumferential and radial from the weaving zone. If 
single part multiaxis 3D circular woven preform with 
complex contour is fabricated, mandrel is used depending 
upon part geometry. The multiaxis 3D weaving concept 
prototype is seen schematically in figure 4(a).      
 

 
Fig. 4(a):  Schematic views of the multiaxis 3D circular 

weaving concept prototype. 
 

Multiaxis 3D circular weaving fabricates basically two 
types of preform with multiaxis or orthogonal unit cells.  
The first type is continuous uniform volume fractional 
preform, and the second is complex part preform as 
conical or cylinder-conical shapes in which volume 
fraction in the preform section is variable and depends on 
preform location.  Figure 4(b) shows example of multiaxis 
3D cylindrical Kevlar™ (Kevlar is an Aramid base fibers 
and sold under the trade name of Kevlar by DuPont fiber 
producer) fiber preform, and it is weaving zone during 
fabrication. Figure 4(c) shows multiaxis 3D cylinder-
conical carbon fiber preform on the developed weaving 
concept prototype.   
 

 
Figure 4(b).  Weaving zone and multiaxis cylindrical 3D 

woven Kevlar™ preform which has five yarn sets as 
±bias, axial, circumferential and radial. 
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Fig. 4(c):  Multiaxis 3D cylindro conical carbon fiber 

preform and weaving zone in the manually drive concept 
prototype. 

 
2. Results and Discussion 
 
Multiaxis 3D woven preforms 

Multiaxis 3D cylindrical woven preforms were 
fabricated by the developed concept prototype. The 
specifications of the multiaxis 3D cylindrical and 
cylinder-conical Kevlar ™ woven preforms were 
presented in teble1.  In Kevlar™ cylindrical preforms 
which is denoted as PI-A and PII-A, all yarns are 1100 
dtex for PI-A and 1600 dtex for PII-A. PI-A has five yarn 
sets as 2 bias(+) and 2 bias(-) layers, and 7 axial layers, 6 

circumferential layers and each radial yarn corresponds 
for each axial row, whereas PII-A has four yarn sets and 
half yarn ends compared to that of the PI-A as 2 bias(-) 
layers, 7 axial layers, 6 circumferential layers and 6 radial 
yarns correspond for each axial row.   It is observed that 
both preform surfaces were not equal. PI-A has smooth 
surface and has a few local yarn undulations, whereas  
PII-A has uneven surface and has many local yarn 
undulations. PIII-A is conical shape and has five yarn sets 
which are 1600 dtex Kevlar™ fiber.  PIII-A has half yarn 
ends for all yarn sets compared to that of the PI-A and has 
2 bias(+) and 2 bias(-) layers, and 7 axial layers, 6 
circumferential layers and each radial yarn corresponds 
for each axial row in the preform.  The basic differences 
in conical shape compared to the cylindrical preforms is 
the local fiber fraction. When the preform profile was 
changed form small to large surface, all yarn fiber 
fractions were reduced.  The solution of the problem can 
be considered  as either adding the fiber end to the 
weaving area when the profile was changed or using the 
yarn ends based on maximum preform surface area in 
where high volume fraction must be achieved in large 
surface area.     
 

 
Table 1. Specifications of the multiaxis 3D circular woven Aramid preforms. 

Preform unit cells Multiaxis 3D woven 
PI-A PII-A PIII-A 

Material     
Axial fiber 1100 dtex -Kevlar™ 29 1600 dtex-Kevlar™ 49 1600 dtex -Kevlar™ 49   
Circumferential fiber 1100 dtex -Kevlar™ 29 1600 dtex-Kevlar™ 49 1600 dtex -Kevlar™ 49     
Radial fiber 1100 dtex -Kevlar™ 129 1600 dtex-Kevlar™ 49 1600 dtex -Kevlar™ 49   
± Bias fiber 1100 dtex -Kevlar™ 29 1600 dtex-Kevlar™ 49 1600 dtex -Kevlar™ 49   
Preform structure    
Axial 7 layers x 36 rows 7 layers x 36 rows               7 layers x 36 rows 
Circumferential 6 layers    6 layers    6 layers    
Radial fiber 36 ends (single end)            36 ends (6 plied)               36 ends (single end)   
+Bias fiber 2 layers x 36 rows                      ---------                    2 layers x 18 rows                    
-Bias fiber 2 layers  x 36 rows             2 layers x 18 rows               2 layers x 18 rows 
Cross section Cylindrical section            Cylindrical section              Conical section 
Dimensions (Outside diameter x 
wall thickness, mm.) 100  x  5                             55   x  5                         150(bottom) x 70(top) x 5 

Preform tightness Very high         Medium                               Low 
Diameter ratio                        7                                     12.7                                     4.7 - 10 
 

Multiaxis 3D cylinder-conical carbon preform was 
also produced and specification of the preform was given 
in table 2.  Preform has five yarn sets and 2 layers ± bias 
which have 12 K, 2 layers axial which has 12 K, 1 layer 
circumferential which has 6 K and has 6 ends and each  

 
radial yarn, which has 1K corresponds for each axial row 
in the preform. The surface of the multiaxis 3D carbon 
preform was smooth and no inconsistincy was observed 
through out the preform length as it is seen in figure 4(c).   
 

 
Table 2.  Multiaxis 3D circular carbon preform specification from radial crossing weaving. 
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Preform unit cells Multiaxis 3D woven perform- PI-C                                      
Material Thornel T-300 Carbon fiber 

Axial fiber 12 K2                                                                           
Circumferential fiber 6 K                                                                        
Radial fiber 1 K                                                                          
± Bias fiber 12 K                                                                         
Preform structure  
Axial 2 layers x 36 rows,   Layer 1 (1 end), Layer 2 (2 ends)           
Circumferential 1 layer (6 ends per layer)               
Circumferential density 6 ends/ 10 cm  
Radial fiber 36 ends (one radial for every axial row) 
+ Bias fiber 1 layer x 36 rows                                                              
-Bias fiber 1 layer x 36 rows                                                  
Bias angle (measured) 60°                                                                                            
One carrier movement 15°-20° 
Cross section Cylinder - conical                           
Dimensions  
(top diameter x bottom diameter x wall thick x length, mm.) 130 x 150 x 1 x 610 

Diameter ratio 1 / 5                                                   
Mold Polyethylene  
Weave unit cell in section  Radial, +Bias, Axial, Circumferential, Axial, -Bias, Radial 
Bias Orientation 

Bias orientation is made by means of concentric rings 
movement in clockwise direction for bias(-) and 
anticlockwise direction for bias(+).  Any ring can be used 
as bias orientation around the machine bed.  This provides 
a versatile preform unit cell, and any layer in the structure 
can be assigned as bias(+) or bias(-).  The bias angle can 
be arranged between 15° to 85°.   On the experimental 
concept prototype, it is found out that bias yarns on the 
outer and inner surfaces of the structure form helical paths 
and there is a slight difference of angle between them 
especially making the thick wall preforms.  As it is seen in 
figure 4(b), PI-A which is high density woven preform has 
around 60˚ angle between bias and axial to the machine 
direction, whereas PII-A which is medium density woven 
preform has around 45˚ angle between bias and axial to 
the machine direction.  It is observed that there is a certain 
relation between preform density (fiber volume fraction) 
and bias yarn orientation and take –up rate.  More 
research may be required to understand relations between 
those processing parameters and preform structural 
parameters on the concept prototype.      
 
Circumferential Yarn Insertion 

After circumferential fiber insertion was completed, 
excessive length was retracted by carrier.  The excessive 
yarn length occurred because of diameter (preform outer 
diameter / Outermost ring diameter) ratio is not 1.  The 
amount of diameter ratio depends on the number of the 
rings.   When the excessive circumferential yarn is not 
retracted, this causes waviness in the structure for some 
local yarn undulations.  However, there must be adequate 

tension applied on the circumferential yarns to get proper 
packing during beat-up. Circumferential yarn ends in each 
layer, which is the equivalent filling in the flat weaving, 
were six during insertion as seen in table 1 and table 2.  
This is resulted high insertion rate. 
 
Radial yarn insertion 

Radial fibers are inserted by carrier movement in the 
radial corridors. They make cross movement in the radial 
crossing weaving.  It is realized that there is a relation 
between number of layers and radial yarn retraction.  If 
the number of layer in the preform is increased, yarn 
retraction in the radial carrier is increased.  The retraction 
must be kept within the capacity of the radial carrier.  It is 
also observed that tension level in the radial yarn is kept 
high compared to that of the circumferential yarns because 
of easy packing and applying tensioning force to the bias 
crossing points which resist the radial fibers movement 
during structure formation at weaving zone.  However, 
there is a certain relation between radial yarn tension and 
beat-up force.  There must be an optimum tension level 
and beat-up force between them and applied during 
weaving for proper structural formation. It is observed 
that radial fiber in the structure is at a slight angle.  This 
depends partly on structure wall thickness and partly on 
weaving zone length during structure formation.  In this 
point, take-up rate is a crucially important processing 
parameter.   
 
Beat-up 

Inserted circumferential yarns locked with radial fibers 
must be beaten firmly against woven formation line to 
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have a high volume fraction and a consistent preform.  For 
this purpose, small finger type rods connected to the 
inside wall of the circular ring were used. Each finger is 
moveable towards the machine bed. During beat-up 
action, each finger moves forward to the machine bed, and 
circular open beat-up reed moves vertically towards the 
weaving formation zone to beat the circumferential yarns. 
After the beat-up is completed, each finger moves 
backward to the original position in the circular open reed 
and clears the weaving zone for the next action. It 
performs the function.  However weaving formation line 
must be kept short to get effective beat up.  On the other 
hand, beat-up rods were sometimes entangled to radial 
fibers.  This was eliminated by applying proper tension on 
the radial yarns.  Also, it was observed that high beat-up 
force caused local fiber distortion in the structure.  It is 
understood that beat-up unit in the experimental prototype 
must be modified to get consistent volume fraction, 
especially when the brittle fibers are used.   
 
Take-up 

From experimental weaving prototype, it is understood 
that two types of take-up are necessary. Part fabrication 
needs mandrel and is adapted to the take-up unit.  
Continuous fabrication needs a pair of coated cylinders.  It 
is realized that for both take-up units, the important 
processing parameter is take- up rate during delivering the 
fabric from the weaving zone.  The rate affects fabric 
volume fraction and bias angle and there must be found 
certain relation between preform structural parameters and 
processing parameters.  This is addressed future analytical 
research in take-up rate.       
 
3. Conclusion 
 

Multiaxis 3D circular woven preform unit cells and 
methods have been developed.  The preforms were 
basically orthogonal and multiaxis unit cells. The method 
was radial crossing weaving principals. The method has 
been trailed and tested on the experimentally developed 
weaving prototype.  The method has been worked 
successfully to make multiaxis and orthogonal unit cell 
based preforms.  

The simple multiaxis and orthogonal 3D circular 
cylindrical woven preforms have been fabricated.  The 
preforms were analyzed and basic structural parameters 
and processing parameters were identified.  The important 
structural parameters are straight fiber path during 
preform formation, constant bias angles and tight packing 
which relates directional and total fiber volume fraction. 
The important processing parameters are tension in each 
yarn sets, ring rotation for bias, applied force in the yarn 
sets during beat-up and take-up rate. These parameters 

must be achieved all together based on end-use 
requirements. 

The complex shape preforms have been fabricated.  
These are conical and cylinder-conical shapes.  It is found 
out that the volume fraction and bias angle are changed 
based on preform profile.  This must be solved by proper 
modification in the developed weaving prototype.      

These preliminary results show that various preform 
structures can be made thin and thick wall simple 
cylinders and circular complex shapes.  Process is one 
step, versatile and simple. The method, called “radial 
crossing” weaving is feasible. On the other hand, the 
automation of the multiaxis 3D circular weaving is the 
future challenges for the benefit of especially technical 
textile and composite industries for defense and space 
applications. 
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Abstract 
We propose using series elastic actuation (SEA) in micro 
mechanical devices to achieve precise control of the interaction 
forces. Using μSEA for force control removes the need for high-
precision force sensors/actuators and allows for accurate force 
control through simple position control of the deflection of a 
compliant coupling element. Since the performance of a μSEA is 
highly dependent on the design of this compliant coupling 
element, we employ a design optimization framework to design 
this element. The proposed design framework deals with the 
robustness of the design while optimizing the objective functions. 
The robust design optimization method relies on sensitivity 
region concept which minimizes the change of the objective 
function with respect to the small changes in the design 
variables. The design of the compliant coupling element is 
chosen among the Pareto set of the optimal solutions by 
considering some secondary design criteria that are not included 
in the optimization problem. 
 
Keywords: Series elastic actuator, robust design, micro 
manipulation. 
 
 
1. Introduction 
 
 Micro mechanical devices are becoming ubiquitous as 
they find increasing uses in applications such as micro-
fabrication, micro-surgery and micro-probing. Use of 
micro-electromechanical systems not only offer 
compactness and precision, but also increases the 
efficiency of processes. Whenever mechanical devices are 
used to interact with the environment, accurate control of 
the forces arising at the interaction surfaces arise as an 
important challenge.  The situation is not any different at 
the micro scale; for instance, during in vitro cell 
indentation--- a process where a living cell is nudged with 
a micro-probe to observe the flexibility of the cell 
membrane--- it is critical to prevent damaging the cell by 
ensuring that the force threshold dictated by the strength 
of the membrane is not exceeded. 
 We propose using series elastic actuation (SEA) in 
micro mechanical devices to achieve precise control of the 
interaction forces at the device end-effector. Since the 
performance of any SEA is highly dependent on the 
design of its compliant coupling element, after selecting a 

compliant, under-actuated half-pantograph mechanism as 
an appropriate kinematic structure to implement the 
compliant coupling element, we optimize the performance 
of this compliant element over multiple design objectives 
through dimensional synthesis. Then, the optimal 
mechanism can utilized in a μSEA which requires it be 
instrumented with a position sensor and an actuator, and a 
typical position controller for controlling its deflection to 
control the force exerted at the device end-effector.
 Although the type selection increases the reliability of 
the system due to external disturbances and noises, 
robustness is not guaranteed. Robustness guaranteed 
design framework should be adopted instead of a pure 
optimal dimensional synthesis. The proposed design 
framework combines the multi-objective optimal 
dimensioning with reliability based design technique. 
Therefore, the obtained solutions will not only satisfy the 
performance considerations but also have a promised 
reliability. 
 The use of μSEA for force control at micro scale is 
advantageous, since it alleviates the need for high-
precision force sensors/actuators and allows precise 
control of the force exerted by the actuator through typical 
position control of the deflection of the compliant 
coupling element. In particular, SEA introduces a 
compliant element between the actuator and the 
environment, then measures and controls the deflection of 
this element. 
 That is, an SEA transforms the force control problem 
into a position control problem [21] that can be addressed 
using well established motion control strategies. Even 
though all force measurement techniques depend on 
measuring deflection of some compliant element by 
different means (capacitive, resistive, optical, etc.) and 
mapping this data to relevant forces, an SEA is different 
in terms of its compliance which is orders of magnitude 
lower than typical force sensors: At the macro scale, a 
typical force sensor has a stiffness on the order of 107 
N/m, while for example the SEA in [21] have a stiffness 
on the order of 103 N/m. 
 For every non-collocated sensor actuator system, 
there is an upper limit on the loop gain which is a 
combination of the controller gains and the plant. Within 
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this limit, the controller gains for the system with a very 
stiff force sensor should be kept low. However, 
introducing a series elastic actuator to the system, instead 
of a force sensor, gives the ability to use higher controller 
gains since the stiffness of the SEA is significantly lower 
than a force sensor. Hence, using SEA offers implicit 
superiority such that the accuracy of the force control is 
not limited by the actuator itself while the closed loop 
system enjoys better disturbance rejection characteristics. 
 Another benefit of SEAs, include low overall the 
impedance of the system at the frequencies above the 
control bandwidth which avoids hard impacts with 
environment [22]. The main disadvantage of SEAs is their 
low bandwidth due to the intentional introduction of the 
soft coupling element [16]. The force resolution of an 
SEA improves as the coupling is made more compliant; 
however, increasing compliance decreases bandwidth of 
the control system, trading off response time for force 
accuracy. 
 Advantages of SEAs, such as the ones presented in 
the previous paragraphs, have been well-recognized at 
macro scale since early 1990s [16] and these devices have 
been utilized in various applications, including 
exoskeletons [17,31], prosthetic devices [8], and legged 
robots [15,19]. Design challenges of SEAs have been 
studied in [14,20,23], while control challenges of these 
devices have been addressed in [16,22,30,32]. 
 Some of the existing micro manipulation technologies 
based on micro cantilever beams, such as AFMs, are 
similar to SEAs in that they measure the deflection of an 
elastic cantilever beam to estimate reaction forces and 
actuate the base of the beam to achieve force tracking. 
However, designs of these devices have not carefully 
considered the performance trade-offs that exist during the 
design. Those trade-offs can be studied by various multi-
criteria optimization methods. 
 In general, introducing one more objective function 
into an optimization problem increases the complexity. 
Most of the time, the optimal solution of one objective 
function will not be an optimal solution with respect to 
another objective function, especially if those 
optimization metrics are conflicting with each other. 
Therefore, instead of optimizing the objective functions 
independent of each other, a solution procedure that can 
handle multiple objective functions simultaneously should 
be used. 
 The optimization problem, which includes more than 
one objective function, can be attacked using two different 
approaches, namely scalarization and Pareto methods. 
Scalarization methods transform multiple objective 
functions into a single performance metric by 
aggregating/prioritizing these functions. The fundamental 
disadvantage of scalarization approaches is that, the 
weight/priority of each objective needs to be assigned a 

priori, in other words, the best choice of the 
weights/priorities, which can only be determined after the 
optimization procedure is complete, is demanded before 
the optimization procedure is initialized. An improper 
choice of the weights/priorities may yield to an 
unsatisfactory optimal solution. 
 Unlike scalarization approaches, Pareto methods do 
not require a priori information about the design trade-
offs, instead they try to characterize these trade-offs 
among multiple objective functions. In this study, the 
multi-criteria optimization problem is solved using Pareto 
methods, in particular, utilizing the framework introduced 
in [25,28,29]. The framework proposes using the Normal 
Boundary Intersection (NBI) method to obtain efficient 
solutions for the multi-criteria optimization of parallel 
mechanisms. 
 The NBI method is one of the robust methods to 
obtain the design trade-offs (the boundary of the feasible 
domain) of multi-objective optimization problems [3]. 
The NBI method uses a geometric approach to solve for 
the optima of the multi-objective problems. In particular, 
the NBI method performs a sequence of gradient-based 
searches on the feasible domain defined by the problem. 
The method is computationally efficient, since it attacks 
the geometric problem directly and solves for single-
objective constrained subproblems using fast, reliable 
gradient-based optimizers. Because the geometric problem 
is only affected by the properties of the feasible domain, 
the single-objective subproblems can be addressed using 
gradient based optimization techniques, even when the 
objective functions are non-smooth and non-convex. 
Moreover, the method is applicable to a general set of 
performance indices and results in exceptionally uniform 
distributed points on the Pareto-front hyper-surface 
without requiring any tuning of the core algorithm. 
 Limitations of the technique exist since the NBI 
method relies on an equality constraint. It is possible for 
the NBI method not to find a solution on the Pareto-front 
hyper-surface or converge to local optima. In such a case, 
the solutions of NBI subproblems can be post-processed 
to filter out undesired dominated solutions. Moreover, 
NBI method assumes sufficient smoothness of the 
boundary of the feasible domain so that gradient 
techniques can be employed. However, it has also been 
demonstrated in the literature that the method performs 
remarkably well even for non-smooth geometries of the 
objective space [18]. 
 The goal of the design is to come up with an optimal 
design that is also “robust” to manufacturing tolerances, 
alignment errors, changes in the operating conditions and 
uncontrollable parameters of the off-the-shelf items. The 
choices in the type selection aim to minimize the adverse 
effects of these disturbances; however, these choices can 
not ensure performance guarantees under uncertainties of 
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the design variables or parameters. Such uncertainties are 
unavoidable and if these uncertainties are not explicitly 
handled during the design process, the actual performance 
of the mechanism may fall short of the performance 
estimated by using the nominal values. The aim of robust 
optimal design is to find the optimum of the performance 
metric, while the variables and parameters in the problem 
definition are allowed to have certain uncertainties. 
 The robust design techniques proposed in the 
literature can be loosely grouped as stochastic and 
deterministic methods. Taguchi, [24], developed one of 
the first robust design techniques, which also formed a 
basis to latter stochastic approaches. He analyzed the 
sensitivity of a function by not using the partial 
derivatives that are tedious and computationally time 
consuming, but instead utilizing the orthogonal array 
method. However, the technique of Taguchi requires 
careful experiments conducted with different 
combinations of design variables. Yu et. al., [34], 
analyzed manufacturing variation patterns, the pattern of 
manufacturing errors that frequently occur. In this 
method, the robustness of the design is improved for 
correlating manufacturing errors. This method, like 
Taguchi method, requires experiments and statistical data 
for defining the correlation between the manufacturing 
error patterns. Jung and Lee, [10], developed a stochastic 
approach which constrains the original optimization 
problem with a robustness index. The robustness index is 
a probability constraint which is solved using advanced 
first-order second moment. Their method is advantageous 
since it eliminates the need of second order derivatives. A 
comparison of various robust design methods can be 
found in [4]. The main disadvantage of stochastic methods 
is that they generally require a priori information of 
distribution of the possible errors be known. This 
information may require many costly experiments be 
performed. 
 The other approach to robust design is the 
deterministic methods. Belegundu and Zhang [2] 
proposed increasing the robustness of a design by 
minimizing the sensitivity of the objective function by 
selecting appropriate design variables. Their formulation 
works even for large variations for linear systems and is 
limited to small variations for nonlinear systems. 
Although this method does not require a priori 
information on probability distributions of design 
variables and parameters, it requires computation of the 
first derivative for minimization. In a similar approach, 
Balling et. al. [1] used the first derivatives to linearize the 
optimization problem around the nominal optimum and 
used a worst-case analysis to find conservative robust 
design. Calculation of derivatives is not trivial for many 
problems and can be computationally infeasible. For 
optimization problems, in which the derivative 

information may not be available, Gunawan and Azarm 
developed a non-gradient based sensitivity region method 
for robust optimization [6,7]. In this study, this robust 
optimization method is incorporated into our optimal 
dimensional synthesis framework, details of which are 
discussed in Section 2.2. 
 This paper extends the optimal design framework for 
μSEA first introduced by the authors in [26] by 
introducing robustness considerations. The robustness 
based design framework utilized in this paper has also 
been proposed by the authors in [27]. 
 The paper is organized as follows: The design of the 
μSEA is introduced in Section 2. In this section the 
optimization problem is formulized in 2.1.1, the kinematic 
analysis of the pantograph mechanism that is used as the 
compliant coupling element of the μSEA is performed in 
2.1.2. In Section 2.2, the robust optimal design framework 
is introduced for both single and multi objective 
optimization problems. The solution of the robust optimal 
design problem and the configuration selection for the 
μSEA is introduced in 2.3. Finally Section 3 concludes the 
paper. 
 
2. Overall Mechanical Design of μSEA 
 
 SEAs in macro level are generally implemented using 
high precision helical springs between the motor and the 
load. Since such springs are not available or easy to 
implement at the micro scale, we propose using a planar 
compliant mechanism which is to be designed for required 
characteristics. Planar compliant mechanism are easy to 
manufacture at micro scales and are, in general, free of  
parasitic effects such as friction, backlash [3]. 
 To implement the compliant element of the μSEA, we 
choose a parallel mechanism based design, since parallel 
mechanisms are more robust against manufacturing errors 
and dimensional changes due to thermal noise [12]. The 
errors at the joint level are averaged at the end effector; 
therefore, parallel mechanisms can achieve more precise 
motion than their serial mechanism counterparts. 
Moreover, parallel mechanisms can be designed to be 
more compact with higher stiffness, compared to serial 
mechanisms [12]. 
 In particular, a half pantograph mechanism with 3 
degrees of freedom (DoF) is selected as the underlying 
kinematic structure of the compliant element. 
The half-pantograph is driven by a single actuator; 
therefore, the μSEA is under-actuated. The under-
actuation is intentionally built into the μSEA design, since 
it introduces reliability and robustness by passively 
compensating the alignment errors of the actuator and the 
end effector. The under-actuation also helps with the 
impact-resistance of the device. 
 Figure 1 depicts a schematic representation of the 
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mechanical design of the μSEA with compliant half-
pantograph based elastic elements where the solid line 
represents the initial configuration of the μSEA and the 
dash line is the configuration due to actuation. In the 
figure, the actuator is located in between two half-
pantograph mechanisms. This configuration is especially 
suitable for use with low cost piezoelectric actuators with 
screw motions, since the actuator can simply be placed in 
position and kept there by pre-loading the elastic 
elements. In the figure, the end effector is assumed to be a 
microprobe suitable for cell manipulation. 
 

 
Fig. 1: Schematic representation of μSEA 

 
2.1. Optimal Dimensional Synthesis of μSEA 
2.1.1. Optimization Problem 
 
 As motivated in the Introduction, the performance 
trade-offs that exist during the design of μSEA s need to 
be handled systematically so that the best possible force 
tracking performance can be achieved. In this section, 
given the half-pantograph mechanism as the underlying 
kinematics of the compliant element, an optimal 
dimensional synthesis problem is formulated. The 
dimensional synthesis problem is critical especially for 
parallel mechanism, since small changes in these 
parameters can have crucial effects on the overall 
performance of the mechanism [12]. 
 The most important aspect of the compliant 
mechanism is its stiffness, which lets it act as a spring. In 
general, compliant mechanisms have configuration 
dependent task-space stiffness at their end-effectors. 
While designing a μSEA, the task stiffness of the 
mechanism needs to be optimized for the accuracy and 
reliability of force control. Hence, task space stiffness is 
the first metric to be included in the optimization problem. 
 The compliant mechanism used in the μSEA is 
implemented as a flexure joint mechanism, in which 
deflections can only occur at the corners of the 
mechanism where two rigid links articulate. Since the 
deflection of these joints is limited, the dexterous 
workspace of the mechanism is drastically reduced 

compared to a traditional rigid body mechanism of the 
same kinematics. One of the important design goals for 
the μSEA is increasing the dexterous workspace of the 
device so that a wider range of operation becomes 
feasible. In order to characterize the size of the dexterous 
workspace, manipulability [33] is used as the second 
metric for the optimization problem. 
 Two metrics (stiffness and manipulability) need to be 
optimized for the half-pantograph mechanism while 
implementing the μSEA. However, the half-pantograph 
possesses 3DoF in plane and it is more proper to conduct 
the analysis along different directions, in other words, 
consider the directional manipulability and stiffness of the 
mechanism.  The analysis considers two mutually 
perpendicular directions: direction of actuation (y-
direction), and the direction that is perpendicular to it (x-
direction). Along the direction of actuation, the end 
effector of the μSEA contacts with the environment, ie it 
is the active direction; while no motion is desired along 
the perpendicular direction. 
 In particular, we analyze the manipulability and the 
stiffness of the mechanism along the direction of actuation 
and along the direction perpendicular to this motion as 
follows: We increase the manipulability and decrease the 
stiffness of the mechanism along the movement direction 
of actuation to achieve high stroke with high force 
resolution, while we decrease the manipulability and 
increase the stiffness of the mechanism along the direction 
perpendicular to the actuator motion to achieve good 
disturbance rejection characteristics. 
 The manipulability and the stiffness metrics are 
equivalent for the half-pantograph mechanism, that is, 
both performance criteria converge to the same optimal 
dimensions for the mechanism. Decreasing stiffness and 
increasing manipulability yields a long mechanism with 
the link lengths at their upper limits, while increasing the 
stiffness and decreasing the manipulability converges to a 
short mechanism with the link lengths at their lower 
limits. 
 Due to this equivalence, it is unnecessary to distinctly 
analyze the stiffness and the manipulability metrics; 
hence, only the stiffness along the x- and y-directions is 
examined during optimization. 
 
The negative null form of the optimization problem can be 
formulated as, 
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where α represents the vector of design variables - the link 
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lengths and the pose of the mechanism [ ]Tθα 1l= - and  
β denotes the design parameters - not available in this 
problem. In this negative null form, ),( βαF is the vector 
of performance metrics. For this optimal design problem:

[ ]TSS yx
F μμβα =),( , where μS represents the task space 

stiffness. ),( βαG is the vector of inequality constraints. 
The inequality constraints are imposed during the 
kinematic analysis to ensure a closed kinematic chain and 
elbow out posture of the half-pantograph mechanism. 
 The calculation of the stiffness metric μS requires 
derivation of the Jacobian matrix of the compliant half-
pantograph mechanism. The next subsection describes this 
kinematic analysis. 
 
2.1.1. Kinematic Analysis of the Compliant Half-
Pantograph Mechanism 
 
 The analysis of compliant mechanisms is significantly 
harder than the analysis of their rigid body counterparts, 
since the study of these mechanisms requires the 
determination of their deformations under externally 
applied forces. In this paper, an approximate model, 
namely the pseudo-rigid body model [13], is used to study 
the kinematics of the compliant half-pantograph 
mechanism. Pseudo-rigid body model is preferred due to 
its computational efficiency and ease of use. 
 A pseudo-rigid body approximates the motion of a 
compliant mechanism by replacing its flexible links with 
rigid links and introducing torsional springs at both ends 
of these rigid links. The torsional springs mimic the 
flexibility of the system while the introduction of rigid 
links enables the use of rigid body mechanics. Link 
lengths and spring constants in the model are selected 
such that the kinematics of the model closely 
approximates the solution of elliptic integrals that arise 
from the exact solution of the compliant link 
deformations. While the accuracy of the pseudo-rigid 
body method depends on many parameters, such as the 
length of the flexible members, for small pivot 
movements with relatively long link lengths, as studied in 
this paper, the approximate solution lies within 0.5\% 
percent of the exact solution [9]. 

Figure 2 depicts the pseudo-rigid body model of the 
half-pantograph mechanism. The joint angles are chosen 
to be the generalized coordinates of the system. The 
generalized coordinates q are categorized as active, qa, and 
passive, qp, ones: an active generalized coordinate 
corresponds to the orientation of a joints that is actuated, 
while a passive generalized coordinate pertains to the 
orientation of an hindered joint. 
 

 
Fig. 2: Pseudo-rigid body model of the half-pantograph 

mechanism 
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 The Jacobian matrix of the system is also partitioned 
into a kinematic Jacobian JT, which gives the relation 
between the joint space and task space velocities, and a 
constraint Jacobian JC, which imposes the motion 
constraints to the system. 
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 The kinematic and constraint Jacobian matrices are 
then grouped by the type of the joint. This new form of 
the Jacobian matrix provides more insight about the 
system, since the sub-blocks of the matrix clearly reflects 
the contributions of the active and passive joints. 
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 The compliant half-pantograph is under-actuated 
since the number of driven joints is less than the degrees 
of freedom of the system.  The under-actuated nature of 
the mechanism increases the complexity of the kinematic 
analysis. Since the under-actuated compliant half 
pantograph mechanism obeys the Hamilton's principle, it 
can be stated that, the motion of the pantograph will 
minimize the strain energy in its passive joints. Such an 
approach is also adopted in [11]. This new optimization 
problem can be formulated as, 
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where
pqK is the stiffness matrix of the passive joints. This 

optimization problem can be solved using the method of 
Lagrange multipliers and the relation between the active 
joint velocities to passive joint velocities can be obtained 
as (see [11] for details). 
 

( ) ( ) aC
T
C

T
C

T
C

T qJJKKJJKK
appp
&& &&&&

11
qqqqp pppp

q
−−

⎥⎦
⎤

⎢⎣
⎡ ++−=  

Substituting this equation into the Jacobian of the system 
yields to the mapping between the task space velocities 
and the active joint velocities. This mapping can be 
uniquely derived as, 
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result task space stiffness of the mechanism can be 
calculated as, 
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 In the optimization problem, directional stiffness is 
analyzed along two different directions: x- and y-
directions (refer to Figure 2). Stiffness of the compliant 
half-pantograph mechanism; hence; the optimization 
metrics can be calculated as, 
 

vKv

uKu

T
T

S

T
T

S

y

x

=

=

μ

μ
 

where u and v represent the unit vectors in the x- and y-
directions, respectively. 
 In this section, the robust optimization method 
proposed by Gunawan and Azarm [6] is utilized to extend 
the optimal dimensional synthesis framework introduced 
in [28,29] to incorporate robustness into the design. The 
aim of the robust optimization is to find design variables 
for the mechanism such that the objective function value 
is less sensitive to the deviations in the design variables. 
 
2.2. Robust Optimal Design 
2.2.1. Single Objective Robust Optimal Design 
 
 The NBI method used to solve the multi-criteria 
optimization problem requires to be initialized with the 
solutions, called shadow points that minimize each 
objective function individually. To determine the 
optimum of each objective function, a single objective 
optimization problem needs to be solved for each 
criterion. Since we are interested in robust designs, 

robustness criteria should be added to this optimization 
problem so that performance can be guaranteed under 
variations of the design variables. 
 To ensure robustness, the key concept of the 
sensitivity region is defined as, 
 

[ ] [ ]{ }2
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000 )()(|)( fxfxxfxxS N Δ≤−Δ+ℜ∈Δ=  

 
where Δx is an N dimensional vector of variations of 
design variables and Δf0 is the maximum allowed change 
in the objective function to be determined by the designer. 
The sensitivity region represents a set, where the changes 
in the function value due to the deviations from the 
nominal values of the design variables by an amount of 
Δx remains less than or equal to Δf0. In general, the 
sensitivity regions have an arbitrary shape rendering its 
computation ineffective. Moreover, the combination of 
deviations in the design variables cannot be foreseen 
during the design step. To address these challenges, a 
conservative and simple approximation to the sensitivity 
region is proposed in [6]. In particular, the largest hyper-
sphere that tightly fits inside the sensitivity region is 
considered and the radius of this hyper-sphere, that is also 
the closest point on to boundary of the sensitivity region 
to the origin of the variation space, is proposed as a 
measure of robustness. This radius can be calculated as 
the solution of the following optimization problem. 
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 In this new optimization problem, the constraint 
imposes that the solutions lie on the boundary of the 
sensitivity region. 
 Introducing the robustness criteria into the single 
optimization problem to calculate the shadow points 
transforms this problem into a multi-objective 
optimization, where the objective function and the 
robustness of the system have to be optimized 
simultaneously. However, in order to simplify the 
analysis, it is convenient to consider the robustness 
condition as a constraint to the single optimization 
problem. In particular, the optimization problem can be 
constrained to have solutions that satisfy some 
predetermined robustness index, R0. The negative null 
form of the single optimization problem with robustness 
constraint is formulated as, 
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 Even though considering the robustness condition as a 
constraint avoids a multi objective problem, choosing a 
proper value for R0 is not trivial. In [6] using R0 = N½, 
where N is the number of design variables in the 
optimization problem, is suggested as a proper choice for 
R0. For further details of this choice and the theory behind 
the robust optimization technique, readers can refer to [6]. 
 
2.2.2. Multi Objective Robust Optimal Design 
 
 In [7], the robustness criteria based on sensitivity 
region is extended to multi-criteria optimization problems. 
In particular, it is shown that the concept can be 
incorporated into Multi-Objective Genetic Algorithm 
(MOGA) [5] after some minor tuning. In this study, we 
follow a similar formulation but utilize the NBI method to 
solve the multi-criteria optimization problem, since it is 
one of the most efficient methods to solve for the design 
trade-offs [5]. Compared to MOGA [5] that requires 
problem dependent fitness search related tuning and 
several steps to reach convergence, a standard NBI 
approach can map the Pareto front hyper-surface with 
higher accuracy and uniformity, while also inheriting the 
efficiency of gradient-based methods. Benefits of NBI 
method over MOGA has been observed in many studies, 
including [18]. 
 The multi-criteria optimization problem with 
robustness constraint can be formed as, 
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where R is determined as the solution of the following 
optimization problem, 
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where [ ]TM xfxfxF )()()( 1 K=  is the vector of objective 

functions and 0,ifΔ  is the maximum allowed variation in 
each objective function. 
 
2.3 Design Selection from the Pareto Front 
 
 In this design problem, the performance and the 
reliability is being achieved by changing the link length 

1l  and the initial posture of the mechanism,θ . The 
design variables can be seen in Figure 2. 
 

[ ]Tx θ1l=  
 
 Due to the constraints on the raw material that can be 
used in the manufacturing, the design variables have 
lower and upper bounds: 
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 The design of the elastic element is conducted using 
the design framework which is introduced in the previous 
sections. In this analysis, Δx represents the variation on 
the variables. For 4 different variations, the Pareto front is 
calculated. 
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 In order to observe the shift in the Pareto, in other 
words view the trade-off between the performance and 
reliability, the nominal Pareto front, which does not have 
any robustness constraint, and the robust Pareto fronts are 
given in the same figure (refer to Figure 3). It is clear 
from the figure that, as the variations in the design 
variables increases (in this case they vary from 

[ ]Tmm o1.01.0 to [ ]Tmm o11 ) the Pareto front curve shifts 
towards into the feasible region by becoming a dominated 
solution. 
 In Figure 3, the Pareto curve of Δx4 is clearly distinct 
from others. However, it can be observed that, the 
Nominal Pareto front and the robust Pareto fronts of Δx1, 
Δx2, Δx3 are overlapping. This is due to the inherent  
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Fig. 3: Normalized Pareto front curves for nominal and robust designs 
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robustness of parallel mechanisms. As it is stated in the 
“Type Selection” step, parallel mechanisms can 
compensate errors such as the ones occur in 
manufacturing or thermal noise. Due to this inherent 
reliability of the system, the first three variations do not 
significantly degrade the performance of the design, ie the 
Pareto curve does not shift. 
 This pantograph mechanism will be manufactured 
using wire-EDM method. In this method the raw material 
is cut using a wire with a diameter of 0.25mm. The 
manufacturing tolerance of wire erosion is 1μm. 
Therefore, the rest of the analysis will be conducted using 
the first robust Pareto curve (the one with the variation 
Δx1). The denormalized Pareto front can be seen in Figure 
4. 
 On the Pareto curve there are many solutions which 
minimize the objective functions, stiffness in the x- and y-
directions, simultaneously. In this set of solutions one 
final configuration should be chosen as the elastic 
element. This choice can be made by considering many 
criteria not restricted by the optimization metrics. In this 
design problem, the election of the final design is made by 
considering the footprint and the y-direction stiffness of 
the mechanism. Before going into the details of the 
selection one thing should be emphasized. The footprint 
constraint is not as important as the optimization metrics; 
hence it is not included in the optimization problem. 
Doing so leads to a broader perspective of solutions where 
the optimality is due to the criteria that are crucial 
according to the quality of the design. Once the solution 
set is obtained, a final configuration is chosen using the 
criteria including the less crucial ones. 
 In this design problem, the footprint of the criteria is a 
second degree criterion therefore it is embedded into the 
analysis after obtaining the Pareto front. The footprint 
criterion is identified according to the raw material that is 
available to manufacturing. This criterion states that the 
maximum area of the mechanism should be less than 
2000mm2. The points with black dots in Figure 4 do not 
satisfy this condition. 
 On the other hand, since this elastic element will 
serve as the spring of the μSEA, it is important to have 
low stiffness along the actuation direction so that the force 
resolution of the μSEA will be better. The second 
elimination criteria is the stiffness of the compliant 
element which is desired to be lower than 0.01Nmm/rad. 
This criteria eliminates the points marked with black 
boxes in Figure 4. The rest of the points, shown in red 
pentagram in Figure 4 satisfy not only the performance 
issues imposed into the optimization problem, but also 
satisfy the less important criteria like the footprint. 
Among those points, the one with the lower y-direction 
stiffness is chosen as the final configuration for the elastic 
element of μSEA. 

3. Conclusion 
 
 Robust optimal design of a μSEA is presented. The 
design is performed in two steps: type selection and 
dimensional synthesis. In type selection, an under-
actuated compliant half pantograph is selected as the 
underlying kinematics of the μSEA. After the type 
selection, optimal dimensional synthesis is performed 
considering the directional manipulability and the 
directional stiffness metrics with robustness constraints. 
The manipulability of the system is increased along the 
direction of actuation and decreased along the 
perpendicular direction of actuation. During the optimal 
dimensional synthesis, the robustness of the design with 
respect to the variations in the design variables is 
considered using the sensitivity region approach. In 
particular, the sensitivity of the objective functions with 
respect to design variations are bounded while performing 
the optimal dimensional synthesis. The multi-criteria 
optimization problem is solved using NBI method which 
simultaneously minimizes the objective functions while 
satisfying the robustness constraint. The final design is 
chosen from the Pareto set by imposing footprint 
constraint and the task space stiffness along the direction 
of actuation as the secondary performance metrics. The 
chosen configuration has 774.291 =l  and o60=θ with 

the performance metrics -1(Nmm/rad)107.14=
xSμ , 

Nmm/rad0.0041362=
ySμ . The footprint of the 

mechanism is 1833.2 mm2. The variation in the 
performance of the mechanism is guaranteed to stay 
within the 10% of the nominal values under arbitrary 
variations of link lengths up to [ ]o1.01.0 mmx =Δ . 
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Abstract 
This paper presents the design and the optimal dimensional 
synthesis of a common haptic interface with closed kinematic 
chains: The Modified Delta Robot. Optimization of the device is 
performed with respect to multiple design objectives, namely 
kinematic and dynamic criteria. Both performance measures are 
discussed in detail and optimization problems for a haptic 
interface with best worst-case kinematic and dynamic 
performance are formulated. Normal Boundary Intersection 
method is applied to efficiently obtain the Pareto-front hyper-
surface characterizing the trade-off between these multiple 
design criteria. An “optimal” design is selected studying the 
Pareto-front curve and considering the primary and secondary 
design criteria. Once the dimensions of the device are decided, 
the haptic interface is implemented utilizing an optimized 
capstan ratio driven by double DC motors per shaft. The final 
design possesses good transparency and high bandwidth thanks 
to the optimal dimensioning of the parallel kinematic structure. 
 
Keywords: haptic interface, dimensional synthesis, multi-
criteria design optimization, Modified Delta Mechanism. 
 
 
1. Introduction 
 
 A haptic interface is a computer-controlled motorized 
device that physically interacts with a human operator to 
render presence of computationally mediated 
environments. Haptic devices are expected to resist forces 
that a human can apply. Besides they should be able to 
display a large spectrum of impedances. Performances of 
haptic devices are measured through their transparency. 
Transparency of a haptic interface can be described as the 
difference between the desired impedance and the actual 
impedance the device can display. The actual impedance 
rendered by the haptic device is deteriorated due to 
parasitic effects of the system. As a result perfect mapping 
of the actual impedance cannot be guaranteed. 
Independent of the control algorithm used, both kinematic 
and dynamic performance of the haptic device have an 
impact on the overall performance of the haptic display. 
 Mechanisms with parallel kinematic chains are 
commonly preferred as haptic interfaces due to their 
inherent advantages.  

 As opposed to serial ones, the actuators of parallel 
mechanisms can be grounded. Therefore, these 
mechanisms can have low weight and still be rigid, 
ensuring a high bandwidth. In addition to high rigidity and 
large position/force bandwidths, fast and precise 
movements, low inertia and compact design are among 
the inherent properties of parallel mechanisms. 
 Even though parallel mechanisms have certain 
advantages that make them favorable among haptic 
devices, the design optimization of these mechanisms is 
challenging due to their prominent structure. As a result of 
being closed kinematic chains, parallel mechanisms may 
possess singularities in their workspace. Moreover, 
kinematic, dynamic and singularity analysis of parallel 
mechanisms are more challenging than the analysis of 
serial manipulators. Because of their indispensable 
complexities, the dimensional synthesis of parallel 
mechanisms is an active research area. 
 Optimum design of parallel mechanisms, even for a 
single objective function, is challenging due to the 
nonlinear, large scale nature of such mechanisms [14] and 
non-convex properties of performance indices with 
respect to the design variables [25]. Many different 
optimization approaches are applicable to nonlinear, non-
convex design optimization problems such as genetic 
algorithms [13][14][33][39], simulated annealing [27], 
Bayesian techniques [33][34], Monte-Carlo simulations 
[33] , controlled randomized searches [17], performance 
charts [17], workspace atlases [16], and branch and bound 
methods [32]. In general, deterministic methods can get 
stuck at a local optimum, heuristic methods cannot 
guarantee optimality of the converged solution, while 
branch and bound type methods are only as accurate as the 
discretization selected. 
 Design of haptic interfaces considers various 
performance criteria such as kinematic and dynamic 
isotropy, singularity-free workspace, sensitivity, and 
transmission capability simultaneously. In fact non of 
these measures can be optimized without deteriorating 
others; therefore there are trade-offs between design 
performances. Determination of optimal dimensions with 
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respect to many design criteria is a difficult problem and 
should be handled with multi-objective optimization 
methods so that trade-offs can be assigned in a systematic 
manner. 
 Optimal design of a haptic interface can only be 
achieved by handling many competing objectives 
together. There are many studies which focus on multiple 
design criteria optimization. The studies that can be 
categorized under scalarization methods approach the 
problem by first transforming the problem into several 
single objective problems. Among these approaches, 
Hayward et al. define the relationship between multiple 
criteria and utilize sensitivities of these criteria to conduct 
a hierarchical optimization study [5]. Multiple objectives 
are considered sequentially [9][27][32] by searching for 
parameter sets resulting in near optimal kinematic 
performance and then selecting the design exhibiting the 
best dynamic performance from this reduced parameter 
space. Task-priority, probabilistic weighting, composite 
index [13], and tabular methods are among the other 
scalarization approaches that consider multiple criteria. 
Scalarization methods possess the inherent disadvantage 
of their aggregate objective functions requiring 
preferences or weights to be determined apriori, i.e. 
before the results of the optimization process are actually 
known. Since assigning proper weights or prioritizing 
different criteria is a problem dependent, non-trivial task, 
these techniques fall short of providing a general 
framework to the design of the parallel mechanisms. The 
alternative approach for scalarization methods is Pareto 
methods. Pareto methods incorporate all optimization 
criteria within the optimization process and address them 
simultaneously to find a set of non-dominated designs in 
the objective space. Pareto methods allow the designer to 
make an informed decision by studying a wide range of 
options; therefore they contain solutions that are optimum 
from an overall standpoint. Unlike scalarization 
techniques, Pareto methods always consider design trade-
offs. In literature Krefft et al. applied a modified genetic 
algorithm (GA) based Pareto method to design of parallel 
mechanisms [11][9]. Similarly, GA is applied to multi 
criteria optimization of a 2-DoF parallel robot in another 
study [31]. Finally, in [36][37] authors proposed a multi-
objective design framework for optimization of parallel 
mechanisms based on Normal Boundary Intersection 
(NBI) method [3]. The proposed framework has been 
applied to design of rehabilitation robots [4][37], robotic 
exoskeletons [29][36], and compliant micro mechanisms 
[35]. The approach is computational efficient, applicable 
to other performance indices, and easily extendable to 
include further design criteria that may be required by the 
application. 
 In this study, the multi-criteria optimization methods 
for parallel mechanisms [36][37] is applied to the 

dimensional synthesis of a Modified Delta Robot. 
Modified Delta Robots are popular parallel mechanisms 
among haptic device designs and even commercial 
versions of them are available [21]. This study extends 
authors work in [23] by including the capstan ratio as a 
design variable and implementing the final design as a 
haptic interface, where the device is driven by double DC 
motors per shaft through the optimal capstan ratio. 
 The paper is organized as follows: In Section 2, the 
design objectives and performance measures are 
presented. Section 3 introduces the kinematics of the 
Modified Delta Robot. In Section 4, the multi-criteria 
design optimization problem is formulated and solved. 
Section 5 presents the implementation of the haptic 
interface, while Section 6 concludes the paper. 
 
2. Design Objectives and Performance Measures 
 
 In this section, the design objectives are detailed and 
the performance measures appropriate for the specified 
design objectives are introduced. 
 
2.1 Design Objectives 
 
 Following the terminology of Merlet [18], one can 
categorize the performance requirements of a mechanism 
into four distinct groups: Imperative requirements that 
must be satisfied for any design solution, optimal 
requirements for which an extremal value of the index is 
required, primary requirements which take place in the 
specifications but can be modified to some extent to 
ensure a design solution, and secondary requirements 
which do not appear in the specifications but can be 
utilized to choose between multiple design solutions. 
Ensuring the safety and complying with the ergonomic 
needs of the human operator are two imperative design 
requirements every haptic interface must satisfy. Safety is 
typically assured by the selection of back-drivable 
actuation and power transmission with force/torque limits 
implemented in software, while predetermined ergonomic 
workspace volumes are imposed at the kinematic 
synthesis level. The absence of singularities in the 
workspace is another imperative design requirement that 
ensures the forward and inverse kinematics of the robot is 
solved uniquely at each point within the workspace. Both 
kinematic and dynamic performances of parallel 
mechanisms are to be optimized to achieve haptic devices 
with low parasitic effects. Specifically, to achieve high 
force bandwidths and a uniform “feel”, kinematic/ 
dynamic isotropy and stiffness of the device have to be 
maximized while its apparent inertia is being minimized. 
To quantify performance, several design matrices, 
including Jacobian and inertia matrices, are studied and to 
date many scalar performance indices have been 
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proposed. These indices either quantify the directional 
independence (uniformity) of configuration dependent 
design matrices or represent a distance to a singular 
configuration. Since singular values of a matrix provide a 
versatile metric to quantify its properties, most of the 
indices are derived as a function of these values. 
 A common primary requirement for haptic interfaces 
is the workspace volume index [18], the ratio between the 
workspace volume and the volume of the robot. Even 
though predetermined workspace volumes are generally 
imposed as imperative requirements, a large workspace 
volume index is still desired to reduce the collisions of the 
device with the operator or the environment. The footprint 
area is yet another primary requirement commonly 
imposed during design. Finally, the secondary 
requirements include low backlash, low-friction, high 
back-driveability, and low manufacturing costs. Friction, 
backlash, and back-driveability are mainly influenced by 
the selection of the actuators and the transmission, while 
choice of link lengths may have an influence on 
manufacturing costs. 
 
2.2 Measuring the Kinematic and Dynamic 
Performance 
 
 To measure kinematic performance, properties of the 
Jacobian matrix (J) are studied thoroughly. Condition 
number, proposed by Salisbury and Craig [28], describing 
the worst-case behavior at a given configuration is one of 
the most commonly used kinematic performance 
measures. Given as the ratio of the minimum and 
maximum singular values of the Jacobian matrix, this 
measure locally characterizes directional isotropy for both 
force/motion transmission accuracy and actuator 
utilization of a manipulator. Another popular index, 
manipulability, measures the ease of arbitrarily changing 
the position and orientation of the end-effector and is 
calculated by taking the product of singular values of the 
Jacobian matrix [38]. Sensitivity characterizes the 
precision of a manipulator by measuring the change in 
end-effector configuration with respect to small 
perturbations of joint angles and is given by the Sum of 
the absolute values of the Jacobian matrix elements in a 
single row [7]. Finally, minimum singular value of the 
Jacobian matrix is also proposed as a kinematic 
performance measure [10] quantifying the skewness of the 
velocity response. All of the mentioned indices are local 
measures of kinematic performance; therefore, are not 
constant over the entire workspace. Extensions of these 
indices have been proposed to characterize the 
performance of a manipulator over the entire workspace. 
Gosselin and Angeles proposed global condition indices 
based on the integral of local kinematic performance 
measures over the workspace [6]. However, being average 

values, these indices fail to capture possible low 
performance configurations (near singular points) within 
the workspace. Moreover, integrating a local measure can 
be computationally expensive. Mean of the minimum 
singular value has also been proposed as global measure 
in order to characterize the path velocity of parallel robots 
[9]. Since mean values are not sufficient to guarantee 
homogeneity of performance, standard deviation of the 
minimum singular value has also been introduced as a 
measure [11]. Other global indices include global payload 
index that measures the force transmission capability [22]. 
Finally, the global isotropy index (GII), which is 
introduced by Stocco et al. [32], is a workspace inclusive 
worst-case kinematic performance measure that is 
intolerant of poor performance over the entire workspace. 
GII is calculated as the ratio of the minimum of the 
smallest singular value and the maximum of the largest 
singular value of the Jacobian matrix over the workspace. 
 In this study, a global performance index is chosen to 
quantify the kinematic isotropy of the haptic interface 
since the objective of the design problem is to minimize 
the parasitic effects of the manipulator over the 
workspace. Even though any global index can be utilized 
within the framework presented, the conservative 
workspace inclusive worst-case performance measure that 
is intolerant of poor performance over the entire 
workspace, GII, is preferred. As a global worst case 
performance measure, maximizing GII corresponds to 
designing a mechanism with best worst-case kinematic 
performance. Moreover, an optimal GII results in a 
uniform optimal design of haptic interfaces Jacobian 
matrix for the sake of precision, while also increasing the 
efficiency of utilization of the actuators. GII can be 
mathematically expressed as 
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)),((min
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where J  represents the Jacobian of the manipulator,  σ  
and σ  are the minimum and maximum singular values of 
the Jacobian matrix, 0γ and 1γ  are the configurations in 
the workspace that result in the extreme singular values,  
α is the column matrix of design variables, and W
represents the workspace. 
 Dynamic performance is measured in a similar 
manner to the kinematic performance, but properties of 
the inertia matrix (M) capturing the relation between 
actuator force/torque and end-effector acceleration, take 
place in optimization. The goal for improving dynamic 
performance is to minimize inertial effects that conflict 
with high acceleration demands. To characterize local 
dynamic performance Asada defined the effective inertia 
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matrix expressing the homogeneity of the moment of 
inertia of the non-redundant manipulators and introduced 
the concept of generalized inertia ellipsoid [1]. Yoshikawa 
proposed a dynamic manipulability measure [38], which is 
an extension of manipulability concept and measures the 
degree of arbitrariness in changing end-effector 
accelerations. Dynamic manipulability is calculated as the 
product of singular values of 1−M  matrix. Angeles et al. 
defined the dynamical conditioning index which measures 
dynamical coupling and numerical stability of the 
generalized inertia matrix of manipulators [6]. Finally, 
swiftness, a measure to characterize the attitude of the 
manipulator to produce high end-effector accelerations, is 
proposed by Di Gregorio et al. which can also be applied 
to planar manipulators with non-homogeneous 
generalized coordinates [8]. 
 Similar to the case of local kinematic performance 
indices, extensions to local dynamic indices have been 
proposed to characterize the performance of a manipulator 
over the entire workspace. Calculating the mean value and 
standard deviation of the local dynamic indices are among 
the most commonly used approaches to achieve a global 
dynamic performance index. A global dynamic index 
(GDI) is introduced in [32] to quantify the global worst-
case performance of a manipulator. GDI measures the 
largest effect of mass on the dynamic performance by 
calculating the maximum largest singular value over the 
workspace of the effective mass matrix at the end-effector 
and is computed as inverse of this maximum of largest 
singular value. To be consistent with the metric chosen for 
the kinematic performance, the workspace inclusive best 
worst-case performance measure (GDI) is used to quantify 
dynamic performance. As mentioned earlier, any dynamic 
index could be utilized in the framework introduced, but 
this decision is conservative and intolerant of poor 
performance over the entire workspace. As a global worst-
case performance measure, minimizing GDI results in 
reduced maximum largest singular value of the effective 
mass matrix, decreasing the inertial interference by the 
system. GDI can be mathematically expressed as 
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where M  represents effective inertia matrix of the 
manipulator as seen at the end effector, σ is the maximum 
singular value of the effective inertia matrix, γ  is the 
configuration in the workspace that results in the 
maximum singular value, α is the column matrix of 
design variables, and W represents the workspace. In 
general, since Entries of the Jacobian and the inertia 
matrices may not be homogenous in units, proper 

normalization is necessary such that the measures defined 
on these matrices are meaningful. Among several 
approaches proposed in literature, normalization with a 
characteristic length [9] or a nominal link length [13], and 
partitioning the matrices into translational and rotational 
parts [9] [14] are the most popular choices. Normalization 
is not necessary for the introduced study, as the Modified 
Delta Robot possesses only a translational workspace. 
 Another performance metric is the force output of the 
system at the end effector. Given the well known force 
and torque relation 
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where eF  is the force exerted to the end-effector, J  is the 
Jacobian matrix, lτ is the torque on the actuated link of the 
robot, mτ is the motor torque and μ is the transmission 
ratio, the average static force output of a mechanism can 
be determined by calculating the Jacobian matrix of the 
system on the entire workspace. 
 In order to measure the force output performance, 
“Global Force Transmission Index” (GFTI) is proposed. 
GFTI needs to be minimized to optimize the force 
rendering performance of the mechanism. GFTI is 
formulated as 
 

FJWGFTI ∈= γmax  
 

where F. denotes the Frobenius norm, W represents the 
workspace and J is the Jacobian matrix. 
 
3. The Modified Delta Mechanism 
 
The Modified Delta Mechanism, first introduced by 
Clavel [26], and further analyzed in [24], consists of eight 
bodies: a base platform N , three lower links CBA ,, , three 
upper links TSR ,,  and a moving platformW . The end-
effector held by the operator is rigidly attached to the 
moving platformW . The three lower links are connected 
to the base platform via revolute joints whose axes of 
rotation are oriented along the tangents of N . The upper 
three links are coupled to the lower links via revolute 
joints. Each of them is a planar four-bar parallelogram, 
which can perform one DoF motion constrained in its 
plane. The moving platform is connected to these three 
upper links by means of revolute joints whose axes of 
rotation are again oriented along the tangents ofW . In this 
paper, the analysis is limited to a symmetric Modified 
Delta Mechanism where the revolute joints at the base and 
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at the moving platform are spaced at o120  along the 
circumference of each platform whose radii ratio is 375.0 . 
Moreover, the lengths of each of the lower links and 
similarly that of each of the upper links are considered to 
be the same. The Modified Delta Mechanism has three 
translational DoF ),,( zyx of the moving platform W  with 
respect to the Newtonian reference frame N . The 
controlled DoF are the three revolute joints, with which 
the lower three links are connected. 

 
Fig. 1. The modified delta mechanism 

 
 Unlike the traditional Delta Mechanism, the Modified 
Delta Mechanism possesses a series of revolute joints 
instead of the spherical ones, that is, the motion of the 
spherical joints on Delta Mechanism are realized via a 
series of revolute joints. Revolute joints are advantageous 
over spherical joints, since they allow for larger range of 
rotations than the spherical joints. Therefore, using same 
link lengths, a Modified Delta Mechanism can achieve a 
much larger workspace than a traditional Delta 
Mechanism. Moreover, the revolute joints have simpler 
design than spherical joints, hence, are more durable with 
lower cost. 
 Design optimization of Modified Delta Robot 
mechanisms has received attention in the literature. Many 
of these studies concentrated on workspace optimization 
[12][19][30]. In addition to the studies on workspace, 
optimizations of kinematic performance [14], stiffness [2] 
and velocity [20] of Modified Delta Robots have also 
been studied. However, neither of the studied mentioned 
have pursued optimization of multiple objective functions 
simultaneously; hence, they have neglected the trade-offs 
between design criteria. In this study, Modified Delta 
Robot is optimized with respect to multiple design 
objectives and the trade-offs between different design 

criteria are carefully studied. 
 
4. Design Optimization 
 
 In this section design optimization of the Modified 
Delta Mechanism is presented. First, the design 
parameters and variables are determined, then the 
optimization problem is introduced. Next, the 
optimization methods are explained. Finally, the results of 
the optimization are discussed. 
 
4.1 Design Parameters and Variables 
 
 In order to formulate an optimization problem, the 
design parameters and variables should be identified for 
the Modified Delta Mechanism. The optimization of the 
mechanism will be performed to increase GII, GDI and 
GFTI indices of the robot. Being global indices, GII, GDI 
and GFTI varies with the workspace of the mechanism. 
The link lengths of the mechanism also affect these 
indices, since they are change the weight and the Jacobian 
of the robot. Therefore, both upper and lower link lengths 
are chosen as design variables. Moreover, the capstan 
ratio affects how the rotor inertia of the DC motors are 
transferred to the end-effector. GDI minimizes the capstan 
ratio since it adds increases the mass matrix, on the other 
hand GFTI increases the capstan ratio; therefore GDI and 
GFTI acts in contrast to each other for the capstan ratio 
and emerges a design trade-off between these two indices. 
 Parameter set of the optimization problem 
encapsulates the values which do not change with the 
optimization solution. Therefore, parameters are set as the 
prescribed workspace of the mechanism. Since the delta 
robot has three translational degrees of freedom, the 
parameter space of the optimization is selected as the x, y 
and z coordinates of the predefined workspace. The 
parameter and variable sets used in the optimization 
problem are listed in Table 1. 
 

Table. 1. Parameter and Variable Sets 
Symbol Variable/Parameter Range 

3
2
1
3
2
1

β
β
β
α
α
α

 

x-coordinate 
y-coordinate 
z-coordinate 
Lower arm 
Upper arm 

Capstan ratio 

0-200 mm
0-200 mm

200-400 mm
150-250 mm
250-350 mm

1:12 – 1:25
 
4.2 Problem Definition 
 
In the optimization problem three objective functions 
characterize the kinematic and dynamic performance of 
the mechanism. The objective of optimization is to 
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maximize the worst kinematic isotropy (GII) of the 
mechanism while simultaneously minimizing the 
maximum singular value of the effective mass matrix 
(GDI) and global force transmission index (GFTI). In this 
study, it is assumed that the inertia of the mechanism is 
due to those of each link, DC motors and capstans; thus, 
other inertial factors such as inertia of the connecting 
members and the bearings are neglected. The negative 
null form of the multi-objective optimization problem can 
be stated as 
 

),,(max γβαF  
0),( <βαG  
ul ααα <<  

 
where F  represents the column matrix of objective 
functions that depend on the design variablesα , 
parameters β , and workspace positions γ . Symbol G  
represents the inequality constraint function that also 
depends on design variables and parameters. Finally, lα
and uα  correspond to the lower and upper bounds of the 
design variables, respectively. For the Modified Delta 
Mechanism, the column matrix F  is simply given as 
 

⎥
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GFTI
GII
GDI
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 The constraints on the other hand, are implicitly 
imposed during the kinematic analysis of the parallel 
mechanism, which is carried out using numerical 
integration. 
 
4.3 Optimization Method 
 
 Before addressing the multi-criteria optimization 
problem, the nature of the problem with respect to the 
selected performance criteria is to be studied. Inspecting 
the performance criteria, one can conclude that GII, GFTI 
and GDI are non-convex with respect to the design 
variables. Moreover, as workspace inclusive measures, 
their calculation requires searches over the workspace. As 
discussed in the introduction, several methods have been 
proposed to solve for the single criteria optimization 
problem of parallel manipulators. In general, descent 
methods suffer from getting trapped at local optima while 
heuristic methods cannot guarantee optimality of their 
solution. Feasibility and efficiency of a branch-and-bound 
type method, called culling algorithm, is advocated in the 
literature to address single objective min-max problems 
[32]. 

 In this study, a modified version of the culling 
algorithm is used to independently solve for the optimum 
designs with respect to GII, GDI and GFTI. The culling 
algorithm improves the computational efficiency of a 
brute-force method by reducing (culling) the amount of 
searches required through effective performance 
comparisons. The algorithm capitalizes on the fact that as 
a worst-case measure, once the global performance index 
for certain reference parameters is calculated conducting a 
search over the entire workspace, reduction of the feasible 
parameter set can be performed without performing any 
other searches over the workspace. Specifically, after a 
global index value is calculated for the reference 
parameters, comparisons with local indices at only a 
single configuration in the workspace can be overtaken. 
Hence, searches over workspace are significantly reduced 
as they are conducted only when it is necessary to 
calculate new reference global index values. Comparing 
all set of design variables to find the best worst-case 
index, the algorithm will converge to an optimum solution 
within the discretization accuracy. As the culling method 
substantially reduces the amount of workspace searches 
required by a brute-force method, it is a fast and efficient 
algorithm to address min-max type problems. 
 As it is mentioned earlier, GII aims to minimize the 
difference between maximum and minimum singular 
values of the Jacobian of the mechanism in the defined 
workspace. Calculation of GII requires numerical 
evaluation of the Jacobian matrix of the system. In this 
study, analytic solutions of the inverse/forward position 
and velocity level kinematics are formulated utilizing a 
symbolic software package and numerical values are 
evaluated as demanded by the optimization algorithm. 
 Similar to GII, GFTI is also calculated using the 
singular values of the Jacobian matrix for each 
transmission ratio calculated on the entire workspace. 
GFTI is also derived easily using numerical techniques. 
 In order to calculate GDI, the apparent inertia matrix 
of the mechanism at the end-effector is required. This 
inertia matrix is also derived using a symbolic software 
package. Symbolic calculation of the inertia matrix 
requires analytic parametric formulation of the inertia of 
each part of the mechanism. The inertia values of the links 
can be formulated easily since they can be modeled as 
hollow tubes. However, the capstan does not have a 
simple geometry and its inertia cannot be derived 
analytically. To derive a parametric inertia formula for the 
capstan, numeric evaluations for inertia of the capstan is 
calculated using computer aided design techniques for 
radii starting from 65mm to 300mm. The inertia of the 
capstan is calculated for every 0.5mm, which is a fine 
discretization. Then, a least squares curve fit using a 3rd 
degree polynomial is employed as shown in Figure 2 to 
estimate an inertia formula for the capstan. The 
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performance of curve fit is measured by r-square, which 
is coefficient of determination, as 0.999999999999351. 
 Since the performance of the culling algorithm is 
highly dependent on the initial reference values assigned, 
a fast gradient-based optimization method, sequential 
quadratic programming (SQP), is used to solve for a local 
extremum that will serve as a good initialization value. 
This modification increases the efficiency of the algorithm 
by resulting in a higher culling rate at the first iteration. 
Once a solution is obtained, another SQP is invoked to 
converge to a guaranteed optimum within the 
discretization region. 
 

 
Fig. 2. Least-Squares Fit to Estimate Capstan Inertia 

 
 In order to construct a multi-criteria optimization 
problem the trade-offs between objectives should be 
clarified. Otherwise if the multi-criteria optimization 
problem is treated as many single objective problems, 
solution of the problems can be inconsistent with each 
other. In this study Pareto methods are used to solve the 
problem, because unlike scalarization methods, Pareto 
methods do not require any apriori knowledge about the 
design trade-offs and solve for the locus of all dominant 
solutions with respect to multiple objective functions, 
constituting the so-called the Pareto-front hyper-surface. 
Hence, designers can make a more realistic choice 
between multiple “best” solutions and avoid the challenge 
of synthetically ranking their preferences. 
 There exist several methods to obtain the Pareto-front 
hyper-surface, among which Normal Boundary 
Intersection (NBI) method is one of the most featured. As 
the Pareto-front hyper-surface is a geometric entity in the 
objective space forming the boundary of feasible region, 
NBI approach attacks the geometric problem directly by 
solving for single-objective constrained subproblems to 
obtain uniformly distributed points on the hyper-surface. 
NBI solves for subproblems which only depend on the 

defined optimization model, that is, chosen objective 
functions and design constraints since these equations 
map the feasible design space onto the attainable objective 
space. Given independent optimal solutions for each 
objective function, called shadow points, NBI first 
constructs a hyper-plane in the objective space by 
connecting these shadow points with straight lines. Then, 
this hyper-plane is divided into grids. For each point on 
the grid, a geometric subproblem is solved to find the 
furthest point on the line that extends along the surface 
normal passing through the grid point. Hence, NBI obtains 
the Pareto-front with reducing the problem to many 
single-objective constrained subproblems. 
 
4.4 Optimization Results 
 
 The single optima for GII, GFTI and GDI, that 
constitute the shadow points for the NBI method, are 
solved by using a modified version of culling algorithm. 
Since there are three objective functions to be optimized 
simultaneously, NBI yields a Pareto surface, 3ℜ⊂Ρ , of 
non-dominated solutions. This surface is presented in 
Figure 3, where the objective functions GII, GDI and 
GFTI are all normalized. 
 

 
Fig. 3. Pareto Front Surface 

 
 Although a Pareto-front surface provides many non-
dominated solutions, only one design shall actually be 
implemented. Therefore, the final design selection has to 
be made by imposing additional constraints on the set of 
non-dominated solutions. A number of sensible 
constraints may be imposed by inspecting the Pareto-front 
surface and invoking the design objectives presented in 
Section 2.1. As a primary requirement, the workspace 
volume index constraint is first employed to eliminate the 
non-dominated solutions on the Pareto surface with lower 
link length greater than 220 mm. In addition to this 
constraint, a minimum global force transmission value of 
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20 is imposed. On the Pareto surface this corresponds to 
eliminating points with normalized GFTI lower than 
0.4647. Observing the projections of the Pareto surface 
onto the GII and GDI planes, it is deduced that trade-off 
between these objectives is quite low if GII and GDI 
values lower than about 0.31 are selected. That is, there 
exist points on the Pareto surface that yields high gains for 
at least one objective function while not losing 
significantly from the other. All of these considerations 
reduce a Pareto surface grid consisting of 253 points to 
mere 8 points. Finally, the minimum of minimum singular 
values of the Jacobian and maximum of maximum 
singular values of the mass matrix are calculated for these 
8 points, and the design with best performance with 
respect to these values is selected, yielding the solution 
indicated with a black sphere on the Pareto surface in 
Figure 3. The design variables that yield this non-
dominated solution are as follows: mm2.2161 =β  

mm2.2582 =β and 7.223 =β . 
 
5. Implementation of the Modified Delta 
Mechanism 

 

 
Fig. 4. Implementation of the Modified Delta Mechanism 

 
 The Modified Delta Mechanism is implemented as a 
haptic interface by using the results of the dimensional 
optimization. 

 To minimize the parasitic effects of dynamic forces 
acting on the haptic device, the weight of the links is 
minimized using carbon fiber tubes, while the connecting 
members are manufactured from aluminum, using rapid 
prototyping techniques. Rapid prototyping allows for 
construction of hollow (honey-comb like) structures, 
minimizing the weight of these connecting members. 
 High precision graphite-brushed direct-drive DC 
motors that can generate 150W power and 170mNm 
torque, are selected as the actuators. A capstan mechanism 
is used for power transmission since capstan transmission 
provides high back-driveability while ensuring smooth 
operation with negligible backlash and friction. Two 
actuators are used per link and a capstan transmission with 
the optimal radius is utilized to deliver power to the 
mechanism. By using two motors on one link, the 
delivered torque to the mechanism is doubled without 
increasing the capstan ratio, that is, without sacrificing 
speed and back-driveability. Each drive shaft is equipped 
with an encoder of 500 counts per turn resolution. Figure 
4 depicts the final prototype of the Modified Delta 
Mechanism. 
 
6. Conclusion and Future Work 
 
 Optimal design and implementation of a haptic 
interface is presented. A parallel mechanism, specifically 
a Modified Delta Mechanism, is selected as the 
underlying kinematics of the haptic interface to achieve a 
high bandwidth in three translational degrees of freedom. 
After the type selection, optimal dimensional synthesis is 
performed considering the global best-worst case 
kinematic and dynamic performance of the mechanism. 
The worst case isotropy of the mechanism is improved, 
while simultaneously decreasing its apparent inertia at the 
end-effector. The multi-criteria optimization problem is 
solved using NBI method which simultaneously optimizes 
the objective functions. The final design is chosen from 
the Pareto set by first imposing primary requirements and 
then selecting the configuration with the best performance 
among obtained solutions. The chosen configuration has 
lower links of 216.2mm, upper links of 258.8mm and a 
capstan ratio of 1:22.7. The final design is implemented 
using carbon fiber links, aluminum connecting members 
and direct drive motors driving the capstan transmission. 
Characterization of the device and experimental 
verification of the results are planned as future work. 
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,  the components of linear acceleration j of unit; 
ε(i) - the angular acceleration i of component. 
 Matrix A0 in (8) has form (7); and BT and VT in 
(7) and B1

T and WT in (8) - there are the transposed 
column vectors respectively B,V in (7) and B1,W in (8). 
 Thus, speed and acceleration of all elements with 
any of cam- lever mechanism it is determined by the 
method of solution of the systems of linear algebraic 
equations (6) and (8) for the standard program. 
 The calculation of inclined panel- riot by that 
forming of mechanism is carried out according to this 
program. Kinematic parameters of inclined panel 
(component 5 to fig.1.) for the angle of rotation fists from 
0 to 1500 it cam in the form graphs to fig.2. 
 
 

 
 
2. Conclusion 
 
 1. The proposed method of the kinematic analysis of 
cam-lever mechanisms makes it possible to fully automate 
the process of obtaining and solving the equations for 
determining the kinematic parameters of all elements of 
mechanism with the assigned law of the motion of the 
leading component, which the fist is. 
 2. The given algorithm is realized in the form the 
program, according to which is executed the analysis of 
the inclined panel-riot of the forming mechanism. With a 
change in the kinematic parameters of inclined panel (5) it 
is possible to change the form of the upper part of the riot, 
and so the value of the density of the added raw cotton. 
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Abstract 
The goal of the submitted paper is to bring an approach to 
modelling of turbine generators whose bodies have primarily 
non-symetrical geometry and stiffnesses in two perpendicular 
planes. The Floquet theory in combination with modal synthesis 
method is used for stability assessment. The attention is payed to 
the depth determination of the so called Lafoon's slits. This 
structure arrangement serves to eliminate parametric resonanse 
possibility. . 
 
Keywords: vibration, Laffoon's slits, rotor dynamics, 
stability  
 
 
1. Introduction 
 
 Before some structural arrangement the turbine 
generators have non-symetrical stiffnesses in two 
perpendicular planes parallel to the rotor axis. The first 
goal of this paper is modelling presentation and motion 
stability assessment of the generator model. The second 
one will be proposal of the rotor operational adjustment. 
The equation of motion of such rotor can be written in 
form 

 ( ) ( ) ( ) ( ) ( )[ ] ( )
( )( ) ( )[ ] ( ) ( ).tttt

tttttt

V
T

S

SV
TT

fqTKKΩTK

qBTKTGqMTT

=+++

++++

η

η &&&  

  (1) 
Individual matrices have meaning as follows: 

( ) nnt ,RT ∈ -transformation matrix,  

( ) ( ) nnT tt ,RMTT ∈ -mass matrix,  
nn ,RM ∈ -constant mass matrix expressed in rotating 

coordinate system, 
nn,RG ∈ -gyroscopic matrix, 

( ) ( ) nn
V

T tt ,RTKT ∈η -matrix of proportinal radial 
damping, 

( ) ( ) nn
V

T tt ,RTKΩT ∈η -matrix of proportional tangential 
damping,  

nn
SS

,, RBK ∈  -stationary part of stiffness matrix and 
damping matrix, respectively, 

( ) ( ) nnT tt ,RTKT ∈ -stiffness matrix. 
  
Most of these matrices are periodically time dependent 
with time period 

 
ω
π2

=T , (2) 

where ω  is angular speed or the rotor. The equation of 
motion (1) can be briefly rewritten into form 

 ( ) ( ) ( ) ( ) ( ) ( ) ,~~~ 0qKqBqM =++ tttttt &&&  (3) 

where meaning of matrices in (3) follows from the 
comparison (1) and (3).  
 
 
2. Floquet theory 
 Adding the identity 

 ( ) ( ) ( ) ( ) 0qMqM =− tttt &&
~~  (4) 

to (3) we can transfer the original system of the ordinary 
differencial equations (ODE) of the second order to the 
system of the first order in form 

  ),()()( ttt xAx =&  (5) 

where 
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   (6) 

and nn
n

,RI ∈ is identity matrix. A significant quantity for 
stability assessment is monodromy matrix whose 
eigenvalues are deciding on stability or instability of the 
system [2]. In case all the eigenvalues lie inside the unit 
circle in complex plane (included boundary) the system is 
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stable and vice versa. In case of at least one of eigenvalues 
lying outside this circle, the system is unstable. 
Monodromy matrix can be determined as a solution to the 
equation 

  ( ) ( ) ( ) ( ) ,0, 2nttt IXXAX ==&  (7) 

in time .Tt =  The ( ) nnt 2,2RX ∈ is fundamental matrix 
and  

  ( )TXZ =  (8) 

is monodromy matrix. The solution to the eq. (7) is very 
time expensive and the elapsed time for many structural 
variants and parameter changing is inadmissible.  This 
problem is very unpleasant esspecially for use of FEM. 
 
 
3. Modal reduction 
 
  For this reason some DOF reduction is necessary. 
One of the possibilities is modal reduction using modal 
and spectral matrices corresponding to the associated 
symmetrical conservative non-rotating mathematical 
model expressed in the initial time 

  ( ) ( ) ,00 0qKqM =+ tt&&  (9) 

where  
  ( ) ( ) ,000 MMTTM == T  (10) 

  ( ) ( ) ,000 KKKTTKK +=+= S
T

S  (11) 

because of ( ) .0 IT =  Solving the eigenvalue problem 

  ( ) 0vMK =Ω− 0
2

0  (12) 

we can come to the modal matrix  

  [ ] nn
n

,
21 ,,, RvvvV ∈= L  (13) 

and spectral matrix 
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O

. (14) 

There is no modal transformation of the coupled system of 
the differential equations (1) to the uncoupled one because 
of time dependence. The main meaning of modal 
transformation is modal reduction. Let us introduce the 
reduced modal and spectral matrices 

  ,,, ,, nmmm
R

mn
R <<∈∈ RΛRV  (15) 

respectively. The choice of the modal matrix columns and 
columns and rows of the spectral matrix can be performed 
according to the fig. 1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1: Reduction of modal and spectral matrices 
 
Let us introduce modal transformation 

  ( ) ( ) ( ) 1,, m
R ttt RyyVq ∈=  (16) 

substitute into (3) and pre-multiply (3) by T
RV . Now we 

can write  

( ) ( ) ( ) ( ) ( ) ( ) 0yVKVyVBVyVMV =++ tttttt R
T
RR

T
RR

T
R

~~~
&&& . 

   (17) 

The relation (17) represents system of nm <<  differential 
equations. It means that number of equations was 
significantly reduced. The thesis [1] brings a numerical 
comparison of the stability analysis performed by means 
of the reduced and full mathematical model, respectively. 
Adding  the identity  

  ( ) ( ) ( ) ( ) 0yVMVyVMV =− tttt R
T
RR

T
R &&

~~  (18) 

to the eq. (17) we can write similar relation to (5) in form 

  ),()(~)( ttt xAx =&  (19) 
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Testing of the modelling methodology was performed on 
the turbine rotor RIGA (generator of the power plant in 
Riga-Latvia). The simplified physical model of the 
generator is depicted in fig. 2 

 
Fig. 2: Generator of Riga power plant 

 
The cross section of the main part of generator is depicted 
in fig 3 

 
Fig. 3: Cross section of the part of generator 

 
As one can see, the cross section has different second 
moments of inertia with respect to two axes perpendicular 

to the rotor axis. 
 
The generator stability assessment was performed in the 
region of rpm9000,1000 . The dependence of maximal 
eigenvalue of monodromy matrix (absolute value) on the 
angular speed of the rotor is depicted in fig. 4 

 
Fig. 4 : Absolute value of maximal eigenvalue  

 
Zoom of this dependence is depicted in fig. 5. and 6. Let 
us remind that the monodromy matrix eigenvalues was 
calculated for rotor with no arrangements 
 

 
Fig. 5: Zoom of eigenvalue dependence 

 
Fig. 4., 5., 6 show the regions of instability where the 
absolute value of the maximal eigenvalue of the 
monodromy matrix overgrows unit level. The regions of 
instability correspond to the parametric resonances which 
can be expreessed by means of relation  

  
p

ji
s 2

Ω±Ω
=ω , (19) 



 

Proceed

 

 

Fig. 6: Zoom of eigenvalue de
 

where p is order of resonance.  
 
4. Structural arrangements 
 
 One of ways leading to the equali
stiffnesses in two perpendicular plan
Laffoon's slits into the generator bod
cross section after cutting off is depicted
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7: Shape of the Laffoon
 

 The depth and the distance from e
the same for all slits. The slits have c
radius is equal to the saw radius.  
 
4.1 Slit modelling 
 
 Fracture mechanics experience 
modelling of slits as permanently open
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Fig. 11: Dependence of the bands and measure of 

instability on the depth of slits 
 
5. Slit depth determination 
 
 The slit depth determination could be understood as 
an optimization process whose objective function will 
express measure of the difference between 
eigenfrequencies corresponding to the mode shapes of 
vibration in two perpendicular planes. The objective 
function can have form 

  ,)( ΔλGλΔTs =ψ  (29) 

where { }321 ,, gggdiag=G , diagonal matrix of non-
negative weighting coefficients, 
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and ηλi  and ζλi are eigenvalues obtained from the eq. (3) 
corresponding to the time level  

  
ω
π
24

 and  0 ===
Ttt , (31) 

respectively. The trivial unequality constraint was 
imposed on one optimization parameter-slit depth. To 
solve the optimization problem a standard MATLAB 
procedure was used. Esspecially for RIGA generator the 
optimal slit depth was determined 96.9 mm. Because of 
production demands all slits have to be equally deep. For 
this reason the optimization problem is from the 

mathematical point of view very simple because the 
objective function is dependent only on one optimization 
parameter 
This optimization approach was applied retrospectivelly to 
the five already made up generators by company BRUSH 
SEM. Our results were written down to the last column of 
the tab. 1.  

Table 1. Experimentally and computationally obtained 
depths of slits 

Rotor 

Slit depth [mm] 

Exp. M. 
Balda 

C. 
Hoschl 

I. 

C. 
Hoschl 

II. 
New 

RIGA 104 134,5 114,4 112,6 96,9 

BDAX98 95 129,7 109,1 112,6 92,8 

DAX7 67,95 99,2 86,6 98,7 63,0 

GE9A5 111,5 114,2 86,1 87,8 87,6 

GE7A6 82,6 109,9 85,1 97,8 76,7 

 

6. Conclusion 
 As reader can see our results lie more closely to the 
experimentally determined depths then the results 
obtained by the application of three approaches used by 
two Czech notable experts. In addition these results lie 
always on the safe side of values. The method of stability 
assessment was very simplified  and accelerated by the 
modal reduction. Despite of the fact that the system 
matrices are time dependent the reduction successfully 
came through by means of modal matrix calculated in the 
initial time .0=t   
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Abstract 
This research introduces a new self-tunable Tuned Vibration 
Absorber (TVA) design employing a stiff string under tension 
with a mass attached at its midpoint. The major tuning 
parameter of the design is the string tension. This approach 
allows varying the natural frequency of the TVA over a wide 
range with relatively small displacement inputs to the string tip. 
Dynamic behavior of this system is analyzed both analytically 
and numerically. A leaf-spring having negative-stiffness 
behavior is designed using finite element method to be used 
together with the string to achieve a quasi-zero stiffness (QZS) 
structure. The force required to vary the string tension is 
significantly reduced with this combination. 
 
Keywords: Tuned Vibration Absorber, Quasi-zero Stiffness 
Mechanism, Mass-String, Negative Stiffness Spring 
 

1. Introduction 

1.1. Tuned vibration absorbers 

A tuned vibration absorber (TVA) can generally be 
viewed as a system attached to a structure with the 
intention of suppression of its vibration. There are various 
TVA designs reported in the literature. Each design either 
directly use a mass-spring system or continuous systems 
that can be reduced to an equivalent mass-spring system. 
TVAs have been widely used to suppress structural 
vibrations. The simplest TVA that can be realized is an 
absorber having one resonant frequency.  A schematic of 
such a system is shown in Fig. (1) and its equation of 
motion is given in Eqns. (1) and (2). [1] 

In this case, if the natural frequency of the TVA 
coincides with the frequency of excitation, , the 
response of the primary structure, , can be suppressed. 
[1] This vibration attenuation is achieved by the 
counteraction to the excitation force with the force applied 
by the TVA. 
 

 
Fig. 5. Schematic of a basic one degree of freedom TVA 

is applied to a protected structure 
 

¨ x x
  (1) 

 
 ¨ x x 0 (2) 

 
Although, the idea of a TVA is simply 

attachment of an additional vibratory system to a 
structure, the designs and the intentions of the applications 
vary. [2] [3] [4] Depending on the requirements of the 
application, TVAs can be constructed as passive, adaptive 
(or adaptive-passive) and active devices. While a passive 
absorber is generally effective at a single frequency of 
vibration, adaptive-passive and active TVAs can be 
constructed so that a range of frequencies can be 
attenuated. The operation principle behind the active 
vibration absorbers is that by using a force actuator, they 
emulate the action of a passive TVA as if it is tuned to 
every frequency of its range. Thus, they are quite effective 
in many cases. However, using an actuator as a 
counteracting mechanism to vibration is an energy 
consuming method and is not always feasible. The 
adaptive-passive vibration absorbers can be thought of a 
hybrid version of both passive and active vibration 
absorbers. They generally consist of a passive TVA and a 
parameter tuning system employing feedback control. 
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Rather than counteracting to the vibration of the protected 
structure, this type of TVAs only consume energy to vary 
the parameters, usually the stiffness, that govern their 
dynamic behavior. [5] 

1.2. Quasi-zero stiffness structures 

The quasi-zero stiffness concept is widely used in 
vibration isolation systems. The idea behind the vibration 
isolation theory can be defined as effectively “separating” 
the source of vibration and the system subjected to 
vibration. This isolation can be achieved by connecting 
the two interacting systems with a very low stiffness 
element, or by increasing the mass of the system subjected 
to vibration. However, both of the methods are limited in 
practice. Employing a low stiffness connection between 
two systems or increasing the mass of the system causes 
large static deflections in the assembly, which may not be 
a feasible situation.  

Structures exhibiting quasi-zero stiffness (QZS) 
behavior can support a certain static load, while allowing 
displacements within a certain range without much 
difference in the reaction force. In other words, systems 
equipped with these structures have almost zero stiffness. 
Using such a system in vibration isolation applications, 
therefore, is a common method. [6] 
There are many different QZS mechanism designs 
reported in the literature. Generally QZS mechanisms are 
created by combining linear positive stiffness springs with 
non-linear, negative-stiffness spring elements. Force-
displacement behavior of negative-stiffness springs have 
negative slope. In other words, unlike regular positive 
stiffness springs, the more a negative-stiffness spring is 
deformed the less reaction force is observed. [6] [7] 

 
Fig. 6. Schematic of a simple mechanism that can 
exhibit QZS behavior [8] 
 

In Fig. (2), the vertical spring is a positive 
stiffness element and it is combined with the inclined 
springs to create a QZS structure. A simplified 
characteristic force-displacement plot having QZS is 
shown in Fig. (3).  
 

 
Fig. 7. A characteristic force-displacement curve for QZS 

systems [8] 

2. Vibration of a string with concentrated mass 
attachment 

As stated before, TVA’s can consist of 
continuous vibratory systems. Although, these systems 
will have more than one resonant frequency, generally 
their first mode will be the most dominant one. Therefore, 
we can generalize the operation principle of TVA’s to 
continuous systems. [1] 

The present research is based on the usage of a 
stiff string under tension with a concentrated mass as a 
TVA. A schematic of this system is shown in Fig. (4). 
 

 
Fig. 8. Schematic design of the TVA system studied 

 
The dynamical behavior of this TVA 

configuration is governed by the mass attached to the 
string, , mass per length of the string, , length of the 
string,  and lastly the string tension, . Thus, by 
varying , a variable stiffness TVA can be achieved. The 
outcome of this method is that the required displacement 
input to the string tip is quite small compared to the 
achieved variation on the natural frequencies. 
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2.1. Analytic solution of vibration of a string with 
concentrated mass attachment 

Solution of dynamical behavior of strings is 
considered among simple problems of vibration analysis. 
Addition of a concentrated mass to the system, however, 
requires some modifications in the solution procedure of 
vibration of homogenous strings. 

The differential equation of the vibration of 
strings is given by 
 
    (3) 
 
where  is the coordinate axis along the string,  is the 
string tension,  is the mass per length of the string 
and ,  is the transverse deflection of the string. 

In [9], the concentrated mass on the string is 
treated as a sudden jump in the mass density of the string. 
Delta Dirac function is used to express this 
mathematically. 
 
  (4) 
 
where  is the constant mass per length of the string,  
is the attached mass and  is the position of the attached 
mass. 

Solving the equation of motion yields that; 
eigenfunctions of the system are given by 
 

 
sin 0 x L/2

sin L/2 x L
 (5) 

 
where  ⁄ , and the corresponding eigenvalues are 
given by 
 
 sin sin 2 cos 0 (6) 
 
where T⁄ . 

Equation (6) is satisfied when either part of the 
equation is zero. This yields that two sets of eigenvalues 
are obtained. By using a graphical method, zero crossings 
of the parts of the equation can be found. 

If these eigenvalues are interpreted physically, it 
can be said that one set of eigenvalues are not affected by 
the existence of the concentrated mass. The reason is that 
the corresponding eigenfunctions have a zero value, i.e. a 
node, at the midpoint of the string. The other set of 
eigenvalues are determined by the mass. 

Although the accuracy of these results is verified 
in [9] experimentally, the prediction of dynamical 
behavior of the system is done using finite element 
method with a more realistic model. Results of this 
analytical solution are only used to check the validity of 
the FEM model. 

2.2. Natural frequency determination of vibration of a 
string with concentrated mass attachment using 
ABAQUS 

The Abaqus finite element package offers a 
natural frequency extraction module to determine the 
dynamical behavior of flexible structures. The module is a 
linear perturbation analysis and therefore should be 
preceded by a static analysis, in which the string tension is 
applied. How many modes of vibration is requested and 
which algorithm should be used are set beforehand the 
analysis. [10]  

The modeling of the string is done using linear 
1D beam elements with circular profile. The concentrated 
mass attachment is modeled by using point mass 
definition in the “inertia” module of the Abaqus package 
on certain nodes at the middle of the string. 

The initial model is constructed to verify the 
model by comparing the results with that of analytical 
solution. The concentrated mass is created only at a single 
node, in order to ensure that the “point mass” behavior in 
the analytical model is reflected to the finite element 
model. A system having the following parameters are 
analyzed using both analytical and numerical methods. 
Subspace Iteration eigensolver with five requested modes 
is used. A system with parameters shown in Table (1) is 
analyzed using both methods. 
 

Table 1. Vibrating string with concentrated mass 
attachment configuration parameters 

Parameter Value Unit 
E 200 GPa 
ν 0.28  
L 300 mm 

4.962 10  kg/mm 
m 200 g 
T 10-200 N 

 
A second model is built with the intention of 

more realistic mass attachment modeling. In a real 
application, an attached mass will not have a single point 
behavior. To reflect this fact into the model, the point 
mass definitions in the model are distributed along several 
nodes which are kinematically tied together. The system 
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with same parameters in Table (1) is analyzed using this 
new model. 

First natural frequencies of the system with 
respect to string tension obtained using the above 
mentioned models are plotted in Fig.(5). As shown in the 
figure, the methods give quite similar results. The slight 
difference in the frequencies between different methods 
stems from the way the concentrated mass is treated in 
analytical and numerical methods. Although, the mass is 
defined at a single node in the initial finite element model, 
it does not exactly reflect the behavior of the point mass 
defined in the analytical solution. Similarly, the mass 
definition used in the second finite element further 
diverges from the point mass behavior, thus, the 
frequencies obtained using this model gave the highest 
frequencies. However, it can be expected that the mass 
definitions used in the numerical methods are more 
realistic. 
 

 
Fig. 9. First natural frequency of the system vs. string 

tension obtained by different methods 

3. String tension adjustment using quasi-zero 
stiffness mechanism 

As mentioned above, the adaptive-passive TVA studied in 
this research utilizes a stiff string under tension with a 
concentrated mass. The string tension is the major 
parameter that allows the device to tune itself to varying 
excitation conditions. Therefore, a mechanism that allows 
automatically varying the string tension is required. If a 
linear actuator was directly connected to the string with 
the intention of changing its tension, the actuator would 
have to apply at least the same tension every time a 
variation of the tension is required. 
To overcome this problem, the idea of quasi-zero stiffness 
mechanisms, which are generally used in vibration 
isolation applications, is adapted to the string tension 
adjustment mechanism of the system. In the elastic region 
a string will have a linear tension-strain relationship. 
Therefore, in the design of the QZS mechanism, the string 

is treated as a linear spring that will be deformed within 
its elastic region. Then a leaf spring that exhibits negative-
stiffness behavior can be employed to “compensate” the 
stiffness of the string. [6] 

3.1. Design of the negative stiffness leaf spring 

 
Fig. 10. Obtaining a negative-stiffness leaf spring [11] 

 
The procedure of converting a beam into a spring 

having negative-stiffness behavior is schematically shown 
in Fig. (6). The method consists of a number of different 
steps. First the leaf spring is allowed to buckle in a 
controlled manner by pre-compression in the longitudinal 
direction. This operation causes the leaf spring bend in an 
arc shape. Following this step, the both ends of the leaf 
spring is held fixed at an angle with the longitudinal axis. 
From this point, any transverse deflection at the spring’s 
mid-point will cause a reaction force. However, the 
reaction force is not linearly dependent to the deflection. 
For a certain region, unit deflection on the midpoint of the 
leaf spring will increase the reaction force, thus, it has a 
positive stiffness region. After passing the maximum 
reaction force point in the positive stiffness region, any 
further deflection will require less and less force until the 
reaction force is reduced to zero. After crossing this zero-
force point the reaction force will start to increase in the 
opposite direction, i.e. the spring will still negative-
stiffness but this time force is applied to prevent the spring 
from further deflection. After a certain point the negative-
stiffness behavior ends and the force required to hold the 
spring will decrease to zero again.  

If the behavior of the leaf spring is physically 
interpreted, it can be said that the spring has three 
equilibrium states. One is the initial pre-compressed state; 
the second one is where the internal forces in the spring 
are horizontally balanced. The last equilibrium of the 
spring is the state at which the spring has entirely passed 
to the opposite side of the longitudinal axis. 
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Static force-displacement behavior of the leaf 
spring was studied in Abaqus finite element package. 1D, 
quadratic beam elements with rectangular profile is used 
to model the structure. Loading scenario of the model is 
divided into several steps. 

At the first step of the analysis, the midpoint of 
the spring is slightly deflected in the transverse direction 
with the intention of eliminating any possible problems 
related with buckling. Afterwards, the leaf spring is 
compressed along the longitudinal direction and the 
endpoints are rotated to a certain angle. In the last step of 
the analysis, the force-displacement behavior of the 
transverse deflection of the spring midpoint is analyzed by 
gradually increasing the deflection. 

The parameters that influence the force-
displacement behavior of the leaf spring are elastic 
material properties (E, ν), thickness (t), width (w), and the 
length (L0) of the beam used and the preloading 
parameters, namely the initial precompression (L0-L1) and 
the angle(α) at which the spring endpoints are held fixed.  

Several configurations are analyzed to predict the 
effects of these parameters on the spring behavior. The 
configurations examined and the corresponding force-
displacement plots are show in Table (2) and (3); and Fig. 
(7), respectively. 
 

Table 2. Fixed parameters in the negative-stiffness leaf 
spring analysis 

Parameter Value Unit 
E 200 GPa 
ν 0.28  
L0 150 mm 
t 1 mm 

 
Table 3. Leaf spring configurations examined in negative-

stiffness spring design 

Configuration # L0-L1 
(mm) 

w 
(mm) 

Α 
(deg) 

1 4 20 20 
2 6 20 20 
3 8 20 20 
4 4 40 20 
5 4 20 15 

 

 
Fig. 11. Force-deflection behavior of the leaf spring 

configurations at Table (3) 
 

The analysis results clearly show the effects of 
different parameters on the range and the slope of the 
negative-stiffness zone of the leaf spring.  

3.2. Combination of the string and the negative 
stiffness element to obtain QZS 

Figure (8), shows a schematic combination of the 
string, the resilient element of the TVA, and the negative 
stiffness spring designed. The procedure carried out to 
connect the two elements consists of two operations. First, 
the leaf spring should be deflected so that the positive 
stiffness region of the spring is passed. Further deflection 
of the spring will cause the reaction force to decrease until 
a second zero-force point is reached. At any point between 
the end of the positive stiffness region and the second 
zero-force point, the string is connected to the leaf spring.  

After the connection is completed, any deflection 
in the positive z direction will increase the string tension. 
However, while the string becomes tenser, the restoring 
force applied to the string by the leaf spring is also 
increases. Similarly, by deflecting the system in the 
negative z direction will decrease both the string tension 
and the restoring force of the leaf spring. This cooperation 
of the two elements allows significantly reducing the 
resultant external force, required to vary the tension. If the 
parameters of the leaf spring are arranged so that, within 
the working range of the system the force-deflection 
slopes of the two elements match in magnitude, the 
variation in the tension can be carried out with almost zero 
external force. 
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Fig. 12. Schematic combination of the string and the leaf 

spring (string illustration is truncated to save space) 
 

 
Fig. 13. Effect of the leaf spring on the combined force-

deflection behavior 
 

Figure (9) shows force-deflection curves of the 
string alone and the combined the leaf spring-string 
configurations. The leaf springs examined in 3.1 can 
reduce the force required. However, the result can easily 
be improved with a better match in the force-deflection 
curve slopes of the leaf spring and string.  

4. Conclusion 

First objective of the work presented in this paper 
is to introduce a new adaptive tuned vibration absorber 
system. A vibratory system that could be reduced to an 
equivalent mass-spring system with the ability of 
changing its stiffness was designed. A stiff-string under 
tension with a concentrated mass attached at its midpoint 
is selected as the TVA. The string tension is chosen to be 
the tuning parameter of the system. Analytical solution 
obtained by Gomez et. al. [9] are compatible with the 
finite element dynamic analysis results. The solutions 
revealed that small displacement inputs given to the string 
tip results in significant natural frequency variations. 
Another design objective of the research is to develop a 

system that reduces the force required to vary the string 
tension. A non-linear negative-stiffness leaf spring is 
designed to be coupled with the string. The finite element 
model of the combined leaf spring – string system showed 
that with properly selected leaf spring parameters, the 
force required to change the string tension could almost 
reduced to zero. To conclude, the variable stiffness TVA 
have two major outcomes; wide frequency range variation 
with relatively small control inputs and dramatically 
reduced control effort. Thus, a future controller 
implementation to this mechanical framework will have 
promising performance results.  
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Abstract 
The main aim of this study is to determine vibration 
characteristics of a vertical roller mill for a range of variables. 
A vertical roller mill which is manufactured by Ersel Heavy 
Machinery Inc. is analyzed to investigate stable and unstable 
vibration characteristics. First, a mathematical model of the 
vertical roller mill is derived and by using the mathematical 
model the parameters are determined. Then for a range of 
variables (which are angular velocity of the table, compressive 
force, raw material feed rate) the vibration characteristics of the 
mill is obtained through simulations. It is observed that, some of 
these variables can be used as a control input to decrease the 
amplitude of vibrations of the roller. 
 
Keywords: Vertical Roller Mills, Modeling, Unstable 
Vibration, Stable Vibration. 
 
 
1. Introduction 
 

In mining industry, grinding is widely used as a 
production technique in order to reduce particle sizes of 
raw materials to desired values [1]. Huge amount of coal, 
cement raw materials, clinker, metallic or non-metallic 
materials are grinded every year by using mills for 
industrial processes, such as combustion, cement 
production etc. [2]. Mills have different structures, 
capacity and performance values, advantages and 
disadvantages over each other and are divided into four 
main types; (i) air jet mills, (ii) ball mills, (iii) roller mills 
and (iv) impact mills [3, 4]. The selection of a mill is 
dominated by operating conditions, operating principles, 
physical properties of the material and grinding capacity. 

In terms of energy efficiency, operating cost, fine 
grinding features, high capacity and compactness, Vertical 
Roller Mills (VRM) are widely preferred mill types which 
are manufactured in different countries with different 
design approaches [4]. Nevertheless, the working 
principle is more or less the same; maximize the grinding 

by using both compression and shear forces. Therefore a 
VRM contains a grinding table on which the raw material 
(to be grinded) are hold and bulky rollers on the grinding 
table to create compression forces. Raw materials are 
crushed by the rollers by using compression forces and 
meanwhile the grinding table turns with a constant angular 
speed which creates shear forces. The raw materials fall 
down the centre of the grinding table from the feeder and 
move to the edge of the grinding table from the centre. 
The materials are crushed by the rollers until taken away 
by using airstreams. Then the bigger size materials fall 
down the grinding table and the process of crushing 
continues. 

Although there are many advantages of VRMs as 
listed above, vibration problem is one of the undesirable 
properties of them. The problem occurs especially during 
the initial start up the mill. During this phase vibrations 
may cause unavoidable frequent stops which decrease the 
efficiency of the grinding process. 

In this study, a VRM which is manufactured by Ersel 
Heavy Machinery Inc. is analyzed to investigate stable 
and unstable vibration characteristics. A mathematical 
model is obtained and simulated for various operational 
parameters. These operational parameters are selected as 
angular velocity of the grinding table, compressive load 
applied by hydraulic cylinder to the rollers and the 
material feed rate of the mills. With simulations, the 
operational parameters which have the most influence on 
these vibrations are investigated. The results are in good 
correlation with the literature [7, 13-14] and show that the 
unstable vibrations occur when the system resonates at the 
characteristic mill frequency due to stick-slip effect 
between the rollers and table. 
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2. Mathematical Model 
 

A vertical roller mill can be modeled as roller-table as 
shown in Fig. 1 [7]. In this model, table and roller are 
modeled as masses and inertia. The grinding material 
shows viscoelastic characteristic, so it is modeled as two 
Kelvin-Voight models, a spring and damper system 
connected in parallel [16], one is for the vertical direction 
and the other is for the horizontal. There is also a friction 
force between the table-roller pair due to rolling over the 
grinding material. This has the nature of self-excitation 
due to stick-slip phenomena and affects only along the 
horizontal direction as shown in Fig. 1. 

 

 
Fig 1. Model of Roller Mill [7] 

 
Fujita and Saito [7] showed that the vibrations of the 

vertical roller mills depend on to the stiffness of the 
driving system of the table. The spring coefficient 1K  
represents the equivalent spring coefficient of the driving 
system which contains motor, coupling, gearbox and 
individual shafts of the system.  

The equations of motion is derived applying 
Newton’s Second Law of Motion and given in Eq.1 to 3. 
for the horizontal motion of the table, 1x , vertical motion 

of the roller, 2x , and rotation of the roller θ  respectively. 
In the equations, α  is the internal friction angle of the 
grinding materials, H  is the height of the grinding 
material over the table, P  is the force applied to the roller 
and 0V  is the driving velocity of the table. Unlike the 
modeling approach of Fujita and Saito [7], the elasticity of 
the material is modeled as discontinues (such as mode) 
functions in order to represent the discontinuity of the raw 
material, i.e., they are not like a linear spring, they show 
elastic behavior for some certain time, then another elastic 
behavior starts. This approach is much more realistic then 
the model of [7]. In the equations, the height of the 
grinding material over the table, H , the force applied to 
the roller P , and  the driving velocity of the table, 0V  are 
inputs which may be changed by the operating unit. 
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3. Simulation Results 
 

In this study, an existing VRM parameters are used in 
order to analyze vibration characteristics. For this purpose, 
the EC-160 type vertical roller mills manufactured by 
Ersel Heavy Industry Inc., is utilized. The physical and 
geometrical properties of the components are calculated 
with the help of CAD programs. These are given in Table 
1. The equivalent stiffness of the driving system of the 
EC-160 mill is also calculated and given in Table 1 as 1K . 
The equations of motion given in Eq. 1 to 3 are 
simultaneously solved using a fixed-step fourth order 
Runge-Kutta algorithm. In order to compare the results of 
the simulations, similar grinding material characteristics 
studied in the Ref. [7] is used as given in Table 2. 

 
Table 1. Parameters of the vertical roller mill 

1m  10000 kg 

2m  3258.23 kg 

2I  520.682 kg 

r 0.596 m 

1K  4.9612×105 N/m 

 
Similar to the results of Ref. [7], the characteristic 

mill frequency of the VRM is computed as 11.6 Hz. This 
frequency is measured and monitored in the existing EC-
160 VRM plant and used as an alerting frequency to stop 
the plant in case of high level amplitudes. 
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Table 2. Constants of the grinding material (from Ref. [7]) 

2K  1.7330×107 N/m 

3K  1.4141×106 N/m 

2C  125 N.s/m 

3C  4×104 N.s/m 

α  0.1016 rad 
 
Figure 1.a. represents the time response of the table. 

The position of the table is continuously increasing, with 
some fluctuations. The frequency of the fluctuation is 
around 1 Hz as seen from the spectrum given in Fig 1.b. 

 

 
Fig. 1. Time response of angular displacement and 

velocity of the roller 
 

 
Fig. 2. Time response of linear displacement and velocity 

of the table 
 

The rolling motion of the roller given in Fig. 2 is very 
similar to the table motion. This behavior is an expected 
one as the roller rolls over the table, i.e. they are mating 
bodies. On the other hand, there is grinding material 
between the roller and the table and it has the nature of 
dry slip. Fig. 3 shows the change of friction force between 
the roller-table pair. It is a typical fluctuating behavior for 
a stick-slip phenomena and the frequency of the 
fluctuation is same as the vibrations of the table and the 
rolling motion of the roller. 
 

 
Fig. 3. Friction force versus time 

 
Figure 4.a shows the motion of the roller along 

vertical direction. The roller is starting from the initial 
height of the grinding materials over the table and 
vibrating around the compressed equilibrium level. Fig. 
4.b shows the spectrum of the time response. It shows 
periodic vibrations at 11.6 Hz which is known as the 
characteristic mill frequency of a vertical roller mill [7]. 

 

 
Fig. 4. Time response of vertical displacement and 

velocity of the roller 
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Simulations are repeated for various operational 
values of material height H , compressive force on the 
roller P  and driving velocity of the table 0V . In order to 
obtain vibrations behavior due to parameter change, 
spectrum of each individual simulation is calculated. Then 
these spectrums are put one after another and are given as 
waterfall diagram. Fig. 5-8 represent waterfall diagram 
when table rotate at 45 rpm. This angular velocity is the 
design and operating value which still in use in the 
existing EC-160 model mill. 

Fig. 5 shows the vibrations of the table when the 
compressive force over the roller is changing. When the 
force is relatively light, spectra show unstable vibrations. 
However, the effect of compressive force is not 
significantly above 100 kN. The rolling motion vibrations 
of the roller have also similar behavior with the table as 
shown in Fig. 6. 
 

 
Fig. 5. Waterfall diagrams of vibrations of the table w.r.t. 

variation of P (H=20mm) 
 

 
Fig. 6. Waterfall diagrams of torsional vibrations of the 

roller w.r.t. variation of P (H=20mm) 
 

Fig. 7 shows the waterfall diagram of the vertical 
vibrations of the roller. The spectra show frequency 
bifurcations below the certain compressive force. 
Simulations are run for 10 kN increment from 10 kN to 
200 kN. So, the resolution of the figure may not be 

sufficient to give the end of bifurcation behavior. But 
from the Fig. 7 it is possible to say that if the compressive 
force on the roller is not sufficient (here, below 120 kN), 
the vertical vibrations of the roller is unstable. 

 

 
Fig. 7. Waterfall diagrams of vibrations of the roller in 

vertical direction w.r.t. variation of P (H=20mm) 
 

Material height over the table H  can be interpreted 
as the material feed rate of the mills. In order to obtain the 
effect of feed rate a set of simulations run for 20=H  to 
36 mm which are the typical values for a EC-160 model 
Ersel Heavy Industry vertical roller mill. Only the vertical 
vibrations of the roller are analyzed because it is obvious 
that unstable vibrations occur along the vertical vibrations 
of roller. Fig. 8 shows the waterfall diagram of the 
vibrations of the roller. Spectra shows when the material 
height is increased vibrations tend to show frequency 
bifurcations. In other words, vibrations of the vertical 
mills under constant compressive force are unstable when 
the material feed rate is high. 

 

 
Fig. 8. Waterfall diagrams of vibrations of the roller in 

vertical direction w.r.t. variation of H (P=160kN) 
 
Up to here, the influences of P or H variations on the 

vibrations are investigated at a constant table speed (45 
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rpm) and the following simulations are to investigate how 
the table speed affects the vibrations. 

Fig. 9 shows the waterfall diagram of the vertical 
vibrations of the roller. The diagram is plotted for 10 rpm 
table speed and 36 mm material height. At lower 
compressive forces, bifurcations can be easily seen at Fig. 
9. 

 

 
Fig. 9. Waterfall diagrams of vibrations of the roller in 

vertical direction w.r.t. variation of P (H=36mm) 
 

Fig. 10 shows the influence of change of material 
height on vibrations of roller in vertical direction when 
compressive force is constant and has a value 160 kN. 
From Fig. 10, it may be possible to say that the unstable 
vibrations occur when material height exceeds 28 mm. 

 

 
Fig. 10. Waterfall diagrams of vibrations of the roller in 

vertical direction w.r.t. variation of P (P=160kN) 
 

Now, it can be researched how to decrease the 
amplitudes of vibrations and which operational parameters 
can be selected as control parameters. To answer these 
questions, Fig. 11-13 may be helpful. Fig. 11-13 represent 
the peak-to-peak amplitudes of vibrations of the roller in 
vertical direction. 

Fig. 11 shows peak-to-peak amplitudes w.r.t. 
variations of P and H and simulation are run at a constant 
table speed 50 rpm. From Fig. 11, it may be deduced that 
amplitude of vibration can be reduced when material feed 
rate H is decreased and compressive force P is increased. 

In Fig. 12, the investigation is steered how to affect 
both variations of material height and table speed the 
peak-to-peak amplitude. The compressive force P does not 
change during simulation and has a value of 160 kN. From 
Fig. 12, it can be seen that there is no influence of 
variation of table speed on amplitude of vibration and low 
material height is helpful for reducing the amplitudes. 

 

 
Fig. 11. The surface graph of peak-to-peak amplitudes of 

vibrations of the roller in vertical direction w.r.t. 
variations of P and H (V0=50 rpm) 

 

 
Fig. 12. The surface graph of peak-to-peak amplitudes of 

vibrations of the roller in vertical direction w.r.t. 
variations of V0 and H (P=160 kN) 

 
The result from Fig 12 is similar to the result from 

Fig. 13. In Fig. 13, compressive force is used as an 
operational parameter instead of material height in Fig. 
12. Fig. 13 shows that if compressive force is increased, 
the amplitudes are decreased and table speed has no 
influence on amplitude of vibration. 
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Fig. 13. The surface graph of peak-to-peak amplitudes of 

vibrations of the roller in vertical direction w.r.t. 
variations of V0 and H (H=36 mm) 

 
4. Conclusions 
 

In this study, some simulations are run for 
determining the influences of some variables (input 
variables) on the amplitude of vibrations. The results are 
listed below: 

i. A stick-slip mechanism occurs when material are 
ground between table and roller. 

ii. Higher material feed rate obtains higher amplitude of 
vibration. 

iii. Higher compressive force obtains lower amplitude of 
vibration. 

iv. At low table speed, bifurcations can be seen. 
By using some of the variables as control parameter, the 
vibration level, amplitude of vibration may be decreased. 
It is seen from Fig. 12 and 13, table speed has almost no 
influence on the amplitude of vibrations. Also, the table is 
very heavy and if table speed is selected as a control 
parameter, the response of table speed is not fast due to 
weight of table. For this reason, in the implementation, it 
can be never realized. As a result, compressive force and 
material feed rate can be used as control parameters in 
order to reduce the amplitudes of vibrations. 
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Abstract 
The present work has been carried out by using the finite 
element method considering three dimensional motion of multi 
cracked crank slider mechanisms, and micromechanisms,  
namely, for inplane, and out of plane bending, longitudinal and 
torsional frequencies, respectively,  as new research aspects in 
the literature. The critically  shaped,  point masses added 
crank sliders, robot arms and frames as beams were analyzed 
on clamped- simple-simple and clamped-simple-free supported 
conditions. The cracks were put only on one side of the beam 
and several types of cracks were modelled by massless 
rotational and longitudinal springs. The present analytical and 
experimental results were compared with each other and with 
the results available in the literature, satisfactorily.  
Determining  crack positions have been discussed for the 
related cases using point masses and vibration characteristics 
including, also,   the response characteristics and random 
analysis. In the present analysis, it has been also, shown that, 
using undimensional crack ratios of at most  0.8 and  0.9; 
crack positions can be found  satisfactorily by making use of 
the spatial mass added natural frequencies, frequency 
derivatives up to three derivatives and vibration 
characteristics, response characteristics of the  cracked crank 
slider mechanisms and robot arms and micro robots currently 
used in industry. Effects of smaller sizes of one thousandths 
have been discussed for micromechanisms. 
 
Keywords: Crank slider mechanisms, and 
micromechanisms, robot arms and microrobots, multi 
cracks’ positions, random analysis 
 
 
1. Introduction 
 
 In the current researches, one of the applied research 
subject is the vibrations of cracked crank slider 
mechanisms, robot arms which are used mainly in space 
antennas, reflectors, automotive vehiclesl and robot arms 
[1], [2]- [13], and controlling crack influence effectively. 
The theoretical relationships are developed between 
eigenfrequency changes and magnitudes, and locations 
of crack induced damage for beam structures [1]. The 
crack is modeled as a local flexibility computed with 

fracture mechanics and measured experimentally [2-3]. 
Perturbation method, transfer matrix approach and finite 
element method are the  known methods used on the 
area. One of the mostly used crack modelled as a 
massless rotational spring, is the widely used in 
theoretical and practical experimental analysis [4], [12]. 
In the literature, composed finite element and component 
mode synthesis as in [14],and an energy based numerical 
model developed to investigate the vibration of beams 
with open cracks as in [15],  have been used in the recent 
analysis. In the most recent works of [13],  [14]- [19], 
detection of crack positions using roving masses, 
analytical spectral centre correction method, using 
moving masses, response characteristics have been 
made. Recently, the newly emerged technology and 
vibrations of micro structures has become necessarry and 
important for several major objectives as in [18], [19], 
[20], [21] .  In the present work, method of representing 
a crack by a rotational, torsional and extensional spring 
has been combined with finite element method to find 
crack effects for 12 dof thin beam and applied to crank 
slider mechanisms and micromechanisms, and robot 
arms and microrobots. The crack modeled is in the 
middle of the clamped beam component and coupler ,and 
the related spring constants of rotational, torsional and 
extensional springs, which will be used, are added to the 
global matrix in the process, respectively. The results 
obtained from the analytical and experimental studies 
are, also presented by showing in tables and in graphics, 
and their importance of the identification of multi cracks 
using point masses and vibration characteristics, and 
random analysis in design, is discussed as new aspects of 
research. 
 
2. Equations of Motion 
 
 Cracked crank slider mechanisms, and 
micromechanisms, robot arms which cantilevered from 
one end, are considered and shown as in Fig.1, and Fig. 2 
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respectively. The beams have rectangular cross sections 
with area A, length L, and density ρ. The crack is in the 
middle of the beam and only on one side of the beam 
having a form of open crack. The depth of the crack is 
represented by (a). Differential equations of motion of a 
crank slider mechanisms and robot arms, have been 
obtained by making use of potential and kinetic energy 
equations of the conservative system, respectively, for 
each of the beams (I, II ,Fig.1,Fig. 2.), [3], 
 
             L                             L   
V= 1/2 ∫ EIGx v''2 dz +1/2 ∫ EIGy u''2 dz  
          0                              0   
        L                        L                            
+1/2∫EA w'2 dz +1/2∫ GITΦ'2dz+1/2Kr (w2-w1)2 
          
+1/2 KT (Φ2-Φ1)2 +1/2 KL (w2-w1)2 

   L                             
+ 1/2 ∫   FC  ( v'2   +  u'2 ) dz    
         0                                                                            (1) 
                ‚    ‚                   ‚    ‚                  
+1/2 Kr (u2-u1)2+1/2 Kr (v2-v1)2                                                 
 
here,  1 and 2,respectively,are the points before and after 
the crack. Kr is explained in eq. (4) 
              L       .      .     .                   L         . 
T= 1/2  ∫ ρ A(u2+v2+w2) dz + 1/2 ∫ρ ITP Φ2dz  
            0                                          0                           

                   .     .                      .       . 
+ 1/2  M i (u2 +v2) i+ 1/2  Ji (u’2 +v’2) i                           (2)  

 
where, FC =Pi  are axial forces as in Fig. 1. (.) is 
derivative with respect to time, (‘) is derivative with 
respect to z. The additional kinetic energy due to point 
masses(Mi) and rotary inertias(Ji) at the  (xi, yi) 
coordinates (i=1,2), is  the last terms in eq.(2).  v and u 
are used as transverse bending displacements along x 
and y axes respectively (Fig. 1,2), in the thin beam 
analysis. The related geometric boundary conditions are; 
u(0)=v(0)=0, u’(0)=v’(0)=0 for clamped end, 
u’(L)=v’(L)=0 for free end, and at crank slider 
mechanisms, crank coupler connecting pins cases; the 
displacements and rotations such as, wI=wII , vI=vII, 
v’I=v’II for inplane motion, and  wI=wII , uI= uII, u’I= u’II  
for out of plane motion at the beam connections 
(see,also, Fig. 1) . For the case,(II) terms are connected 
as in  (I) connection cases.  12 dof classical thin beam 
finite elements as in [15], have been used throughout in 
the numerical analysis. Degrees of freedom per node are; 
bending displacements and slopes on both x and y axes, 
respectively, torsional and longitudinal displacements. In 

the equations; IGx, IGy are beam cross section second 
moments of inertias, E elasticity,G shear modulus, A 
cross section area, ρ density, IT torsional constant, ρ ITP 
rotatory inertia of cross section. By using eqs. (1) and (2) 
for each beam element of beam system  links and 
assembling according to Fig. 1.  configurations,  and 
applying standart finite element formulation as in [3] for 
each of the (I),(II) beam sections,  equations of motion, 
have been obtained in matrix notation for the global 
system as ( [3]):  
                   .. 
           [M]{q} + [K]{q} = 0                                          (3) 
 
where, [M] is global mass matrix and [K] is stiffness 
matrix. This equation, has been solved as an eigenvalue 
problem using double precision mathematics. 
 

 
y         O         L1      Ms, Js          L2     M ,J         z 
 
 crack:(I)  ⏐−− rc/2→⏐,(II)⏐−− Lc/2→⏐ 
Figure 1. Coordinate axes(crank-slider). 
 
 
 
 

 
 crack:(I) ⏐−− rc/2→⏐,(II)⏐−− Lc/2→⏐ 
Figure 2. Coordinate axes(robot mechanism). 
rc=L1 crank radius, Lc=L2coupler lenght 
 
The crack is in the middle of the beam and on one side of 
the beam having a form of open crack. In the analytical 
analysis, the spring coefficients of the crack are 
calculated in the computer programes using eq.(4) and 
then directly added to the stiffness matrix. The physical 
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model of the beam having a crack only on its one side is 
shown in Fig. 3. In this model, local rigidities are shown 
by a massless rotational spring constant represented Kr 
for bending and extensional spring constant represented 
KL for tension and KT torsional spring for torsional 
displacements, respectively(Fig. 2.) [5]-[8]. 

 
Figure 3. Physical model of the open crack.  
   
In the industrial applications, this model gives very good 
results as pointed out in [5], [8]. For a crack, the local 
compliance D can be computed as in [5]-[8],using the 
local compliance function as, 

)(346.5
h
aI

EI
hD =

                           (4) 
 
where a = crack depth; h =t, beam thickness; and the 
I(a/h) = dimensionless local compliance function. Then 
the dimensionless rotational stiffness for a given crack 
depth a can be computed via  K1 = KrL/EI, where Kr = 
1/D.  The extensional spring coefficient for a given crack 
depth a can be computed via  KL = AcE/Lc, where Ac = 
the crack cross-section and Lc = the crack length. The 
torsional rotational stiffness is KT = G ITc /LTc, where  LTc 
is torsional constant of the cracked cross section,  G is 
shear modulus. 
In this study, the spring coefficients of the cracks are 
calculated in the computer program and then directly 
added to the stiffness matrix. The crack modeled is in the 
middle of the beam(I) and the effects  of the related 
spring constants of rotational and extensional springs, 
which will be used, are added to the global matrix (Fig. 
1.,2.). 
 
3. Numerical values evaluation 
 
First, the results obtained from the finite element 
program written in Fortran in the present work, were 
compared with the available results from the literature  in 
Table 1 and Table 1.1,[5],[6],[13],[17]. Excellent 
agreements have been found between the presently 
obtained numerical values using thin beam finite 
elements and the exact analytical values for cracked and 
uncracked crank slider and robot arm with free end. In 
tables 2, 3, 4, 5 ; the numerical values have been  given 

obtained by the present work,  exact analytical values, 
for the crack and uncracked crank slider and robot arm 
with free end beams. In Tables 1, 2 and 4; the in plane 
and out of plane vibration frequencies have been shown ( 
see ,also, Fig. 1,2,3,4.1-4.7). Oxy plane is typically 
called as inplane, Oyz is called as out of plane 
frequencies.In Table 1.1 and 1.2, point tip mass added 
cases for M1 paint robot arm, have been shown and 
compared with each other and with the available 
experimental values. In Table 3 and 4 the numerical 
values obtained for the same examples for cracked and 
mass added cases with ank.-simple-free boundary 
conditions, have been shown.  In Tables 1-4 , the results 
obtained for cracked, mass added robot arms with ank.-
simple-free boundary conditions for different coupler 
lengths of L1 (Fig. 1,Fig. 2.), have been shown. The new 
aspects as different from the Works in [15-17], have 
been shown in Figures 4.1-4.7, in identification of crack 
positions in terms of frequencies and vibration mode 
shapes. The crack positions have been obtained with 4 % 
accuracy using the related values (Fig. 4.1.1,4.1.2,4.13, 
4.2). The crack positions, have been more distinguished 
in the diagrams of cross section rotations as shown in 
Fig. 4.2, although 4 % accuracy is the same. The 
diagrams of numerical values obtained for spatial masses 
using 20 different points along the mechanisms, have 
been shown in Figures 4.13-4.14 for pinned and ank.-
simple-free boundary conditions, and in Figures 4.15-
4.16 for ank.-simple-simple boundary conditions. For 
these related cases; first derivatives of the first 
frequency, have been shown in Figures 4.7-4.8, and the 
second derivatives of the first frequency, have been 
shown in Figures 4.7-4.10  , and the third derivative of 
the first frequency, have been shown in Figures 4.11-
4.12. Using Sandors’ crank slider example data  in 
[1],the presently calculated first derivatives of the first 
frequency, and the related spatial mass added frequency 
diagrams have been shown in Figures 4.13-4.16, and for 
the first frquency, and for  the socond frequency case. In 
the Figures 4.15-4.16, and for the related cross section 
rotations in Figure 4.16. In the analysis, the accuracy of 
determining the crack positions, is 4% for the first and 
second frequency derivatives. 
The size of micromechanisms are changed from meters 
to milimeters for demonstration purposes(see, also the 
Tables). The effect of cracks have become more 
important , especially, at the first two frequencies with 
atmost 90-98%. 
 
 
 
 
     L1 
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Figure 4.1.1. First vibration mode shape(normalized case)., 
____: m=10kg case,(1-10el., along L1 ,Fig.1).  ____:m=10      
case,(1-10el.,along L1,Fig.1),midpoint cracks at both crank and 
coupler (a/t=0.9). 
 

 
Figure 4.1.2. First vibration mode shape of Paint 
Robot(normalized case), ____: m=10kg case,(1-10el., along 
L2,Fig.1).  ____:m=10       case,(1-10el.,along L2 ,Fig.1), 
midpoint cracks at both crank and coupler (a/t=0.9). 
 

 
Figure 4.1.3. First vibration mode shape of Paint 
Robot(normalized case), ____: m=10kg case,(1-10el., along 
L1,Şek.2).  ____:m=10      case,(1-10el.,along L1 ,Fig.2), 
midpoint cracks at both crank and 
coupler(a/t=0.9,L1=L/2,L2=L). 
 
 
 
 
 
 
 
 
 

   Table 1. M1 Paint Robot Arm Vibrations. 
                  Circular cross section, mm, 
E=2.1011N/m2,G=7.95551010N/m2,ρ=7850kg/m3, 

L1=L2=L=1200mm,ν=0.3,k=1.2, 10+10el.,  ank.-simple, 

M= 10 kg,    crank+coupler , the similar midpoint cracks         

freq.

[Hz]

aa/t=0 

  

  10+10el. 

aa/t=0.9 

 

aa/t=0.0 

   10kg 

   10+10el. 

  aa/t=0.9 

 coupler 

ω1 13.800  6.654  7.806  9.832

ω2 83.391  14.311  60.894  18.590

ω3 150.775  73.360  184.050  83.429

ω4 337.535  219.556  375.955      232.662

 ω5 830.564  252.571    338.791

 
Tablo1.1. M1 Paint Robot Arm Vibrations. 
                  Circular cross section, mm, 
Continued Table 1 . ank.-free case 

freq.

[Hz]

aa/t=0 

 present 

 

aa/t=0.9 

crank+ 

coupler 

crack 

 aa/t=0.9 

craked 

crank 

    

   aa/t=0.9 

cracked 

coupler 

ω1 0.024  0.001  0.001 0.008

ω2 14.626  7.360  7.572 12.638

ω3 84.381  18.638  74.328 20.793

ω4 336.315  75.586         237.812 86.624

 ω5 600.131  238.085  599.705 336.316

          
 
 
 
 
 
 
 
 
 
 
 
Figure 4.2. Vibration mode shape 1 of Paint Robot. 
             cross section rotation along L2 ,Fig.1-4.1. 
              crack on the midpoint of L2 ,Fig.1. 
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   Table 1.2. M1 Paint Robot Arm Vibrations. 
                  Circular cross section, mm, 
E=2.1011N/m2,G=7.95551010N/m2,ρ=7850kg/m3, 

L1=L2=L=1200mm,ν=0.3,k=1.2, 10+10el.,  ank.-simple, 

M= 10 kg,    crank+coupler , the similar midpoint cracks         

freq. 

[Hz] 

aa/t=0 

  

  10+10el. 

aa/t=0.9 

crank+ 

slider 

aa/t=0.9 

   crank 

   10+10el. 

  aa/t=0.9 

 coupler 

ω1 41.3350  11.0356  19.6559  11.1782

ω2 2460.85  20.6798  2460.64  42.9366

ω3 4775.47  4162.27  4769.24  4166.97

ω4 23551.0  22703.8     22713.3    23244.4

 ω5 33634.2  23244.8   23553.3     33625.7

 
Table1.3. M1 Paint Robot Arm Vibrations. 
                  Circular cross section, mm, 
Continued Table 1 . ank.-free case 

freq. 

[Hz] 

aa/t=0 

 present 

 

aa/t=0.9 

crank+ 

coupler 

crack 

 aa/t=0.9 

craked 

crank 

    

   aa/t=0.9 

cracked 

coupler 

ω1 1.0277  -1.122  -0.13665 -1.986

ω2 2.9751  1.48901  1.49002 2.6992

ω3 82.9212  15.8091  74.5053 15.8129

ω4 4167.87  79.8570         4167.84 88.8371

 ω5 30938.1  21209.1  21209.15 30937.9

          
 
 
 
 
 
 
 
 
 
 
 
Figure 4.3 Vibration mode shape 2 of Paint Robot (normalized 
case).Along L2 (cont.from Fig.4.6.),on crank and coupler, 
a=0.9, midpoint crack case. 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
Figure 4.4. Crank-coupler vibration mode shape  1 
(Sandor[1]),(normalized case).Along L2 (cont. from Fig. 4.8 .) 
. 

 
 
 Figure 4.5. Crank-coupler vibration mode shape  1 
(Sandor[1]),(normalized case).along L1(cont.from Fig. 4.8 .) 
.a=0.9,midpoint  crank and coupler . 
 

 
 
Figure 4.6. Paint robot spatial mass added frequencies, 
____: m=10kg case,(1-10el., L1 ,along Fig.1).  ____:m=10      
case,(1-10el.,along L1 ,Fig.1),on crank and coupler midpoint 
crack case (a/t=0.9),1st freq. case(Fig.4.13), ank.-free case ,1st 
freq. derivative. 
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Figure 4.7. Paint robot spatial mass added frequencies, 
____: m=10kg case,(1-10el., along L2 ,Fig.1).  ____:m=10       
case,(1-10el.,along L2 ,Fig.1),on crank and coupler midpoint 
crack case (a/t=0.9),1st freq. case(Fig.4.13), ank.-free case, 1st 
freq. derivative. 
 

 
Figure 4.8. Paint robot spatial mass added frequencies, 
____: m=10kg case(1-10el., along L1 ,Fig.1).  ____:m=10       
case,(1-10el.,along L1 ,Fig.1),crank and coupler midpoint 
crack case (a/t=0.9),1.frekans case(Fig.4.17), ank.-free case 1st 
freq 2nd derivative. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.9. Paint robot spatial mass added frequencies, 
____: m=10kg  case(1-10el., along L2 ,Fig.1).  ____:m=10       
case,(1-10el.,along L2 ,Fig.1.),on crank and coupler midpoint 
crack case (a/t=0.9),1st freq. case(Şek.4.18), ank.-free case,1st 
freq. 2nd derivative. 
 
 
 
 
 
 

 
Figure 4.10. Paint robot spatial mass added frequencies, 
____: m=10kg case(1-10el.,along L1-L2 ,Fig.1).  ____:m=10       
case,(1-10el.,along L1-L2 ,Fig.1),on crank and coupler 
midpoint crack case (a/t=0.9),1st freq. case(Fig.4.18), ank.-free 
case 1st freq. 1st derivative. 
 

 
Figure 4.11. Paint robot spatial mass added frequencies, 
____: m=10kg case,(1-10el., along L1 ,Fig.1).  ____:m=10       
case,(1-10el.,along L1 ,Fig.1.),on crank and coupler midpoint 
crack case (a/t=0.9),1st freq. case(Fig.4.18), ank.-free case 1.st 
freq. 3rd derivative. 
 
 

 
Figure 4.12. Paint robot spatial mass added frequencies, 
____: m=10kg case,(1-10el., along L2 ,Fig.1.).  ____:m=10       
case,(1-10el.,along L2 ,Fig.1.),on crank and coupler midpoint 
crack case (a/t=0.9),1st freq. case(Fig.4.18), ank.-free case 1st 
freq. 3rd derivative. 
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Figure 4.13. Paint robot spatial mass added frequencies, 
____: m=1kg case,(1-10el.,along L1 ,Fig.1).  ____:m=1 kg   
case,(1-10el.,along L1 ,Fig.1),on crank coupler midpoint crack 
case (a/t=0.9),1st freq. case(Fig.4.18), ank.-simple case 1st 
freq. 1st derivative. 
See Fig. 4.13. (Sandor[1]),(normalized case). Along L1(cont. 
from Fig. 4.8 ) .a=0.9 crank and coupler . 
 
 

 
Figure 4.14. Paint robot spatial mass added frequencies, 
1-10el.,along L2,Fig.1), crank and coupler midpoint crack case 
(a/t=0.9),1st freq. case(Fig.4.18), ank.-simple case 1st freq. 1st 
derivative,see Fig.4.23. Sandor[1]),(normalized case). Along 
L1(cont. from Fig. 4.8) .a=0.9 crank and coupler midpoint. 
 

 
 
Figure 4.15. Paint robot spatial mass added frequencies, 
1-10el., along L1-L2,Fig.1), crank and coupler midpoint crack 
case (a/t=0.9),2nd freq. case(Fig.4.25), ank.-simple case 2nd 
freq., see Fig.4.23. Sandor[1]),(normalized case).(cont. from 
Fig. 4.8 ) .a=0.9 crank and coupler midpoint. 
 
 
 

 
Figure 4.16. Paint robot mode shape of cross section   
                      rotations, 
1-10el., along L1-L2,Fig.1), krank ve biyelde midpoint crack 
case (a/t=0.9),2nd freq. case(Fig.4.25), ank.-simple case 2nd 
freq., see Fig.4.23. Sandor[1]),(normalized case).(cont. from 
Fig. 4.8) .a=0.9 crank and coupler midpoint. 
 
Table 2.Crank-slider vibration frequencies. 
                 (Sandor[1 ], out of plane vibrations. 
E=0.7111N/m2,G=7.95551010N/m2,ρ=2709.72kg/m3, 

L1=10.8cm,L2=27.94cm, 10+10el.,  ank.-simple,m=1kg 

b=2.54cm,  crank+coupler , the same rate midpoint crack        

freq.

[Hz]

aa/t=0 

  

  10+10el. 

aa/t=0.6 

 

aa/t=0.6 

   10kg 

   10+10el. 

  aa/t=0.6 

coupler 

ω1 102.941  124.317  38.602  9.832

ω2 347.500  318.056  75.554  18.590

ω3 754.661  337.144  341.690  83.429

ω4 3657.761  1263.347       1264.821  232.662

 ω5 4824.048  3830.175    3864.977  338.791

 
 
Table 2.1. Crank-slider vibration frequencies. 
                 (Sandor[1 ]), inplane vibrations. 
E=0.7111N/m2,G=7.95551010N/m2,ρ=2709.72kg/m3, 

L1=10.8cm,L2=27.94cm, 10+10el.,  ank.-simple,m=1kg 

b=2.54cm, crank+coupler , the same rate midpoint crack         

freq.

[Hz]

aa/t=0 

  

  10+10el. 

aa/t=0.6 

 

aa/t=0.6 

   1kg 

   10+10el. 

  aa/t=0.6 

coupler 

ω1 21.850  3.130  9.559  3.138

ω2 47.526  13.777  21.565  23.208

ω3 243.645  79.634  80.965  79.956

ω4 304.285  253.810         253.990  254.012

 ω5 4343ç375        344.461  345.189  345.311
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Table 3. Vibration response averages, the mean  values of 
M1 Paint robot.Properties in  Fig.4.1. Ank.-simple-simple support 
,First vibration frequency.L1=L/2 
                            crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

crank+coupler 

crack 

  333.9 218.0 

 

 839.5   

crnk+cpler 

573.3 

   1028.5    

crnk+cpler 

618.6    

crck on cpler 333.9 133.4 839.5 1209.1 

crnk+cp 

L1=L/2 

204.2 121.7 688.0 843.6 

 coupler 

L1=L/2 

 

204.2 

 

96.1 

 

688 

 

878.5 

 
Tablo 4. Vibration response averages, the standart 
deviation values of M1 Paint robot.(Cont. from Table3) 
                            crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

crank+coupler 

crack 

 

  .333.9 

 

218.0 

 

  

 839.5  

crnk+c.pler 

573.3 

    

1028.5    

crnk+c.pler 

618.6    

on cpler 333.9 133.4 839.5 1209.1 

crnk+cplr 

L1=L/2 

 

204.2 

 

121.7 

 

688.0 

 

843.6 

crk on coupler 

L1=L/2 

 

204.2 

 

96.1 

 

688 

 

878.5 

 
Table 5. Vibration response averages,  skewness values of M1 Paint 
robot.(cont. from Table 4) 
                            crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

crank+coupler 

crack 

 

  0.571 

 

0.980 

 

  

 -2.943  

crnk+c.pler 

-0.380 

    

-2.663    

crnk+c.pler 

-0.018   

crck on 

coupler 

 

0.571 

 

0.577 

 

-2.943 

 

-0.929 

crnk+cpler 

crk 

L1=L/2 

0.630 0.865 0.108 -2.118 

 coupler 

L1=L/2 

0.630 0.615 0.108 -1.596 

Table 6. Vibration response averages Kurtosis values of M1 
Paint robot.(Cont.from Table 3). 
                            crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

crank+coupler 

crack 

 

 -1.110 

 

-0.474 

 

  

 7.149 

crnk+c.pler 

-1.596 

    

 9.359   

crnk+c.pler 

-1.952  

coupler -1.011 -0.995 9.359 -0.430 

crank+coupler 

L1=L/2 

-0.904 -0.635 1.047 3.691 

coupler 

L1=L/2 

 

-0.904 

 

-0.926 

 

1.047 

 

 1.584 

 
Table 7. Vibration response averages, the mean 
 values  of crank slider(Sandor).(Cont.from Table3). 
                                crank                                    coupler        

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

 

crank+coupler 

crack 

 

70.545 

 

1.273 

 

  

830.636 

crnk+c.pler 

462.524 

    

 1122.727 

crank+c.pler 

5888.571 

crank+coupler 70.545 0.545 830.636 1186.455 

 
Table 8. Vibration response averages, the standart 
deviation values  of crank slider(Sandor).(cont.from Table 
3). 
                First vibration frequency.L1=L 
                                crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

 

crank+coupler 

crack 

 

68.841 

 

1.679 

 

  

1006.052 

crank+coupler

814.880 

    

   893.287 

crank+coupler

 853.539 

crank+coupler 

crack 

 

68.841 

 

 1.688 

 

1006.052 

 

  838.240 

 
In Tables 5-10, The numerical values obtained for M1 
paint robot arm response averages obtained for the first 
frequency in the random analysis, have been shown in 
known averages such as the mean value, rms value, 
standart deviation, skewness and Kurtosis values. Using 
random vibration analysis, and experimental 
recordings,the positions of cracks occurred on cranks 
and  
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Table 9. Vibration response averages, the skewness 
 values  of crank slider(Sandor).(Cont. from Table 8). 
                                crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

 

crank+coupler 

crack 

 

0.765 

 

0.871 

 

  

1.363 

crnk+c.pler 

2.286 

    

 -0.472 

crank+c.pler 

  0.861 

coupler 0.765  1.363  1.363 -0.617 

 
Table 10. Vibration response averages, the Kurtosis values  
of crank slider(Sandor).(Cont.from Table 9). 
                                crank                                    coupler         

                  a/t=0.0       a/t=0.9        a/t=0.0         a/t=0.9    

 

crank+coupler 

crack 

 

-0.620 

 

-1.037 

 

  

 0.623 

crnk+c.pler 

 4.489 

    

 -1.986 

crank+c.pler 

 -1.289 

 coupler -0.620  0.081 -0.623 -1.535 

 
   Table 1.2. M1 Paint Robot Arm Vibrations. 
                  Circular cross section, mm, 
E=2.1011N/m2,G=7.95551010N/m2,ρ=7850kg/m3, 

L1=L2=L=1200mm,ν=0.3,k=1.2, 10+10el.,  ank.-simple, 

M= 10 kg,    crank+coupler , the similar midpoint cracks         

freq. 

[Hz] 

aa/t=0 

  

  10+10el. 

aa/t=0.9 

crank+ 

slider 

aa/t=0.9 

   crank 

   10+10el. 

  aa/t=0.9 

 coupler 

ω1 41.3350  11.0356  19.6559  11.1782

ω2 2460.85  20.6798  2460.64  42.9366

ω3 4775.47  4162.27  4769.24  4166.97

ω4 23551.0  22703.8     22713.3    23244.4

 ω5 33634.2  23244.8   23553.3     33625.7

 
Table1.3. M1 Paint Robot Arm Vibrations. 
Continued Table 1 . ank.-free case 

freq. 

[Hz] 

aa/t=0 

 present 

aa/t=0.9 

crnk+cpler  

 aa/t=0.9 

crked crank 

   aa/t=0.9 

crckedcpler

ω1 1.0277  -1.122  -0.13665 -1.986

ω2 2.9751  1.48901  1.49002 2.6992

ω3 82.9212  15.8091  74.5053 15.8129

ω4 4167.87  79.8570         4167.84 88.8371

 ω5 30938.1  21209.1  21209.15 30937.9

Table13.Crank slider micromechanism Vibrations. 
Continued Table 1 . ank.-simple case,L1=L2=1.2mm 

freq.

[Hz]

aa/t=0 

 present 

aa/t=0.9 

crnk+cpler  

 aa/t=0.9 

crked crank 

   aa/t=0.9 

crckedcpler

ω1 41.450  11.054  19.712 11.195

ω2 2848.928  20.646  2848.912 42.931

ω3 41708.543  41617.386  41661.655 41664.121

ω4 232473.98  227040.51    227041.66 232443.72

 ω5 336256.73  232443.76    232473.99 336255.90

 
Table14. MicroRobot Arm Vibrations. 
Continued Table 1 . ank.-free case, ,L1=L2=1.2mm 

freq.

[Hz]

aa/t=0 

 present 

 

aa/t=0.9 

crnk+cpler  

 aa/t=0.9 

crked crank 

    

   aa/t=0.9 

crckedcpler

ω1 0.693  0.000  0.000 1.058

ω2 22.0364  0.5606  0.4754 11.9965

ω3 82.792  15.8042  74.3249 16.1086

ω4 4174.21  79.6888       4174.184 88.7222

 ω5 309377.56  212089.25     212089.25   309377.54

 
Table15. Crank slider micromechanism Vibrations. 
Continued Table 1 . ank.-simple,L1=1.08cm,L2=2.794cm 

m=0.001 kg, b=2.54cm 

freq.

[Hz]

aa/t=0 

 present 

 

aa/t=0.6 

crnk+cpler  

 aa/t=0.6 

crked crank 

    

   aa/t=0.6 

crckedcpler

ω1 48.0668  0.174  47.640 1.112

ω2 141.8395  96.2279  97.3822 141.1679

ω3 2652.5752  2652.5487  2652.5534  2652.5712 

ω4 12608.088  12607.859    12608.030 12607.918 

 ω5 39081.457  38649.320  38649.328 39081.448 

 
Table16. Crank slider micromechanism Vibrations. 
Continued Table 1 . ank.-simple, L1=1.08mm,L2=2.794mm 

m=0.000001 kg, b=2.54mm 

freq.

[Hz]

aa/t=0 

 present 

 

aa/t=0.6 

crnk+cpler  

 aa/t=0.6 

crked crank 

    

   aa/t=0.6 

crckedcpler

ω1 50.068  0.00  47.823 0.00 

ω2 142.1215  96.2809  97.3434 140.8544 

ω3 26444.169   26444.153  26444.153 26444.131

ω4 126075.81  126075.79     126075.80 126075.77 

 ω5 390814.55  386493.23  386493.23 390814.55 
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coupler, can be satisfactorily and reliably determined. In 
similar manner, using the numerical values obtained for 
the crank slider example properties of ref. [1], have been 
shown in Tables 8-10. In addition, the same analysis can 
be made for ank.-simple-free boundary cases.Microsize 
dimensions are generally effective at the higher number 
of modes and longitudinal, and torsional frequencies in 
the kHZ range not MHZ range(Table 11-Table 
14,also,Table1.2-1.3). First two or three frequencies are 
in the lower frequency range. Multicrack effects and 
positions can be analysed reliably using current finite 
element approach with the same accuracy for 
micromechanisms. 
 
4. Conclusions 
 
In determination of crack positions; first,the vibrations  
of crank slider mechanisms and cracked robot arms, have 
been analysed by using the finite element method 
considering three dimensional motion of cracked   
beams, namely, for inplane, and out of plane bending, 
coupled bending-longitudinal and bending-torsional 
frequencies, respectively,  as new research aspects in the 
literature. The end point masses added crank slider 
mechanism and industrial robot arms as beams were 
analyzed on clamped-simple-free or simple supported 
conditions. The cracks were put only one side of the 
beam in span. The present analytical and experimental 
results were compared with each other and with the 
results available in the literature, satisfactorily.  
Estimation ways of crack positions have been established 
and demonstrated for the related cases, and in the related 
Figures. In the present analysis, it has been also, shown 
that, using undimensional crack ratios of about 0.8 and  
0.9; substantially exact determination of satisfactory 
(4%) levels, have been obtained of the cracked robot 
arms and crank slider mechanisms and frames currently 
used in industry.  
For the robot arms cases; the ratios of crack effects for 
clamped-clamped case(% 18), are usually lower than the 
case for clamped-free case (%48.1). Additions of spatial 
masses cases, increase substantially, the determination of 
cracks along the arms. The detection becomes more 
pronounced for the mode shapes for the rotation of the 
bending cross sections. The edgewise vibration 
frequencies and first and second, and even third  
frequencies for the related cases, can be used for more 
accurate detection models. It has been shown that in the 
spatial mass added cases, the determination of crack 
positions, can, also, made with 4% accuracy in the fist, 
second, and third derivatives of frequencies cases. 
Microsize dimensions(up to one thousandths) are 

generally effective at the higher number of modes and 
longitudinal, and torsional frequencies in the kHZ range. 
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Abstract  
 
In this study an analytical procedure is given to study the free 
vibration characteristics of symmetrically laminated 
orthotropic truncated and complete conical shells with freely 
supported edges. Applying Galerkin methods to the modified 
Donnell type stability and compatibility equations, the 
expression for the fundamental frequency parameters of 
laminated orthotropic conical shells are obtained. The 
appropriate formulas for single-layer and laminated 
cylindrical shells made of orthotropic and isotropic materials 
are found as a special case. Furthermore, parameter λ which is 
included in the obtained formulas is get from the minimum 
conditions of frequencies. Finally, the influences of the number 
and ordering of layers and the variations of conical shells 
characteristics on the dimensionless frequency parameters are 
investigated.  
 
Keywords: Laminated conical shells, Orthotropic 
materials, Freely supported edges, Vibration, Frequency 
parameters 
  
1. Introduction 
 

The laminated composite conical shells are being 
widely used in construction of engineering structures is 
an important field of current area of research. The 
conical shells made up of composite materials are one of 
the important structural elements in a variety of high 
performance engineering systems including aircraft, 
submarine, and space structures. Considerable efforts 
have been made in the past by researchers and 
investigators on the predictions of the dynamic response 
of laminated composite shells [1-7].  

In all the above studies, the boundary conditions of 
the conical shells are in variety such as free, clamped, 
and simply supported or their combinations. Studies on 
vibration analyses of shells with freely supported (held 

circular but unrestrained axially) edges are limited in the 
literature, comparatively to the other types of edge 
restraints. Most of these works have been done for the 
vibration analyses of cylindrical shells [8-11]. However, 
there are some studies on the vibration and stability of 
freely supported single-layer homogeneous and FGM 
isotropic conical shells in the open literature [12-14]. 

It is evident from the available literature that the 
studies on the free vibration of freely supported 
symmetrically laminated composite conical shells are not 
dealt by the researchers due to complexity associated 
with the conical shells. In the present work, an attempt is 
made to address this problem.  
 
2. Basic relations and equations 

 
Consider a circular conical shell as shown in Fig.1a, 

which is assumed to be thin, laminated and composed of 
N layers of orthotropic materials. The thickness of the 
layers is equal, i.e. is Nh /2=δ .  Here h2  is the total 
thickness, L is the length and γ is the semi-vertex angle 
of the conical shell. 1R  and 2R  indicate the radii of the 
cone at its small and large ends, respectively. 1S  and 2S  
are the distances from the vertex to the small and large 
bases, respectively. A set of curvilinear coordinates 
( )Sz ,,θ  is located on the middle surface. The z -axis is 
always normal to the moving S -axis, lies in the plane 
generated by the S -axis and the axis of the cone, and 
points inwards. The θ -axis is in the direction 
perpendicular to the zS −  plane. Fig. 1b shows a cross-
sectional configuration of the laminated composite 
conical shell in thickness direction. The middle surface 

0=z  is located at a layer interface for even values of N, 
whereas for odd values of N the middle surface is located 
at the center of the middle layer.  
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Fig. 1 (a)Geometry and b) cross sectional view of 
thickness of the laminated conical shell 

 
The stress-strain relations for thin orthotropic layers 

are given as follows [6]: 
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where ( ) ( )11 , ++ kk

S θσσ  and ( )1+k
Sθσ  are the stresses in the 

layers, 0
Sε  and 0

θε  are the normal strains in the 
curvilinear coordinate directions S  and θ  on the middle 

surface, respectively, whereas 0
θεS   is the corresponding 

shear strain; γθθ   sin1 = , w  is the displacement of the 
middle surface in the normal direction, positive towards 
the axis of the cone and assumed to be much smaller 
than the thickness. The quantities ,3,2,1,)1(   ji    ,Q k

ij =+  
for orthotropic lamina are 
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in which ( )1+k

Sθν   and ( )1+k
S  θν  are the Poisson’s ratios of 

the layer k+1. 
The force and moment resultants are expressed by 

[6]  
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The relations between the forces θNNS ,  and θSN  

and the stress function Ψ  are given by 
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Substituting expressions (1) in (3) after some 
rearrangements, the relations found for moments and 
strains, being substituted into the modified Donnell type 
dynamic stability and strain compatibility equations of 
laminated orthotropic truncated conical shells [5], 
together with relation (4), and then considering the new 
variable xeSS 2= , after lengthy computations, can be 
written in the following matrix form: 
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where )2,1,( =jiLij  are differential operators and 
defined by follows: 
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3. Solution of basic equations 
 

For the present laminated conical shell, the freely 
supported (held circular but unrestrained axially) 
boundary conditions at both ends are considered and 
expressed as [14] 

 
)(0 01 xxSSatTMwv SS −====== and at 

)0(2 == xSS                                                       (8) 
 
where v is displacement in the circumferential direction. 

The solution of the dynamic stability and 
compatibility equations (5) is sought in the following 
form [14]:  
 

( ) )( cosx)( sine tw 21
x

1θββξ λ=  

       ( ) )( cosx)(  sine S t 21
x)(

1
1

2 θββζΨ λ+=            (9) 
 
where λ is a parameter which is found from minimum 
conditions of frequencies, ( ) )(and tt ζξ are time 
dependent amplitudes and the following definitions 
apply: 
  

1

2
02

0
1 S

S
lnx,

sin
n,

x
===

γ
βπβ                      (10) 

 
Multiplying the first equation of (5) by 

1
22

2 θdxdewS x  and the second equation of (5) by

1
22

2 θΨ dxdeS x , for γπθ  sin20 1 ≤≤  and 00 ≤≤− xx , 
applying  the Galerkin method to equations (5), thus 
obtained, one gets 
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21211 0
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Substituting Eqs. (9) into Eqs. (11) and (12) after 

some rearrangements, for the frequency of the free 
vibration, the following expression is obtained:  
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where TCω  is the frequency of laminated orthotropic 
truncated conical shells in radians per second, iQ , 

)61( ÷=i  are depending on the materials and shell 
characteristics, see Ref. [14]. 

The dimensionless frequency parameter TC1ω  for 
the laminated orthotropic truncated conical shells with 
freely supported edges is defined as 
 

( )
1N,...,2,1,0k

EE/)1(R
5.0)1k(

0
)1k(

S0
)1k(

0
)1k(

S
)1k(

S2TCTC1

−=

ρνν−ω=ω +
θ

+++
θ

+
θ (14) 

 
The expressions (13) and (14) can be used for the 

study of laminated orthotropic complete conical and 
cylindrical shells with freely supported edges. The 
truncated conical shell is transformed into the complete 
conical shell when 01 →R . In limiting case of zero 
cone half-angle )0( →γ , the truncated conical shell is 
transformed into the cylindrical shell. When k=0, the 
laminated shells are transformed into single layer shells. 

4. Numerical computations and results 
 
To check the accuracy of the present work, a 

comparison with the results in open literature is made.  
The values of the fundamental frequency 

)2/( πωcylcylf =  (Hz) of freely supported laminated 
cylindrical shells are compared in Table 1 with solutions 
of Lam and Loy [10]. The laminated cylindrical shell 
considered in the present study is constructed of three 
isotropic layers of which the outer and inner layer are of 
the same material and the middle layer is of a different 
material. The layer dimensions and material properties 
for the laminated cylindrical shell are as follows: here L1 
is lengthy of the cylindrical shell, )3,2,1( =ihi thickness 
of the layers in m, Ei (i=1,2,3) Young’s moduli of the 
layers in Pa, νi (i=1,2,3) Poisson ratio’s of the layers, and 
ρi(i=1,2,3) mass densities of the layers in kg/m3. For both 
the inner and outer layers h1= h3=0.0008m, 
E1=E3=4.8265×109 Pa, ν1=ν3=0.3 and ρ1=ρ3=1314 kg/m3; 
for the middle layer, h2=0.0004m, E2= 2.0685×1011 Pa, 
ν2=0.3 and ρ2=8053 kg/m3.  The comparisons show that 
the present results agree well with solutions of Lam and 
Loy [10]. 

 
 
 
 
 
 

Table 1. Comparison of values Cylf (Hz) of a laminated 
cylindrical shell with different L1/R ratios (R/h=500; 

180000/πγ = ) 
 

L1/R Lam and Loy 
[10] 

Present study 

0.5 87.986(19) 88.195(19) 
1.0 43.830(14) 44.066(14) 
2.0 21.812(10) 22.029(10) 
5.0 8.7522(6) 8.9658(6) 

       
Numerical computations, for symmetric cross-ply 

laminated truncated conical shells with freely supported 
edges have been carried out using the expression (14). 
The material of lamina is assumed to be graphite/epoxy, 
with the following properties [2] 
  

( ) ( )

( ) ( ) 7,5,3,0k;28.0;Pa10482.4G

;Pa10929.9E;Pa10496.1E
1k

S
91k

0

91k
0

111k
S0

==ν×=

×=×=
+

θ
+

+
θ
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After the various numerical computations and 

analyses for the fundamental frequency of freely 
supported cylindrical shells, truncated and complete 
conical shells, the following generalized values are 
obtained for the λ parameter: λ=0, λ=1.2, λ=2.4 
respectively.  

In Table 2, variations of dimensionless frequency 
parameters and corresponding circumferential wave 
numbers for symmetric cross-ply laminated orthotropic 
conical shells with four, six and eight layers are 
presented. It is easily observed that, as the number and 
ordering of the layers change, the effect of the values of 
the dimensionless frequency parameters are changed 
importantly.  It is seen that the values of CC1ω  is lower 
than the values of TC1ω . When laminated orthotropic 
truncated and complete conical shells are compared with 
single layer orthotropic truncated and complete conical 
shells, respectively; the highest effect of the arrangement 
of the layers on TC1ω  and CC1ω , are  (-21.6%)  and (-
31%), respectively, in the conical shells with laminations 
(90/0)S and (902/02)S, whereas, the lowest effect on 

TC1ω  and CC1ω is 0.7% in the conical shells with 
laminations (0/90)S and (0/902)S.  
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Table 2. Variations of TC1ω , CC1ω and ncr for 
orthotropic laminated truncated and complete conical 
shells with different number and ordering of layers 
(R1=1m and R1=10-50≈0; R2=2m; h=0.005m; γ=30o) 
 

Stacking 
sequence 

TC1ω (ncr); 
2.1=λ  

CC1ω (ncr); 
4.2=λ  

Single layer(0) 0.171(5) 0.140(3) 
(0/90)S 0.160(6) 0.139(4) 
(90/0)S 0.208(5) 0.195(3) 
(02/90)S 0.146(7) 0.125(5)
(0/90/0)S 0.176(6) 0.156(4)
(0/902)S 0.172(6) 0.148(4)
(90/02)S 0.204(5) 0.191(4) 

(90/0/90)S 0.198(5) 0.184(4) 
(902/0)S 0.206(5) 0.190(3) 
(02/902)S 0.160(6) 0.139(4)
(0/90)2S 0.178(6) 0.156(4) 

(0/902/0)S 0.186(6) 0.164(4) 
(90/02/90)S 0.197(5) 0.179(4) 

(90/0)2S 0.201(5) 0.186(4) 
(902/02)S 0.208(5) 0.195(3)

       The values in parentheses are the wave numbers 
 

In Fig. 2, variations of dimensionless frequency 
parameters for symmetric cross-ply laminated 
orthotropic truncated conical shells with the semi vertex 
angle γ for different ordering of layers are presented. It 
can be seen that the values of TC1ω   increase for 

oo 5010 ≤≤ γ  and decrease for oo 7050 ≤< γ .  
 

 
                                      

Fig. 2. Variations of TC1ω  for orthotropic laminated 
truncated conical shells with semi vertex angle γ for 
different ordering of layers (R1=1m; R2=2m; h=0.005m) 
 
5. Conclusions 

 
In this study, an analytical procedure is given to study 
the free vibration characteristics of symmetrically 
laminated orthotropic truncated conical shells with freely 

supported edges. Applying Galerkin methods to the 
modified Donnell type stability and compatibility 
equations, the expression for the fundamental frequency 
parameters of laminated orthotropic conical shells are 
obtained. The appropriate formulas for single-layer and 
laminated cylindrical shells made of orthotropic and 
isotropic materials are found as a special case. 
Furthermore, parameter λ which is included in the 
obtained formulas is get from the minimum conditions of 
frequencies. Finally, the influences of the number and 
ordering of layers and the variations of the conical shells 
characteristics on the dimensionless frequency 
parameters are investigated.  
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Abstract 
In overwhelming majority of methods of research of nonlinear 
oscillatory systems character (law) of required movement with 
which use the further analysis of the initial equations is carried 
out is usually set. Along with them there are also the methods 
which have been not based on character of required movement: 
method of straight linearization nonlinear forces of elasticity 
and resistance. They are effective enough because demand much 
less volume of calculations. 
 
Keywords: Method, Nonlinear Oscillations, Linearization 
  
 
1. Method of straight linearization nonlinear 
forces 
 

Nonlinear force of elasticity can be linearizated 
method of a straight linearization, described in work [1]. 
According to it is possible to replace nonlinear force of 
elasticity ( )f x  linear 2( )эf x xω= .  The method of a 
straight linearization nonlinear force of resistance is 
offered in work [2]. On this method, force of resistance, 
which is approximated usually a kind polynom  

 
1( ) p

p
p

F x b x x −= ∑& & & ,     constpb = ,              (1) 

it is possible to replace with linear force equivalent to it 

                      ( )эF x k x=& & ,                                           (2) 

where  x&  − speed of movement. 
The factor linearization  k  is defined under the 

formula 

  1p
p p

p
k b N υ −= ∑ , (3)        

(2 3) (2 2 )pN n n p= + + + ,                                 

where  υ −  the maximum value  x& . 

As shown in [2], the size  n  can be chosen from an 
interval (0, 2) as pN   quickly enough changes 

approximately to  n = 2. In the elementary case 
corresponding to identical importance of deviations 
irrespective of size  x& ,  we have  n = 0.  If deviations are 
more essential at great values x&   it is necessary to choose 
great values  n. 

On the basis of noted methods of a straight 
linearization it is possible to offer following simple and 
effective methods of calculation of nonlinear systems. 

Let's consider these methods on an example of 
nonlinear system with one degree of freedom described by 
the equation of a general view  

         ( ) ( ) ( , )x F x f x H t x+ + =&& & .               (4)  

Here function (force) ( , )H t x  can describe as 
excitation types (external, parametrical), and a class 
mixed excitations [3], including external and parametrical 
excitation. Function ( )F x&  can possess properties positive 
(damping) and negative (causing self-oscillation) friction. 
If function ( )F x&   possesses property of a negative 
friction the equation (4) can describe classes of the mixed 
oscillations «the forced oscillations and self-oscillations», 
«parametrical oscillations and self-oscillations», «the 
forced oscillations, parametrical oscillations and self-
oscillations». Thus, the equation of a general view (4) can 
describe, in particular, types of oscillations and all classes 
of the mixed oscillations.    

Replacing nonlinear force of resistance ( )F x&  linear 

(2), and nonlinear force of elasticity ( )f x   linear  2xω , 
we will have the linearizated equation                                                  

         2 ( , )x k x x H t xω+ + =&& & ,                     (5)  

where  ( )k k υ= ,  ( )aω ω= ,   а − the maximum value 

x . 
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2. Method of the Linear Form 
 
Such name of a method is connected by that  
for the decision of the equation (5) it is possible to use 
results of the analysis of the linear equation having the 
form (5). We will consider it on the basis of some special 
cases. 

1)  Self-oscillations.  Let ( , ) 0H t x ≡  that is 

                2 0x k x xω+ + =&& & .                       (6) 

If to consider that the same kind the linear equation 

                2
0 0 0z k z zω+ + =&& &                       (7) 

has the decision 

0

0
0.5 cos ( ),k tz Ae p t ξ−= +  2 2

0 0 00.25 kp ω −=   

that decision linearizated equation (6) can be written down 
the formally (proceeding from its "linear" form) so:  

       0.5 ( ) cos( )k tx Be p tυ ξ−= + ,     

       2 20.25( ) ( )kp aω υ−= .                   (8) 

From (8) at ( ) 0k υ =  the boundary case of fading 
and not fading decisions follows. If function  ( )F x&   
possesses property of a negative friction the equation  

( ) 0k υ =   allows to define size  υ   at self-oscillations. 

Frequency of self-oscillations ( )p aω=  that follows 
from (8) at  ( ) 0k υ = . 

The decision at self-oscillations taking into account 
(8) and that, as  max x a= , max x υ=&   looks like  

            cosx a ψ= ,      sinx υ ψ= −& ,  

            p tψ ξ= + .                                    (9) 

Differentiating the first expression (9) and comparing 
to the second, we will receive  a pυ =   or  

                           ( )a aω υ= .                   (10) 

Having defined υ  from the equation  ( ) 0k υ =  and 
having substituted in (10), it is possible to find amplitude  
а.  In particular, if force  ( )f x   linear frequency  ω  does 

not depend on amplitude, i.e., 0( )aω ω=  whence 

follows  0a υ ω= . 

Thus, from (3) at ( ) 0k υ =  we will receive a 
following equation for definition of the maximum value of 
speed  υ   at self-oscillations: 

                    1 0p
p p

p
b N υ − =∑ .                 (11) 

Let's compare now the resulted results to the results 
received by other methods. With that end in view we use 
results of the analysis of self-oscillations by known 
methods. Let force of a friction is described by [3] 
function       

3
1 3( ) (sgn )T U q U U Uα α= − + ,     U V x= − &  ,  

     sgn 1U =  (U > 0) ,    sgn 1U = −  (U < 0), 

which at  V x> &    it is possible to present in a kind 

          2
1 3( ) ( ) ( 3 )T U T V q V xα α= + − +&  

                      2 3
3 33 qV x q xα α+ −& &  . 

From comparison (1) and the given expression 
follows 2

1 31 ( 3 )b q Vα α= − , 33b qα= − ,  p = 1, 3. 
Taking into account these expressions from (11) for  n = 
1.5  the formula 

    2 2 2
04( )V Vυ = − ,    2

0 1 33V α α= ,        (12) 

which at 0aυ ω=  completely coincides received by 
methods of harmonious balance or averaging. 

For  n = 1  and  n = 2  from the equation (11) 
formulas follow accordingly 2 2 2

021( ) 5V Vυ = − ,  
2 2 2

027( ) 7V Vυ = − ,  the relative mismatch of 
numerical factors (21/5 and 27/7) which with factor in the 
first formula (12) makes  ∼ 4.7 % (n =1) and  ∼ 3.6 % (n = 
2)  that is not too great. 

2) The forced oscillations. Let 
( , ) ( ) sinH t x H t tλ→ = Ω  then the equation (5) will 

become 

              2 sinx k x x tω λ+ + = Ω&& & .           (13) 

As well as above, we will remind that a similar kind 
linear system  

             2
0 0 sinz k z z tω λ+ + = Ω&& &             (14)  

has, as it is known, the following private decision for the 
forced oscillations:  
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                   sin ( )z A t ξ= Ω + ,  

          2 2 2 2
0 0( )A kλ ω= − Ω + Ω .           (15)     

The solution (13) on the basis of its "linear" form and 
that, as  max x a= ,  max x υ=&   it is possible to 
write down the decision in a kind  

            sinx a ψ= ,         cosx υ ψ=& ,      

            tψ ξ= Ω + ,                                 (16) 

whence by analogy to a case for self-oscillations follows 
aυ = Ω . 

From (13) with the account aυ = Ω  and (16) we 
will receive defining amplitude the formula  

         2 2 2 2 2( )a kλ ω= − Ω + Ω ,          (17) 

coinciding under the form with expression for amplitude  
A  in (15). Apparently, if functions  ( )F x&   and  ( )f x   
linear from expression (17) follows expressions for  А. 

If nonlinear function ( )F x&  describes a negative 
friction (a class of the mixed forced oscillations and self-
oscillations) the formula (17) allows to define amplitude 
of grasped oscillations. It is easy to be convinced of it if, 
for example, to take function  ( )F x&   in a kind leading 
(12). Then to define  ( )k υ   on (3) and to substitute in 
(17). The parity deduced by such way coincides with 
received on a method of averaging and harmonious 
balance. In a case when force ( )F x&  dissipative, the 
formula (17) gives the chance to define amplitude of the 
nonlinear forced oscillations. 

Similarly it is possible to define characteristics of 
parametrical oscillations and other classes of the mixed 
oscillations. 
 
3. Method of replacement of variables with 
averaging 
 

On the basis of the assumption of small forces we will 
enter into the equation (5) formally small parameter  ε  
(such assumption is necessary for averaging carrying out) 
and we will present it in a kind  

[ ]2 ( , ) ( , , )x x H t x k x H t x xω ε ε+ = − ≡&& & & . (18)  

Let's make in system (18) replacement of variables 

             1 cosx pυ ψ−= o ,       sinx υ ψ= −& , 

             p tψ ξ= +o .                                (19) 

Differentiating the first expression (19) and considering 
the second, we will receive 

             cos sinυ ψ υξ ψ= && .                     (20) 

Differentiating the second expression (19) and 
substituting in (18) we will receive taking into account 
(20) parities  

                         
2 2( ) sin cos ( )sind p H

dt p
υ υ ω ψ ψ ε ψ−

= −o

o

L , 

2 2
2cos ( )cosd p H

dt p
ξ ω εψ ψ

υ
−

= −o

o

L .    (21) 

Assuming a difference of frequencies  2 2pω − o   of 

order  ε  it is possible to average (21) therefore (it is 
rejected  ε ) it is had 

                 ( , )
2 s

d k H
dt
υ υ υ ξ= − − ,           (22) 

                 
2 2 1 ( , )
2 c

d p H
dt p
ξ ω υ ξ

υ
−

= −o

o

,     

2

0

1( , ) ( )sin
2sH H d

π

υ ξ ψ ψ
π

= ∫ L ,             

2

0

1( , ) ( )cos
2cH H d

π

υ ξ ψ ψ
π

= ∫ L . 

Stationary movements are defined by the equations  

          0.5 ( , ) 0sk Hυ υ ξ+ = ,                   (23) 

          2 2 1
)0.5 ( ( , ) 0cp p Hυ ω υ ξ−− − =o o .                              

The equations (22) allow to study non-stationary 
processes, and the equations (23) to define characteristics 
of stationary oscillations. We will consider the cases again 
resulted above.  

1) In a case  ( , ) 0H t x ≡   the first equation (22) at 
dissipative to force  ( )F x&   defines bending around fading 
oscillations, at negative friction process of an 
establishment of self-oscillations. Parameters of stationary 
self-oscillations are from (23) at 0sH ≡ , 0cH ≡ , i.e. 

from parities  ( ) 0k υ = ,  p ω=o
  which coincide with 

received above for self-oscillations.   
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2) In a case  ( , ) ( ) sinH t x H t tλ→ = Ω   it is had 

0.5 cossH λ ξ= ,  0.5 sincH λ ξ=−   at p = Ωo
 . 

From the equations (23) taking into account these 
expressions we will receive  a  parity for  definition  υ   
which  at aυ = Ω   coincides with (17). We will notice 
that equality aυ = Ω   follows from (19) on the basis of 

that   max x a= . 
Operating it is similarly possible to consider by 

means of (22) both (23) parametrical oscillations and 
classes of the mixed oscillations.   
The stated methods as shows the analysis, can be used for 
calculation of nonlinear systems with several degrees of 
freedom, with shock influences, etc. Their basic difference 
from known that factors linearization are defined before 
search of the form of the decision, instead of after. 
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Abstract 
This work includes a function generation model for the synthesis 
of a particular type of planar six-bar mechanism commonly used 
in mechanical finger design-the Watt I mechanism.  Using the 
function generation method presented in this work, Watt I 
mechanical finger mechanisms are synthesized to approximate  
prescribed angular displacements of the human finger 
Metacarpophalangeal (MCP), Proximal Interphalangeal (PIP) 
and Distal Interphalangeal (DIP) joints.   The examples included 
in this work demonstrate the synthesis of mechanical hands to 
achieve limited and expanded prescribed grasping sequences.  
 
Keywords: Planar Mechanism, Six-Bar Linkage, Watt I 
Mechanism, Mechanical Finger, Function Generation 
 
 
1. Introduction 
 
     Six Bar and multi-loop mechanism design includes the 
work of Simionesco and Smith [1] who presented a proof 
of the existence of function cognates of Stephenson II and 
Stephenson III mechanisms.  Xiaohong and Ting [2] 
developed an approach for the branch identification of a 
variety of multi-loop linkages (including Watt and 
Stephenson chains).  Todorov [3] presented a method for 
dimensional synthesis of symmetrical six-bar Watt 
mechanisms.  Shiakolas, et al. [4] presented a 
methodology for the synthesis of six-bar mechanisms that 
combines differential evolution, an evolutionary 
optimization scheme and the geometric centroid of 
precision position technique.  Watanabe and Katoh [5] 
considered every relationship between the input and 
output displacement (the domain of motion of the driving 

link and the circuit) of the Stephenson III mechanism. 
Pramanik [6] synthesized a six-bar mechanism to achieve 
five precision points of an automotive steering 
mechanism.  Baker [7, 8] investigated two specific groups 
of six-bar mechanisms and demonstrated a method for 
generating a family of six-bar folding mechanisms.  Foster 
and Cipra [9] examined the problem of identifying 
assembly configurations of planar multi-loop mechanisms 
with joint limits, link interference, link collision and 
constraint regions.  Kim, et al. [10] extended the matrix 
approach developed by Suh and Radcliffe [11] for the 
synthesis of six-bar mechanisms for path point generation. 
     When classifying published works on planar six-bar 
multi-loop mechanisms into those dedicated to 
mechanism analysis and those dedicated to mechanism 
synthesis (specifically for function generation) it becomes 
clear that far more work has been dedicated to the former 
as opposed to the latter.  Two methods to synthesize a 
particular type of planar six-bar mechanism-the Watt I 
mechanism to approximate limited and expanded groups 
of prescribed MCP, PIP and DIP joint displacement 
angles are presented in this work.  The methods and 
mechanism are effective in the design of finger 
mechanisms for robotic hands [12, 13, 15]. The Watt I 
mechanism has two closed loops, one degree of freedom, 
four binary links (and two ternary links) and is essentially 
a “stacked” arrangement of two planar four-bar 
mechanisms. The structure of this six-bar multi-loop 
mechanism is similar to the structure of the Belgrade/USC 
robotic hand [14, 15].   Unlike the works of Rodriguez, et 
al. [16] which consider force transmission and Gruver, et 
al. [17] which consider joint friction and transmission 
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efficiency for opening and grasping Watt I mechanical 
finger poses, this work considers an entire prescribed 
grasping sequence for the Watt I mechanical finger.  Also, 
in this work, the finger dimensions are among the 
unknown parameters to be calculated unlike [16].  Unlike 
the works of Shen et al. [18, 19] on mechanical finger 
synthesis which consider prescribed finger displacements 
as input, this latest work considers joint rotations as input-
a more easily measured and commonly applied parameter 
for mechanical finger design. Finally, this work extends 
the conventional function motion generation method of 
Suh and Radcliffe [11] to consider function generation of 
Watt I mechanisms unlike [16] and [17].   
 
2. Watt I Finger Mechanism and Function 
Generation Model 
 
Watt I Finger Mechanism 
 
     Figure 1 illustrates a mechanical finger incorporating 
the Watt I mechanism.  For decades, empirical design 
methods have been used for this mechanism [12, 13, 14, 
15].  Like the human finger, the mechanical finger has a 
proximal, middle and distal phalanx (and associated joints 
a0, a1 and c1 respectively) and is capable of achieving 
extended and grasping positions (Fig. 2).   By affixing 
several mechanical fingers to a rigid palm and thumb, a 
mechanical hand can be produced. 
 

 
Fig. 1: The Watt I finger mechanism  

 
Fig. 2: Extended and arbitrary grasping poses  

 

Synthesis Model for Watt I Function Generator-
Limited Prescribed Displacement Angles 
 
     It is important that the Watt I finger mechanism be 
synthesized by way of prescribed rotation angles of finger 
joints [12] because a “data glove” (a motion tracking 
device that fits over the hand like a glove) typically 
measures PIP, MCP and DIP rotation angles. For the four-
bar linkage a0-a1-b1-b0 in Fig. 1, the rotation angle of joint 
a0 is the rotation angle of link a0-a1 relative to ground 
(link a0-b0) and the rotation angle of joint a1 is the rotation 
angle of link a1-b1 relative to link a0-a1. Likewise, for the 
four-bar linkage a1-c1-d1-e1 in Fig. 1, the rotation angle of 
joint a1 is the rotation angle of link a1-c1 relative to link 
a0-a1-e1 and the rotation angle of joint c1 is the rotation 
angle of link c1-d1 relative to link a1-c1. 
     For the function generator illustrated in Fig. 3a, Eqns. 
(1) and (2) [11] are used to calculate four of the five 
unknown mechanism variables a1, b1 and La1b1 where 
a1=(a1x, a1y), b1=(b1x, b1y) and La1b1 is the scalar link 
length. The remaining parameters of this function 
generator are a0=(0, 0) and b0=(1, 0).  The prescribed 
rotation angles of the input crank a0a1 and output crank 
b0b1 are denoted by variables 1 jθ  and 1 jφ  respectively.  
 
( ) ( )

1 1

2
1 1 1 1 0T L− − − =a ba b a b  (1) 

 

( ) ( ) 1 1

2
1 1 1 1 1 1 0 2,3, 4

T

j j L j⎡ ⎤ ⎡ ⎤− − − = =⎣ ⎦ ⎣ ⎦ a bD a b D a b  (2) 
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sin cos sin

0 0 1

j j j j j

j j j j j j
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⎢ ⎥
⎢ ⎥⎡ ⎤ = − −⎣ ⎦ ⎢ ⎥
⎢ ⎥
⎣ ⎦

θ φ θ φ φ

θ φ θ φ φD . 

 
     To utilize Eqns. (1) and (2) for synthesizing a Watt I 
finger mechanism, a modified four-bar function generator 
model is required where a new X’Y’ coordinate system is 
fixed on the input crank a0-a1 and the mechanism is 
inverted as shown in Fig. 3b. In the X’Y’ coordinate 
system, the four-bar linkage becomes a function generator 
where link a0-b0 is the input crank, link a0-a1 is the 
ground, link b0-b1 is the coupler, and link a1-b1 is the 
output crank. Equations (3) and (4) are used with respect 
to the X’Y’ coordinate system to calculate four of the five 
unknown variables b0, b1 and Lb0b1 (see Fig. 4) given 
prescribed values for joint rotation angles 0θ a and 1θ a . In 
Eqns. (3) and (4), b0=(b’0x, b’0y), b1=(b’1x, b’1y), a0=(0, 0) 
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a0

b1

a1

d1

f1x
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e1

c1

extended pose

grasping 
pose

proximal 
phalanx

middle 
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distal 
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and a1=(1, 0). Variable Lb0b1 in Eqns. 
scalar link length. 
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2
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     Equations (5) and (6) are used to ca
five unknown parameters e1, d1, and 
given   prescribed values for rotation 
In Eqns. (5) and (6), e1=(e1x, e1y), d1=(d
and c1=(1, 0).  Variable Le1d1 in Eqns.
scalar link length. 
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Fig. 4 : Modified function ge
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      Equation (13) is the objective function (to be 
minimized) incorporating Eqns. (5) and (6) and is 
identical in formulation as Eqn. (7). When Eqn. (13) is 
minimized, its constant link length constraints are 
satisfied. Equation (14) is the minimization condition for 
the objective function. Equations (15)∼(18) are the matrix 
cells in Eqn. (14). These equations will be used to 
calculate four of the five unknowns for the link defined by 
parameters e1, d1, and Le1d1 (see Fig. 6) given the 
parameters for N prescribed joint displacement angle 
groups defined by variables 1θ a and 1θ c . 
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3. Function Generation Examples 
 
Limited Prescribed Displacement Angles 
 
     Table 1 includes the three prescribed MCP, PIP and 
DIP joint displacement angles.  These rotation angles 
represent the prescribed finger grasping sequence.  The 
design objective here is to synthesize a Watt I finger 
mechanism to approximate the prescribed grasping 
sequence. 
      Using Eqns. (3) and (4) with the initial guesses b0 = (-
0.1, 0.1),  b1 = (0.6, -0.1) and the specified value of Lb0b1 = 
1.3, the calculated values are b0 = (-0.2754, 0.1138) and 
b1 = (1.0040, -0.1167).  Using Eqns. (5) and (6) with the 
prescribed values e1 = (-0.1, 0.1), d1 = (0.6, -0.1) and the 
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specified value of Le1d1 = 1.4, the calcu
= (-0.1864, 0.0669), d1 = (1.1919, -0.17
      To make a more proportional
mechanism, results of the first fou
solution are uniformly scaled by a facto
second solution by a factor of 2.
assembly consists of merging pivot a1
pivot e1 to a0 and pivot b1 to c1 to prod
mechanism in the extended position. 
scaling and assembly, the calculated va
a1=(3.1257, 0), b0=(-0.8608, -0.35
0.3649), c1=(5.4944, 0), e1=(2.6842, -0.
0.4229), and f1=(6.8625, 0) in the XY 
The approximated grasping poses
corresponding joint rotation angles (Fig
measured using a virtual model of the 
mechanism developed in MATLAB
module.  
     By affixing several Watt I finger me
palm and thumb, a mechanical hand is
illustrates a mechanical hand (co
synthesized mechanical finger) in the 
grasping pose. 
 

Table 1. Prescribed joint rotation ang

 0θ a

(MCP)
1θ a (PIP

Pos 2 16 14 

Pos 3 21 21 

Pos 4 26 30 
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Fig. 5: Synthesized finger m
MATLAB SimMechanics) 
 

Fig. 6: Synthesized finger m
(in MATLAB SimMechanic
 
Table 2. Joint rotation angle
Watt I finger mechanism (in

 0θ a

(MCP)
Pos 2 16 

Pos 3 21 

Pos 4 26 
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displacement angles used in the previo
design objective here is to synthesiz
mechanism to approximate the exp
grasping sequence. 
      Using Eqns. (9)∼(12) with the init
0.1, 0.6), b1 = (0.9, -0.1) and Lb0b1 = 
values are b0 = (-0.1693, 0.3572), b1 =
and Lb0b1 = 1.2273. Using Eqns. (1
prescribed values e1 = (-0.4, 0.4), d1 = (
= 1.4, the calculated values are e1 = (-0
= (0.8751, -0.1098), and Le1d1 =1.3571. 
      To make a more proportional
mechanism, results of the first fou
solution are uniformly scaled by a facto
second solution by a factor of 2.
assembly consists of merging pivot a1
pivot e1 to a0 and pivot b1 to c1 to prod
mechanism in the extended position. 
scaling and assembly, the calculated va
a1=(4.4498, 0), b0=(-0.7532, -1.58
0.4905), c1=(7.1950, 0), e1=(3.1738, -0.
0.3015), and f1=(8.7, 0) in the XY coor
approximated grasping poses (Fig. 8) 
joint rotation angles (Fig. 9, Table 4) we
a virtual model of the synthesized 
developed in MATLAB’s SimMechanic
     By affixing several Watt I finger me
palm and thumb, a mechanical hand is 
illustrates a mechanical hand (co
synthesized mechanical finger) in t
grasping poses. 
 

Table 3. Prescribed joint rotation ang

 0θ a

(MCP)
1θ a

(PIP)
Pos 2 2.5 6 

Pos 3 5 12 

Pos 4 7.5 19 

Pos 5 10 26.5 

Pos 6 12.5 35 

Pos 7 15 45 
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Table 4. Joint rotation angles achieved by the synthesized 
finger mechanism (in degrees). 

 0θ a

(MCP)
1θ a (PIP) 1θ c (DIP) 

Pos 2 2.5 5.9263 1.9591 

Pos 3 5 12.2191 5.3227 

Pos 4 7.5 19.0055 10.2195 

Pos 5 10 26.4766 16.9849 

Pos 6 12.5 34.9551 26.4244 

Pos 7 15 45.0867 40.7187 
 

 
Fig. 10: Synthesized mechanical hand in extended (left) 
and grasping (right) positions 
 
4. Discussion 
 
     The solution data in the Example section were 
calculated using the mathematical analysis software 
MATLAB and were expressed to four decimal places.   
The SimMechanics module in MATLAB was used to 
independently confirm the achieved grasping poses, driver 
displacement angles and check for singularity throughout 
the grasping poses of the synthesized Watt I finger 
mechanisms.  Although the authors limited the number of 
prescribed grasping poses in Example 3.2 to six (twice the 
number of poses in Example 3.1), Eqns. (9)∼(12) and 
(15)∼(18) can theoretically incorporate an indefinite 
number of prescribed grasping poses. 
 
5. Conclusion 
 
Two models to synthesize Watt I function generators to 
approximate limited and expanded groups of prescribed 
finger joint displacement angles are formulated in this 
work.  These two models were demonstrated to be 
effective in the synthesis of mechanical hands to 
approximate sets of limited and expanded grasping poses.   
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Abstract 
Workspace analysis plays an important role in the inverse 
kinematics of the robots, especially in path programming of the 
parallel robots. This paper presents a methodology for the 
determination of the workspace of 3-RRR type PPM (Planar 
Parallel Manipulator) with revolute joints based on sweep 
operations in solid modeling tools. In this method, workspace 
volume is simply derived by a pure geometrical way without 
need for objective function derivation or any code for numerical 
calculation. 
 
Keywords: PPM (Planar Parallel Manipulator), Workspace, 
Sweep Operation, Intersection. 
 
 
1. Introduction 
 
 Workspace analysis is a very important issue in 
inverse kinematic analysis, especially for emphasizing the 
reaching capabilities of the mechanism’s end-effector. 
There are several methods used for workspace analysis. 
Gosselin et. al. [1] investigated workspace of closed loop 
kinematic chains with the method of singularity analysis 
and this method was also expanded to workspace 
problems of platform type 6-DOF mechanisms. Bonev et. 
al. [2] worked on singularity analysis 3-DOF planar 
parallel mechanisms via screw theory in all working 
modes. In other study, Glozman et. al.[3] reported a 
workspace comparison of his newly promoted 6-DOF 
mechanism with Eclipse [4], Alizade [5], Delta [6] and 
Hexa [7] robots. These comparisons were only made as 
translational (constant orientation) workspace.  
 Peternell et. al. [8] reported an approximation of the 
boundary surface of the solid volume as a smooth one-
parameter swept surface. Merlet [9], on the other hand, 
recommended using a numerical solution method of 
interval analysis in workspace analysis. This method is a 
guaranteed method in equation solving procedure without 

risk of local minima problem. But the main drawbacks are 
pixel-based (non-smooth) workspace volume and 
exhaustive CPU time.  
(*) Corresponding author 
 
 Although there are many methods, e.g., vector loop 
equations, numerical calculations, Jacobian matrix and 
singularity methods, to determine the workspace of 3-
RRR planar manipulators, we, in this study, propose a 
new geometric approach for workspace analysis 
completely depends on the simple solid modelling 
routines in any standard CAD (Computer Aided Design) 
software.  This method is based on swept volume 
appoach. Workspace of the platform has three 
independent degrees of freedom (two translational and 
one rotational). In order to show these three parameters on 
the same graphics, it is assumed, in this study, that one of 
the axes shows the rotation angle of the platform. In this 
way, it becomes possible to present the completely planar 
workspace of the platform as a solid body. Once a 
mathematically defined solid workspace is gained, any 
workspace scenarios, such as, an obstacle-free workspace, 
path planning or P&P (pick and place) applications can be 
reached by simple Boolean (union, subtraction and 
intersection) operations in solid modelling. The main 
contribution of this study is to provide an intuitive and 
very simple geometrical way to the designer, requiring 
what-if scenarios of 3-RRR PPMs without having 
mathematical bacground.  
 
2. 3-RRR PPMs (Planar Parallel Manipulators) 
 
 A planar manipulator is a system of rigid bodies 
assembled so that the end-effector moves on a plane and 
rotates about a vector perpendicular to this plane. The 3-
RRR all revolute joint planar parallel manipulator is a 
three legged platform manipulator that is constructed so 
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that the all joint axes are parallel (Fig. 1). iA  joints are 
active joints and connected to the fixed frame, iB s are 
passive joints and iC s are the joints connected to the 
moving platform. { }F  is fixed and { }M  is moving 
frames.  
 

 
Fig. 1. A 3-RRR Planar Parallel Manipulator 

Constant parameters are: ( )1 1,x yA A , ( )2 2,x yA A , 

( )3 3,x yA A , 1d = 2 1C - C , 2d = 3 2C - C , 3d = 3 1C - C

, ia = i iB - A , ib = i iC - B  , ic = iP - C  ( )1, 2,3i = , 
Platform constant angles, iψ  , are the angles of iP - C  
vectors with respect to { }M . Output parameters, 

{ }, ,x yP P ψ , are controlled by input parameters, iϕ . This 3-
RRR PPM can be seen as a combination of three serial 
chains, i i iA B C , which are constrained by the constant 
distances of the platform sides, 1 2C C , 2 3C C  and 1 3C C . 

 
Fig. 2. Workspaces of iC  joints as serial chains 

3. Workspace 
 
3.1 Workspace of Joints 
 
 Let i i iA B C  be two hinged serial chains. i iA B  links 
can only rotate about iA  joints so, workspace of iB  joints 

is a circle centered at ( ),ix iyA A  points with a radius of ia  
and can be formulated in set theory terms as 
 

 ( ) ( ) ( ){ }222 2
, ,

i iB A ix iy iW x y x A y A a= ∈ − + − = .

 (1) 
 
Similarly, iC  points can only be rotated with respect to 

iB  joints and so workspaces of iC s with respect to iB s 
are,  
 

 ( ) ( ) ( ){ }222 2
, ,

i iC B ix iy iW x y x B y B b= ∈ − + − = .

 (2) 
 
Since ,i iC BW  is a circle which is rotating about ( ),ix iyA A   

points, then using Eq.s (1) and (2), ,i iC AW  becomes, 
 

 ( ) ( ) ( ){ }222 2
, ,

i iC A ix iy iW x y x A y A e= ∈ − + − =

 (3) 
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where [ ],i i i i ie a b a b= − + . Workspace ,i iC AW  in Eq. (3) 

represents a collection of points falling inside an area 

bounded by two concentric circles, by radii i ia b−  and 

i ia b+  (Fig. 2). 

 

 
Fig. 3. Workspaces of joints with additional constraints 
3.2. Constrained Workspace of iC  joints 
 
 Once i i iA B C  serial chains are connected to a 
platform, distance between end joints, 1d , 2d  and 3d , 
becomes constant. This means that ,i iC AW  in Eq. (3) are 
bounded by two additional constraints.  
 

 
( ) ( ) ( ){ }
( ) ( ) ( ){ }

1

2

222 2
,

222 2
,

, ;

,

i i

i i

C A ix iy i

C A ix iy i

W x y x A y A f

W x y x A y A g

+

+

= ∈ − + − =

= ∈ − + − =
.

 (4) 
 
where [ ],i i i i i i if a b d a b d= − − + +  and 

[ ]2 2,i i i i i i ig a b d a b d+ += − − + + . Using additional 
constraints given in Eq. (4), iC  workspaces are found as, 
 

1 2, , ,i i i i i i i

P
C C A C A C AW W W W

+ +
= I I ( )1, 2,3 MOD 3i =  (5) 

 
Where ( )P  superscript is for parallel platform. Note that i 
index in Eq. (5) is a MOD 3 number, so 4i =  and 5i =

becomes 1i =  and 2i =  respectively. Workspace of each 
iC  joint with additional constraints coming from other 

two legs is depicted in Fig. 3. 
 
3.3. Reachable Workspace of the End-effector, P 
 
 P  is a point on which the end-effector is attached on 
platform. This point is in ic  distances from iC  corners 
respectively. So, locus of P point, PW ,  is inside a region 

that is bounded by upper bound of 
i

P
C iW c+  and lower 

  
Fig. 4. Reachable (maximal) workspace of P. 

bound of 
i

P
C iW c− . It should be noticed that the workspace 

of P  point is affected by orientation of the platform. But 
reachable workspace for parallel manipulators is defined 
as the collection of reachable points with at least one 
orientation of the platform [9]. This definition points out 
that the workspace is a function of orientation of the 
platform and any constant orientation workspace is a 
subset of this reachable or maximal workspace.  
 
3.4. Constant Orientation Workspace of Platform 
 
 This kind of workspace is the collection of the end-
effector’s reaching points when a specific orientation is 
given. Moving bodies of any planar mechanism can at 
most have two translational and one rotational degree-of-
freedom. Once it is assumed that the orientational angle, 
ψ , of the platform is fixed then the platform can only 
translate on a plane. 
 In chapter 3.2, constrained workspace of iC  joints 
was given. Translational and angular distances of P point 
relative to iC  points are given as constant parameters, ic  
and iψ  in { }M . So the orientation of iP - C  vectors are 

Workspaces
of siC

1 1
P

CW c+

2 2
P

CW c+

3 3
P

CW c+

P

PW

{ }F
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iψ ψ+  in { }F . Finally, constant orientation workspace of 
P  can be calculated by moving constrained workspaces of 

i

P
CW  along →iC P  direction. Intersection of these three 

moved workspaces gives constant orientation workspace 
of P for given ψ  orientation angle.  
 
 

1 2 3,
P P P

P C P C P C PW W W Wψ → → →= I I

 (6) 
 
As stated above, constant orientation workspace of P , 

,PW ψ ,  for any given orientation angle must be a subset of 
reachable workspace, PW . It is shown, in Fig. 5, in detail. 
 

(a)    (b) 
Fig. 5. (a) Moving 

i

P
CW s along iP - C  vector and intersect 

and (b) comparison with maximal workspace 
 

4. Swept Volume Approach to Workspace 
 
 3-RRR PPMs are 3 degree-of-freedom manipulators 
and 3 inputs, iϕ , controls three outputs, { }, ,x yP P ψ . In 
representing the output link (platform) workspace, to 
show these two translational ( ),x yP P  and one rotational 

( )ψ output parameters on the same workspace graphics is 
not a straightforward issue. Some researchers prefer to 
construct voxel based workspace representation [11]. This 
type of representation depends on to check the output 
link’s pose for every possible input variable. Software 
creates a database with voxels (volumetric pixels) 
satisfying the conditions and depicts in a 3D graphics. The 
main drawback of this method is that it is impossible to 
get a mathematically smooth solid. Some other 
researchers prefer to draw a serial of cut-sections to 
represent the workspace of planar robots in 3D [9]. 
Although this method is useful in path planning tasks, 
again, it’s impossible to apply Boolean algebraic 

operations onto this set of section curves. 
 In computer graphics, sweeping is to trace a 2D 
closed section through a 3D path [10]. In this way a very 
complex 3D solid body can be represented by using only a 
section and its path. Sweeping is a very common and well 
known solid modeling tool and built in most commercial 
CAD systems. 
 In this study, we investigate whether it is possible to 
use swept volume approach alone in representing the 
workspace of a 3-RRR PPM.  
In chapter 3.4, workspace of end-effector was shown for a 
given orientation angle, ψ . 

 
 

Fig. 6. Workspace profile, path and swept solid 
model of one of the branch 

 So, the problem becomes how to model a sweep solid 
volume representing the workspace for any possible 
orientation angle, namely in [ ],π π−  interval.  
 Firstly we will show the procedure for the first leg, 

1 1 1A B C P . In Fig. 5, 
1

P
CW  workspace was moved through 

P  point. 1C P  angle in { }F  frame is the sum of two 
angles, constant angle, 1ψ , and variable angle, ψ . So, if 

ψ  angle is traced in [ ],π π−  interval, then 
1

P
C PW →  

workspace is moved by 1c  distance in [ ]1 1,ψ π ψ π− +  
direction. A helix centered on the point 1A  and with the 
radius 1c  is constructed. Starting angle is selected as 

1ψ π− . Height of helix can be chosen freely. But it should 
be a reasonable value relative to the mechanism size. The 
last step is to sweep 

1

P
C PW →  workspace by accepting this 

helix as a path. It should be considered in sweep 
operations that there is an option whether to rotate the 

Helix 
path 

Workspace 
profile 

Swept 
solid 

intersection
of workspaces

WP
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profile by path normals. Since 
1

P
CW  profile moves through 

point P  without rotating about itself, “without rotation” 
option should be selected in sweep command of CAD 
software.  
 Same procedure is applied to the other legs. For 
workspace of the end-effector, three conditions (volumes 
of the three swept solid models) must be satisfied 
simultaneously. This corresponds in set theory to the 
intersection of these three solid bodies. This intersection 
solid is shown in Fig. 7. 
 

 
Fig. 7. Three workspaces in swept solid form  

and their intersection solid. 
 

 
Fig. 8. An obstacle-free workspace creating by extruding 

(with subtraction option) of a forbidden area profile 
 
 Once the workspace is represented in swept solid 

form, it becomes a solid which is bounded by analytically 
determined, i.e. ideally smooth surfaces. This makes 
possible to create a cut section of this solid using a cutting 
plane which falls inside this solid and oriented to any 
possible direction. This helps designer to analyze the 
workspace for a specific values, say, 0x x= , 0y y= , 

0ψ ψ=  or even for a condition of 0ax by c dψ+ + + = .  
 
5. Applications of Swept Solid Workspace 
 
5.1. Island of Forbidden Area in Workspace 
  
 In the workspace of a robot manipulator, there may be 
one or more forbidden areas. These areas may be an 
obstacle in a P&P (pick-and-place) robot’s workspace, 
 

 
  (a)    (b) 

Fig. 9. Geometric proof of the theorem. (a) B  moves 
around A  and (b) A  moves around B . 

 
a secure area for a welding robot or any other forbidden 
area. By taking into consideration of these forbidden 
areas, the real workspace will become smaller. In set 
theory terms, real (or obstacle-free) workspace will be the 
difference of end-effector’s workspace and forbidden 
areas. Generally, these forbidden areas are independent 
from the platform orientation. So, in ( ), ,x y ψ  graphics 
these forbidden areas can be shown as an extrusion along 
ψ  direction without changing the orientation. In any 
CAD program with solid modeling tools, this can be done 
by extruding of the forbidden area profile and subtracting 
this from workspace solid. This operation is shown in Fig. 
8.   
 
5.2. Obstacle-free workspace in P&P applications 
 
 In P&P applications not only the workspace of the 
platform but also geometric shape of the object to be 
carried should be taken into consideration. In a workspace 
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with the obstacles, collision-free path generation of the 
end-effector should be recalculated when carrying 
different objects with different geometries. A related 
theorem is given below. 
 

 
 

Fig. 10. Operations to derive a collision-free workspace 
for a given carrying part and circular obstacle. 

 
Theorem: Let A and B  are two coplanar closed shapes 
and AP  and BP  are two arbitrary points on these shapes 
respectively. Let these two shapes move around each 
other without overlapping, without detaching and without 
changing the orientation. Trajectory of AP  with respect to 

BP  and trajectory of BP  with respect to AP  are exactly the 
same shapes but rotated by 180° .  
 
Proof: Assume that A  and B  are touching as in the Fig. 
9 (a). B/AP  (position vector of BP  with respect to AP ) is in 
the same distance but in the opposite direction with A/BP  
(position vector of AP  with respect to BP ). When A  and 
B  moves around each other in (1), (2), (3) positions and 
so on, B/AP  and A/BP  position vectors will exactly be in 
the same length but in the opposite direction. 
 
 Trajectories are the curves traced by the tip of A/BP  
and B/AP  vectors. Hence the trajectories are the same 
curves but rotated by 180° . 
Assume that an arbitrary shaped object is being carried by 

a 3-RRR PPM and there is a circular obstacle inside the 
workspace of the end-effector.  
 To be able to determine the forbidden area for the 
end-effector we need to draw the trajectory of it with 
respect to the fixed obstacle as in Fig. 10. 
 In the point of view of theorem given in section 5.2, 
either we can draw end-effector’s trajectory with respect 
to the circular obstacle’s center or draw the circle’s 
trajectory with respect to end-effector, then rotate it by 
180°  and move it to the center of the circle. 
 

constant vars.

find C  (i = 1,2,3)
workspaces

i find P  (i = 1,2,3)
workspaces

i sweep P  workspaces
for full circle

i

intersect them all
to find workspace
in solid

Is there any
obstacle inside
workspace?

documentation N

check carrying
object with the
obstacle?

Y

N extrude obstacle
geometry and
substruct from
workspace

Y
find forbidden
area, sweep and
subtract from
workspace

documentation

Fig. 11. Flowchart for workspace of 3RRR PPMs 
 
The latter way is much easier than the former. The reason 
for that is that the trajectory of the center point of a circle 
which is moving around an object is always in a distance 
in radius from the original shape in normal direction. 
Actually, this is a definition of the “offset” command 
which is standard in any commercial CAD software. All 
procedure is summarised in a flowchart in Fig. 11. 
 
6. Conclusion 
 
This study presents a new strategy to create a swept solid 
representation for the workspace of 3-RRR PPMs. This 
method doesn’t need any function derivation, jacobien 
matrix or any numerical calculations but relies only on 
standard solid modeling functions of any commercial 
CAD software package. Construction of swept solid 
volume of workspace is shown step by step in detail. An 
analysis example of this solid workspace in a pick-and-
place application is presented. Interaction of carrying 
object and circular obstacle is also analyzed. 
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Abstract 
 This paper presents a novel and intuitive geometric design 
methodology for the direct kinematic analysis of 3-RRR type 
PPM (Planar Parallel Manipulator). This method, which is 
based on CAGD (Computer Aided Geometric Design) 
operations, solves direct kinematic analysis problem of 3-RRR 
PPMs and uses a pure geometrical way without need for 
objective function derivation and any source code for numerical 
calculation. 
 
Keywords: PPM (Planar Parallel Manipulator), Direct 
Kinematic Analysis, CAGD (Computer Aided Geometric 
Design), Sweep Operation, Intersection. 
 
 
1. Introduction 
 
 Due to the increasing demand for accuracy, rigidity 
and ability to manipulate large loads in recent hi-tech 
industry, parallel mechanisms have become very popular. 
Parallel mechanisms typically consist of two platforms, 
which are connected by several legs. One of these 
platforms is rigidly connected to the fixed frame and the 
other one moves with a prescribed motion in its 
workspace [1-3].   
 Direct task has been defined in general manner in 
IFToMM (International Federation for the Promotion of 
Mechanism and Machine Science) terminology as: 
“Computation of the pose, motion and forces at the end-
effector of a robot arm from given actuator forces, 
displacements, velocities and accelerations.” [4]. The 
particular aim in this study is to find the position and 
orientation of the end-effector platform of a 3-RRR 
mechanism with respect to given input parameters by 
using a novel geometric algorithm. 
 CAGD (Computer Aided Geometric Design) or more 
specifically CAD/CAM (Computer Aided Design and 
Manufacturing) systems are applications of 
Computational Geometry and has been used in 
manufacturing industry since 1971 [5]. Today’s 
commercial CAD softwares are capable of digital 
modelling of almost every type of complex parts or 
assemblies by their buil-in 3D parametric solid and 

surface modelling tools. With millions of installations 
world-wide, CAD packages are being extensively used in 
the area of machine design, but only a few researchers 
have applied these powerful CAD softwares to kinematic 
design and analysis problems of parallel robots. Kinzel et. 
al. used commercial CAD tools in solution of kinematic 
synthesis problems for their parametric functionality [6]. 
The advantages of using of parametric 3D modelling tools 
of commercial CAD softwares in kinematic problems of 
robotics are that they are user friendly, accurate, highly 
repeatable and highly accesible.  
 Due to their highly nonlinear behavior, solution of 
kinematic problems of most mechanisms need 
sophisticated mathematical background. Nevertheless, 
dedicated mathematical solvers are generally seen as a 
nonintuitive “black box” by the designers who have 
limited mathematical skills. So, intuitive geometric 
algorithm presented in this study, may help to those 
people who have an experience in mechanical part 
modelling and intends to expand their abilities to design 
and analysis of parallel robots. 
 
2. Main Motivation: Symbolic Mathematics 
Approach vs. CAD Approach 
 
 To give an idea how the CAD approach simplify the 
process of solution in kinematics problems, a very simple 
example is given now. Let ( )1 1,A x y  and ( )2 2,B x y  are 
two points in 2  Cartesian space. Where are the points 
which are in a distance of 1r  from A  and in a distance of 

2r  from B ? It’s very clear that these points must satisfy 

two criteria: ( ) ( )2 2 2
1 1 1x x y y r− + − =  and 

( ) ( )2 2 2
2 2 2x x y y r− + − = . Solving these equations 

simultaneously using symbolic mathematics approach 
gives two solutions: { }, ix y  ( )1, 2i = . But this approach 
needs numerous mathematical operations: 8 additions, 20 
subtractions, 23 multiplications, 4 divisions, 16 powers 
and 2 square roots (totally 73 operations) (Fig. 1(a)). 
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Fig. 1 (a) Symbolic Mathematics vs. (b) CAD Approach 

 
 Alternatively, the same solution can be achieved by 
drawing two circles and intersecting them in any standard 
CAD software (Fig. 1(b)). This CAD approach needs 
neither to derive the analytical expression nor any 
computation. It’s very clear in this example that CAD 
approach is much easier and intuitive way than the other. 
 At this point a question arises: is it possible to find an 
equivalent geometric way for complex problems of 
parallel robotics like workspace, direct or inverse tasks 
and even synthesis? This idea is the main motivation of 
this study. 
 
3. Direct Kinematic Analysis of 3-RRR PPMs 
 
As shown in Fig. 2, the 3-RRR (3 revolute-revolute-
revolute) mechanism consists of 8 links, 9 revolute joints, 
3 branches and 2 independent loops. Every i i iA B C  

( )1,2,3i =  chains are connected to fixed frame at iA  
joints and to end-effector platform, P , at iC  joints. 
Underscore in 3-RRR type indicates the actuated joint. So, 

iA  joints are active joints while all others are passive. 
The joint angles, iα , are input parameters, while the pose 
(position+orientation) of the end-effector platform, P , is 
assumed as output parameters. Direct task of a 3-RRR 
PPM has at most eight possible poses of the end-effector 
[1]. As shown in Fig. 2, once all constant parameters and 

iα  and iβ  variable parameters are known, pose of the 

platform is unique and can easily be calculated. 

  
Fig. 2 The schematic representation 

of a 3-RRR PPM 
 

 So, the direct kinematic analysis problem simplified 
to a problem to find iβ  angles with respect to given iα  
input angles. In this study iβ  angles are found using 
CAGD tools like: extrude, sweep, intersection, and 
project. This is a very short list of CAGD tools, a more 
complete list of these commands and their options are 
available in these references [8-10].  
 Our geometric algorithm has two phases. Firstly, an 
orthonormal basis with unit vectors îβ  ( )1,2,3i = , is 
constructed for Euclidean space 3 . Unit vectors must 
satisfy these conditions: 1 2 3

ˆ ˆ ˆβ β β× = , 2 3 1
ˆ ˆ ˆβ β β× =  and 

3 1 2
ˆ ˆ ˆβ β β× =  because of the orthonormality condition. 

Then function curves of iβ  angles, as ( )1 1 2,f β β , 

( )2 2 3,f β β  and ( )3 1 3,f β β  are drawn. Secondly, surfaces 
are formed by extruding every curve along a normal 
direction (perpendicular to plane on which the curves are 
drawn). Then intersection curves are found by intersecting 
of these surfaces. These curves are constraints between iβ  

and 1iβ + ( )( )1,2,3 mod 3i =  angles. So, intersecting 

these curves leads to all real solutions of  1β , 2β  and 3β . 
 Second phase of our algorithm, i.e. extrusion of planar 
curves in normal direction and creating intersection curves 
between these surfases, is relatively straightforward. But 
this is not the case in the first phase. Because there is no 
direct geometrical method for determination of the 
function between iβ  and 1iβ +  ( )( )1,2,3 mod 3i = , an 
indirect route is followed here.  
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Fig. 3 3-RRR PPM and its three four-bar equivalent. 
 
 Since all iα  input angles are given in direct task, 
positions of iB  joints are known. This makes possible to 
decompose the 3-RRR manipulator into three planar four-
bar linkages, as, 1 2 2 1B B C C , 2 3 3 2B B C C  and 3 1 1 3B B C C  
quadrilaterals where iB  joints are fixed and iC  joints are 
moving. Now the problem is simplified to find the 
relations between input and output angles, ( iβ  and 1iβ +

angles) of three planar four-bar linkages (Fig. 3).  
  
3.1 Phase-I: Determination of ( )1 2,β β  Curve 
 The relation between input and output angles of an 
all-revolute planar four-bar linkage is known as 
Freudenstein Equation and has been given by F. 
Freudenstein [7]. This equation is as follows, 
 

( )1 2 3R c R c R cϕ ψ ϕ ψ− + = −  (1) 

where , 1 1R d= , 2 1R b=  and 

( ) ( )2 2 2
3 1 2R b c d bd= + − + . In this linkage, a (fixed 

link), b , c  and d  are link-lengths, ϕ  and ψ  are input 
and output angles respectively. Length of fixed link, a , is 
assumed as 1 for a scalable mechanism. Equation (5) use 
symbolic mathematics and gives output angle(s) for a 
given input value. Namely, if an input-output diagram is 
requiried, we need to calculate the output angle using 
constant parameters and a series of input angle values. 
This is true in most cases, hand-held drawing and even in 
case of using a mathematical package. In any such 
drawing, of course, the curve precision is affected by step 
size. On the other hand, in geometric approach given in 
this study, curves are generated without needing any step 
size. That is because curves are generated by intersecting 

surfaces rather than plotting the curve point-by-point. 
 

 
Fig. 4 Drawing of helix sweep surface 

 
 The algorithm starts at 1 1 2B C C  serial chain of 

1 2 2 1B B C C  quadrilateral as follows. An Oxyz  frame is 
located at 1B  joint and a circle, centered at origin of Oyz
plane with a radius of 1b , is drawn (Fig. 4). This circle 
represents the locus of point, 1C , which is rotating about 
fixed point, 1B . A righ-handed helix is then created by 
using this circle’s center and radius, starting from z− -axis 
(rightmost quadrant of the circle) and one full turn in ccw 
(counterclockwise) direction along x -axis. The height of 
helix, h ,  is calculated by 1h kβ=  relation. Coefficient k  
in this formula can freely be chosen to obtain a graphics 
with a convenient aspect ratio. In this study, we assumed 
that k  is 1. Thus, as 1C  rotates about 1B  by 1 degree in 
ccw direction, the projection of 1C  on x -axis moves 1 
unit in positive direction. We can think that revolute joint 
at 1B   is replaced with a screw joint with vertical axis. By 
doing this, a rotational variable is transformed into a 
translational variable. 
 In the next step, a circle is drawn on the same plane, 
centered at the starting point of helix ( )1C  with radius 1c . 
This circle represents the locus of 2C  point. But because 
the center of this circle, 1C , is moving along a helix, 
locus of 2C becomes a collection of points in a specific 
distance from helix path on planes which are parallel to 
base ( Oyz ) plane. In CAGD terms, the locus of 2C  is a 
sweep surface and can completely be defined by a profile 
( 1C  centered circle), and a path ( 1B  centered helix). It 
should be noted that, sweep surface locus (workspace) of 

2C  is only possible when 1B  point moves vertically with 
the function of 1h kβ= . 
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Fig. 5 Intersection of helical and cylindrical surfaces 
 
 In the 2 2B C  serial chain of 1 2 2 1B B C C  quadrilateral, 
on the other hand, the locus of 2C  is a circle centered at 

2B  with radius 2b (Fig. 5). To maintain the connection at 

2C , 2B  joint must freely move on x -axis. This kind of 
joint corresponds to a cylindrical joint.  This makes locus 
of 2C  in 2 2B C  serial chain a cylindrical surface. In this 
way, two fixed revolute joints, 1B  and 2B , are changed to 
screw and cylindrical joints respectively and hence an all-
revolute four-bar linkage is transformed into a SCRR 
(screw-cylindrical-revolute-revolute) linkage. It should be 
noticed that, As 1β  angle is changed, all moving links of 
four-bar linkage moves vertically, but because all 
revolute, screw and cylindrical joint axes are parallel and 
aligned to x -axis direction, projections of all moving 
points onto Oyz  plane are exactly the same with RRRR 
linkage. It is shown in Fig. 5 that extrusion of 2B  
centered circle is divided into two semi-cylinders. The 
reason for this is that we need two separate intersection 
curve for sector-I [ ]( )2 0,180β = °  and sector-II 

[ ]( )2 180 ,360β = ° ° . This will be explained later. 

 Both 1 1 2B C C  and 2 2B C  chains are connected at 2C  
joint. So, 2C  joint must satisfy both, sweep and 
cylindrical surface workspaces. By intersecting these two 
surfaces we get a spatial curve representing the locus of

2C . Since x -axis of this curve is a scale of 1β , this 
graphics becomes a ( )1, ,y zβ graphics. This spatial curve 
is then projected onto Oxz  plane and we get 1zβ  
graphics (Fig. 6). Projecting the curve onto Oxy  plane 
and getting 1yβ  graphics is a possible alternative way. 
But, in this study we preferred the former one. 
 

 
Fig. 6 Intersection curves of helical and cylindrical 

surfaces and their projection onto Oxz  plane 
 

 In the next step, another circle is drawn on Oxz  
plane, centered at 2B  joint with radius of 2b . We then 
draw a helix using this circle’s center and radius, with a 
starting point at the intersection point with z− -axis 
(rightmost quadrant of the circle) and one full turn in ccw 
direction along y -axis (Fig. 7). It should be noted here 
that, two helices, centered at 1B  and 2B , have the same 
height and mutually perpendicular. 2B  centered helix is 
then projected onto Oyz  plane and because y -axis of this 
curve is a scale of 2β , we obtain ( )2,z β  graphics. It’s 
clear from Fig. 7 that, this is a sinusoidal curve, 

2 2coszz B β= − , and divided into two parts: sector-I and 
sector-II. 
   

 
Fig. 7 Drawing of 2B  centered helix 
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Fig. 8 Extrusion surfaces and their intersection curves 

 
 At this point, two mutually perpendicular graphics: 
( )1,z β  and ( )2,z β  curves are achieved. Extruding  

( )1,z β  curve toward y -axis and ( )2,z β  curve toward 
x -axis creates a set of two surfaces (Fig. 8).  
 Here, one important thing should be taken into 
consideration. Projecting a 3D (spatial) curve onto an 
orthonormal plane, i.e. Oxy , Oxz  or Oyz , leads to lose 
one dimension and the curve becomes thus two 
dimensional (Fig. 9). 
 

 
Fig. 9 ( )1 2,β β Intersection curves and their projection 

  

 For example, suppose that H  is a helix centered at 
origin on Oxy plane with radius of r  and height of h . 
Projecting H onto Oxz  and Oyz  planes will lead to two 
curves: cosx r z=  and siny r z=  where [ ]0,z h= . 
Notice that y  and x  values are lost in former and latter 
equations respectively. Projection operation is one-
directional, i.e. none of these two projection curves can be 
used alone to form the original helix again. Let the former 
curve extrude through y  direction and latter curve 
through x  direction. Intersection of these two surfaces 
will give helix curve again. Keeping this idea in mind, 
sector-I and sector-II parts of the extrusion surfaces of 
( )1,z β  and ( )2,z β  curves are formed seperately. 

Intersections of ( )1,z β  and ( )2,z β  surfaces for sector-I 

and then intersections of ( )1,z β  and ( )2,z β  surfaces for 
sector-II are created. If this did not happen some 
extraneous solutions would then be created.  
 Another example for one-directional operations is 
taking square. If we square a function, say, y x= , and 
take square root again, we get two equations as y x= ± . 
One is original equation while the other is extraneous and 
should be eliminated.  
  These two surfaces, ( )1,z β  and ( )2,z β ,  represent 
two constraints equations. Intersection of these surfaces 
gives a curve satisfying both constraints. Finally 
projecting this spatial curve onto Oxy plane gives a 2D 
curve. Since 1β  and 2β  are assumed as a scale of x  and 
y  resectively, this curve is accepted as a ( )1 2,β β  

function curve (Fig. 9). These operations are geometric 
equivalent of taking two trigonometric equations, 

( )1 1 ,f xβ  and ( )2 2 ,f xβ= , eliminating x between 1f  

and 2f  and finally having an equation, ( )1 2,g β β . 
 
3.2 Phase-II: Combining of Three Loop Curves 
 
 Geometric determination of the function curve of two 
angles, ( )1 2,β β , are given in the previous section. The 

other two function curves, ( )2 3,β β  and ( )1 3,β β , for 
corresponding two loops, 2 3 3 2B B C C  and 3 1 1 3B B C C , can 
easily be derived following the same route. When deriving 
these function curves, it should be noted that, 1β , 2β  and 

3β  axes should be aligned to three orthonormal axes, say, 
x , y  and z  respectively. This is particularly important 
for later extrusion and intersection phases. 
  

( )1,z β  surface in 
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( )1,z β  surface in 

[ ]180 ,360° °  
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surface 
for 
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Fig. 10 ( )1 2β β , ( )2 3β β  and ( )1 3β β  graphics 

  
 In Fig. 10, three graphics, ( )1 2,β β , ( )2 3,β β  and 

( )1 3,β β  function curves are depicted seperately. In the 
next figure, Fig. 11, all of the extrusions are shown: 
( )1 2,β β  curve through 3β  direction, ( )2 3,β β  curve 

through 1β  direction, and ( )1 3,β β  curve through 2β  
direction. Intersection of these surfaces are corresponding 
to all of the constraint equations between 1β , 2β  and 3β  
output angles. Hence, to find the output angles, 1β , 2β  
and 3β , we simply intersect these surfaces and find the 
intersection curves. Final step is to find the intersection 
points of these curves. This gives all of the real solution of 
the output angles. Examples of these curves are depicted 
in Fig. 12. In this figure, two real solutions of { }1 2 3, ,β β β  
set are shown. To measure the curve intersection points 
precisely, it may be choosed to project the curves onto 
orthonormal planes. In this figure, spatial curves are 
shown as light (gray) lines while projection curves are 
shown as solid (black) lines. 
 
 

 
Fig. 11 Intersection of all surfaces 

 

 
Fig. 12 Determination of { }1 2 3, ,β β β solution set. 

(Intersection points are real solutions). 
 

4. Algorithm Summary 
  
 All steps of the geometric algorithm presented in this 
study are summarized as follows. 
 
1. Draw 1B  centered circle on Oyz  plane with radius 1b  

2. Draw a helix using 1B  centered circle with height h 

( )1h kβ= , starting at 1 0β =  

3. Draw a circle at start point of helix with radius 1c  
4. Sweep circle at step 3 along helix 
5. Draw a circle centered at 2B  with radius 2b  
6. Divide this circle horizontally as sectors I and II 
7. Extrude two semi-circles with height h  
8. Intersect sweep surface and cylindrical surface 
9. Project intersection curves onto Oxz  plane. This is  

( )1,z β  curve 

10. Draw a 2B centered circle on Oxz plane with radius 

2b  

11. Draw a helix using  2B centered circle with height h  

starting at 2 0β =  

12. Project this helix onto Oyz  plane. This is ( )2,z β

curve 
13. Divide this projection into two equal parts horizontally 

as sectors I and II 

Extrusion through 2β  

Extrusion 
through 3β  

Extrusion 
through 1β  

Intersection curves 
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14. Extrude two projections curves at steps 9 and 13 at 
normal directions 

15. Intersect these surfaces (sector-I to sector-I, sector-II 
to sector-II) and find intersection curves 

16. Project intersection curves to Oxy , i.e. 1 2Oβ β  plane. 

This is  ( )1 2β β  curve 

17. Repeat steps 1 to 16 for ( )2 3,B β and ( )1 3,β β  curves 

18. Locate curves in step 17 onto Oxzy  orthonormal 

frame as 1 2 3Oβ β β  frame 
19. Extrude curves at normal direction 
20. Find intersection curves 
21. Intersection points are real values of 1β , 2β  and 3β  
22. End of algorithm 

5. Numerical Example 
  
 In this chapter an example of 3-RRR PPM is given. 
Solutions of symbolic mathematics and our new 
geometric algorithm are compared. Derived equations in 
synbolic calculations are not shown here. 
 
 Fixed joint coordinates:  

{ } { }
{ }
0,0 ; 189.47984832, 4.68181258 ;

69.43343935,164.92131724

= =

=
1 2

3

A A

A
 

Link-lengths: 
{ }54.33090895,57.31187516,56.62564401ia =  

{ }54.54511354,55.42961639,53.37896397ib =  
Platform sides: 

{ }55.45460812,54.93874320,54.64359803ic =  
Input angles: 

{ }69.82673067 ,183.21503093 ,329.64333374iα = ° ° °  
 
Symbolic mathematics solution of the output angles: 
 (software: MATLAB) 

1

2

3

37.595447152133296 349.5363049912351
141.9167496035696 96.851869082010879
268.1608246503477 232.2260540089448

i

i

i

β
β
β

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎩ ⎭

 

 
Our novel geometric algorithm solutions (average values): 
(software: SolidWorks) 
First solution set: 

( )
( )
( )

37.59579624 % error: 9.29 4
141.917084285 % error: 2.36 4
268.160537305 % error: 1.07 4

i

E
E

E
β

° − −⎧ ⎫
⎪ ⎪= ° − −⎨ ⎬
⎪ ⎪° −⎩ ⎭  

 

Second solution set: 
( )

( )
( )

349.536282365 % error: 6.47E 6
96.85188306 % error: 1.44E 5
96.85188306 % error: 6.62E 5

iβ
° −⎧ ⎫

⎪ ⎪= ° − −⎨ ⎬
⎪ ⎪° −⎩ ⎭  

Note: error numbers inside parentheses are deviations 
from Matlab solutions. 
 All modern CAD softwares use spline in curve (and 
surface) modelling. Unlike algebraic functions, spline 
interpolations are determined piecewise by polynomials 
and therefore they have some unevitable errors.  
 
6. Conclusion 
 
 The purpose of this paper is to solve direct task 
kinematic analysis problem of 3-RRR PPMs in a pure 
geometrical way. This novel algorithm needs no objective 
function derivation, no exhaustive symbolic mathematics 
manipulations or even no any calculations. It needs only 
some basic CAD modelling commands, e.g. extrude, 
sweep, intersect, etc., of a standard CAD modeller which 
is now very common in design offices. In Chapter 5, a 
numerical example is given, and the solutions show that 
there is a small deviation from Matlab solution. This 
difference comes from spline algorithms which are built-
in in CAD software. But, these deviations are so small 
that, except extremely high precision industries, solutions 
are fairly enough for most applications. It is thought that 
this intuitive geometric method can play an important role 
in attracting the attention of some industrial/mechanical 
designers who have limited mathematical skills but 
willing to solve parallel robot kinematics problems. 
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1. Introduction 
 
 This work studies a problem o
optimization synthesis of a Watt I six-
in accordance with a given law of cou
The considered linkage has a working p
which is connected to the input link (c
linkage (Fig. 1) has an input link 1 (A
link 4 (CGH) whose coupler point 
trajectory σ. 
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shown (see Fig. 1): μ1 and μ2 – transmi
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2. Statement of the synthesis task 
 
 It is required to synthesize
generator, whose H coupler point woul
best way the given motion on curve σ
synthesis consists in defining all c
values of the six-bar linkage kinematic
1). All constant parameters of the linka
fixed, calculated and free. 
 Fixed parameters. In case 
statement of synthesis problem, this gr
includes only four dimensions: h1, h2, 
sign of the first BDE dyad assembly co
parameters set the base ABDE fou
practical tasks often it happens that po
fixed (e.g. it is irrational to chang
arrangement within the machine frame)
yA coordinates also can be added to fix
non-cyclic mechanisms the value o
additional fixed parameter. 
 Calculated parameters. This g
following parameters: xA, yA, xE, yE, λ
b4, h5 and α0. Moreover, the synth
definition of a sign r2 of the second CG
Thus, the total number of calculated p
general statement of the synthesis prob
a sign r2. Calculated parameters are d
stages, six parameters – by formula, ana
numerical solving of the equation of th
other required parameters are varied, i.e
in accordance a special interactive comp
 Free parameters. These param
a sign ν1 showing the direction of input 
 The main condition of synthesi
H coupler point of the synthesize
reproduce the required movement al
estimate the quality of the implemented
maximum deviation δmax from the given
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 In order to reduce the search zo
of practical use, the maximum limit de
given and only those synthesized mecha
for which δmax ≤ (δmax)lim is valid. 
 Additional conditions of synth
by the following inequalities: 
 

(b1)min ≤ b1 ≤ (b1)max; 
(b2)min ≤ b2 ≤ (b2)max; 

(xA)min ≤ xA ≤ (xA)max;   (yA)min ≤ yA ≤
(x4H)min ≤ x4H ≤ (x4H)max;  (y4H)min ≤ y4H
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 The system (9) was reduced t
the ninth order in parameter b1 [1]. 
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of equation roots. Then the roots are fo
b4, xA and yA are defined by formula una
 For numerical search of varied
in a synthesis algorithm an original int
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 To estimate the synthesis qua
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Fig. 4: Motion of couplers CH
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with the following restrictions (3), (5) and (6) considered. 
A special color scale is used; dark shades show the 
restrictions failed while light zones show the availability 
of a synthesis problem solution. The histogram is filled up 
dynamically, also being an indicator of the second stage 
synthesis process. 
 When the scanning is over, i.e., when the whole 
field of the histogram is filled with cells of corresponding 
colors, the program automatically finds and marks on the 
screen all available local minima of the function 
δmax = δmax(α0, θ). For any of the local minima found by 
the program the user can interactively carry out the 
following actions: 

 to start a new ASC process that on special 
algorithm narrows borders of scanning area and decreases 
the scanning step of parameters automatically. In result 
the solution is specified down to required accuracy for 
parameters α0 and θ; 

 to compare the received trajectory of the H coupler 
point of the synthesized mechanism with the preset 
trajectory; 

 to examine the animated kinematic diagram of the 
synthesized linkage, to estimate its configuration, 
dimensions, etc.; 

 to save the successful solution in the database of 
the synthesized mechanisms or to exclude the 
unsuccessful solution found by the program. 
 
5. Example of six-bar path generator synthesis 
 
 Example 1. The coupler point H is required to 
reproduce uniform straight-line motion, length is 300 mm; 
Φ = 120°; N = 31, v1 = 1; μ lim = 45°; (δmax) lim = 0,5 mm. 
 The base ABDE four-bar linkage has the 
following parameters: AB = h1 = 150 mm, BD = h2 = 450 
mm, DE = h3 = 300 mm, AE = 500 mm. This linkage has 
μ1ext = 50.98°. 
 The first stage of synthesis has yielded only one 
solution: b1 = AC = 75,4867 mm; b4= CH = 633,293 mm; 
xA = 150 mm; yA = 557,805 mm. At the second stage of 
synthesis a number of solutions meeting given conditions 
have been received. The results of synthesis for two 
variants of mechanisms are presented in the Table.  
 Example 2. The working point of a thread-
spreading mechanism of winding machine is required to 
uniformly trace a circular arc with radius R = 236,01 mm 
and the center at the origin of the coordinates (a real 
problem in textile industry). Angular stroke of this arc is 
64°; Φ = 128°; N = 33, ν1 = 1; μ lim = 45°; (δmax)lim = 0,5 
mm. 
 The base ABDE four-bar linkage has the 
following parameters: AB = h1 = 150 mm, BD = h2 = 600 

mm, DE = h3 = 300 mm, AE = 700 mm. This linkage has 
μ1ext = 54.12°. 
 

Table 1: Parameters of synthesized linkages (mm) 

Parameters Straight-line generators Arc generators 
LINE1 LINE4 ARC06 ARC22 

xE  –171,39 619,846 1075,64 850,63 
yE  940,827 728,815 53,1694 1416,02 

λ1=<BAC 380° 370° 56° –2,75° 
λ2=<DBF 345° 345° 300° 35° 

b2=BF  490 490 590 320 
h4=CG  186,794 170,097 411,256 181,408 

λ4=<GCH 170,468° –113,01° –43,109° 139,036° 
h5=FG  404,256 383,699 584,404 361,456 

α0  10° 51,32° 275° 333,75° 
r1 –1 +1 +1 –1 
r2 +1 –1 –1 +1 

δmax 0,4628 0,4487 0,3635 0,3737 
μ2ext 45,15° 47,25° 52,21° 45,74° 

 
 The first stage of synthesis has yielded only one 
solution: b1 = AC = 98,718 mm; b4 = CH = 1175,83 mm; 
xA = 1075,64 mm; yA = 753,169 mm. At the second stage 
of synthesis a number of solutions meeting given 
conditions have been received. Results of synthesis for 
two variants of mechanisms are presented in the Table. 
Kinematic diagram of one mechanism is shown in Fig. 7. 

Fig. 7: Watt I circular arc generator ARC06 
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Abstract 
In this paper the effects of earthquakes on the operation of 
mechanical systems has been investigated experimentally with 
the help of Capaman (Cassino Parallel Manipulator) which is a 
3 DOF robot that can simulate 3D earthquake motion properly. 
The sensitivity of the operation characteristics of machinery to 
earthquake disturbance is identified and characterized. 
Experimental tests have been carried out by using a slider-crank 
linkage and LARM hand as a test-bed mechanisms. Results are 
reported and discussed  to show characteristic seismic effects on 
mechanism operations. 
 
Keywords: Experimental mechanics, simulation, 
mechanisms, earthquake effects 
  
 
1. Introduction 
 
 In the last decade parallel manipulators have been 
proposed for new application areas because of their better 
characteristics such as higher stiffness, velocity and 
acceleration motion, and payload capacity, with respect to 
those of serial manipulators. In this work these properties 
of parallel manipulators have been used to investigate 
experimentally the effects of earthquakes on the operation 
of mechanical systems by the help of Capaman (Cassino 
Parallel Manipulator), which is a 3 DOF robot designed in 
1997,[1].  
 For investigating the earthquake characteristics and 
earthquake resistant constructions, earthquake simulators 
are commonly used for experimental tests in the field of 
Civil Engineering. It is important to have earthquake 
simulators that can reproduce earthquakes with main and 
real characteristics. Generally, most of the earthquake 
simulators are shaking tables, which are actuated by 
hydraulic actuators fixed on the base. High payload 
capacity, high motion speeds, and high accelerations are 
the main characteristics of the shaking tables, but they 
refer to seismic translational motions only. 
 A new earthquake simulator is a suitable application 
of CaPaMan which can simulate not only translational 

motion but also 3-D waving motions of earthquakes. 
Performances and suitable formulation for the operation 
of CaPaMan as earthquake simulator have been presented 
by theoretical investigations and experimental validations 
in [2- 5]. In fact, the operation of CaPaMan can be easily 
adjusted to obtain any kind of earthquake in terms of 
magnitude, frequency and duration by giving suitable 
input motion 
.  A novel field of interest can be recognized in 
investigating the effects of earthquake motion on the 
operation of machinery. Although vibrations and their 
isolations are well known as affecting the machinery 
operation, the specific characteristics of earthquake 
actions on machinery are not yet fully explored. 
 In this paper the effects of earthquake on the 
operation of mechanical systems have been investigated 
by an analysis and reproduction of an earthquake motion. 
This paper illustrates a specific activity that has been 
focused in determining experimentally the effects of 
earthquake motion on mechanism operation by looking at 
the changes in the motion (acceleration) or force outputs 
of the mechanisms. Experimental tests have been carried 
out by using a slider-crank linkage as a test-bed 
mechanism for standard machinery and LARM hand as 
representing robotic systems. 
 
2. Earthquake Motion Characteristics 
 
 A sudden and sometimes catastrophic movement of a 
part of the surface of the Earth is called an earthquake 
which results from the dynamic release of elastic strain 
energy that radiates seismic waves. Large earthquakes can 
cause serious destruction and massive loss of life through 
a variety of types of damage such as fault rupture, 
vibratory ground motion, inundation, various kinds of 
permanent ground failure, and fire or a release of 
hazardous materials, but even buildings/constructions 
collapses and vehicles/machinery operation crashes. 
Ground motion is the dominant and most widespread 
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cause of damages. [6] 
 In Turkey seismic activities occurs due to the place of 
the country between continents. According to the 
earthquake regions map for Turkey in Fig.1 92 % of the 
country is in the risky region of earthquake, and 95% of 
the population in Turkey is under the danger of 
earthquake. 
 

 
Fig.1. Earthquake Regions Map of Turkey. [8] 

  
In general an earthquake has three phases such as an 
initial phase, which corresponds to the beginning of the 
seismic motion, an intermediate phase where the 
maximum acceleration peaks and displacements occur and 
a final phase representing the end of the earthquake. Main 
characteristics of an earthquake are frequency, amplitude 
and acceleration magnitude, since the resonance of a 
system is determined by frequency value, duration of the 
stress action due to a seismic motion, amplitude and 
acceleration magnitude of an earthquake 

The period of a seismic cycle and characteristic 
length for each seismic wave must be identified to define 
the seismic motion. As mentioned in Fig.2, [5]; main 
types of seismic waves can be considered as: the 
compression expansion waves P, transversal waves S, and 
superficial waves M. They can be classified by referring 
to the spread speed and terrain movements. S waves are 
transversal waves and the usual period of the S waves are 
between 0.5 and 1 second. The P waves spread through a 
spring-like-motion with a typical period between 0.1 and 
0.2 second. Both P and S waves occur close to the 
epicenter. Unlike P and S waves, M waves occur on the 
surface of the terrain at a considerable distance from the 
epicenter of the earthquake and usually they have a period 
from 20 second to 1 minute. In Fig. 2c main difference 
among the seismic waves is represented in terms of 
acceleration magnitude and characteristic period of 
oscillating motion which is responsible of a periodical 
excitation of structures that can be damaged when 
resonance situation occurs. 

 
a)  

b) 

 
c) 

Fig. 2. Basic characteristics of seismic waves:  
a) compression and expansion waves; b) transversal 

waves; c) types of seismograms. [5] 
 

 Usually, critical resonant motion is analyzed in terms 
of translational seismic components, but even angular 
motion can strongly contribute to the resonant excitation. 
Thus unlike most of the simulators where the 3D motion 
of the terrain due to earthquake waves has not been taken 
into account in this paper 3D motion capability of 
CaPaMan parallel manipulator have been used to simulate 
earthquake motion with its full motion effects 
 
3. Mechanism Operation 

 
As mentioned in the terminology of IFToMM [9] a 

machine is a “mechanical system that performs a specific 
task, such as the forming of material, and the transference 
and transformation of motion and force.” and mechanism 
is defined as a “constrained system of bodies designed to 
convert motions of, and forces on, one or several bodies 
into motions of, and forces on, the remaining bodies”. 
Mechanisms, which can be considered the core parts for 
machines are combination of gears, cams, linkages, 
springs, and etc.  

A sequence for the operation of mechanisms is input, 
task and output. Task and output of mechanisms can differ 
with respect to desired results. These desired results are 
task goals for mechanisms, which can be classified as 
function generation, point guidance and body guidance, 
[7]. Function generation is the coordination of positions of 
the input and output links, in which the output members 
need to rotate, oscillate or reciprocate to a specified 
function of time or input motion. Path generation is the 
design of mechanism for guiding a coupler point along a 
described path. Rigid body guidance is the problem of 
translation and/or orientation of a rigid body from one 
position to another.  

Considerations in designing of the mechanisms for 
those and other tasks are related to characteristics of 
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operation such as, general operation performance, 
repeatability of operation frequency, efficiency, reliability, 
precision and accuracy. Also vibrations that can occur 
during the operation been considered and some isolation is 
applied to machine basements. 

Machinery operations are usually aimed to perform 
motions and actions with the task performance that are 
related to the machinery aim and also interaction with 
users and environments. The machinery aim can be in 
general understand described by mechanical properties 
whose performance indices ace be studied in term of 
motion characteristics and action transmission with 
efficiency features both from kinematical and energy view 
points. Machinery interactions can be understood as 
related to the effects toward the surrounding environment 
and mainly as from the viewpoint of human-machine 
interactions. Those last features will include issues on 
comfort and safety that can make strong constraints to 
machinery operations with limited range of feasible 
operations. Summarizing, machinery operations can be 
described and characterized by performance indices which 
can be formulated for general but specific aspects that 
permit both design procedures towards optimal solutions 
and experimental control/monitoring of successful 
operation. Special attention is today addressed to safety as 
interaction with human users, even when using a machine 
under critical, risky situations which can be characterized 
by impact, high accelerations or changed operation 
outputs. Also efficiency in force transmission and energy 
consumption is of great importance in modern machinery. 

 Unfortunately in general the effects of earthquakes 
are neglected during machine design. The difficulty to 
determine results of the effects of the earthquakes is due 
to the different types of totally ramdom waves caused by 
them, as mentioned in section 2. 

An illustrative example for machinery operation can 
be given as referring to the running of a train. Input for 
trains is the action of actuators for wheel motion. Task for 
the train is the body guidance of the train and the output is 
a stable motion with the features comfort, safety, 
efficiency and reliability. A general operation 
performance of the train is related to vibrations which 
effect also comfort. Characteristics of train motions are 
strongly affected by actions on machinery operations. 
Comfort in train task is felt by human users mainly in 
terms of acceleration of the train cars. But this task 
efficiency is a result from the transmission of motions and 
forces from the mechanism for the wheel actuation and 
car guidance in relative motion during the run. Those 
characteristics are demanded in more robust outputs in 
faster trains. And any disturbance can produce not only 
uncomfortable operation, but even risks of disasters in 
train run. 

For a mechanism it is necessary to have a fixed 
reference for defining the motion. Usually ground is taken 
as the reference for machines and manipulators. When an 
earthquake occurs these fixed link starts to move and 
applies force acting on the machines or manipulators. The 
effect of these unexpected random forces and motions on 
machines must be investigated to see the unexpected 
changes of the outputs. This knowledge can give useful 
feedback for the design of machines that usually are not 
affected by earthquakes. 

Bench-tests are made in this work by using a slider 
crank mechanism which can represent the work of 
industrial machinery and LARM to model the effect of 
earthquake to robotics and advanced systems. These 
systems are selected due to their easy-operation property 
and the output task goal can be clearly defined. 

 

 
Fig. 3. A test-bed slider-crank mechanism at LARM: an 

experimental set up with accelerometer on the slider. 
 

The slider-crank mechanism in Fig.3 is often used to 
convert rotary motion into alternating linear motion or 
vice versa. A slider-crank kinematic chain consists of four 
bodies that are linked with three revolute joints and one 
prismatic joint.  

Four different mechanisms or inversions of this 
kinematic chain are possible depending on which body is 
grounded, namely the crank, connecting link, sliding link 
or slot link. One of the inversions is used in internal 
combustion engines (automobiles, trucks and small 
engines) with application of perhaps a billion engines 
making the slider-crank mechanism one of the most used 
mechanisms in the world today. 
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Fig. 4. Kinematic parameters for a test-bed slider-crank 

mechanism. 
 

In Fig.4 kinematic parameters of slider crank are 
shown as referring to Fig.4 where the length of the 
coupler is 75 mm and length of the crank is 19 mm the 
angular velocity is 43 rpm. Using these parameters 
acceleration equation as output of the slider can be 
calculated as 

 
2r sin 2θ r cos 2θx=-rα sinθ+ -rω cosθ+

2l l
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
&&    (1) 

 
A numerical computation is shown in Fig. 5 which 

shows a nearly harmonic motion.  
 

 
Fig. 5. Numerical accelerations of slider-crank 

mechanism.  
 
Fig. 6 shows the experimental measure of the 

acceleration of the slider as from the case in Fig.3. The 
noise in the experimental measure is due to backlash of 
the components, flexibility of the links and design 
tolerances. Also some noise is caused by environmental 
waves into the frame link. 

  

 
Fig. 6. An experimental measure of the typical 

accelerations of the slider-crank mechanismoperation.with 
crank rotating of 43 rpm. 

 Other peculiar mechanism operation can be 
considered from robotic systems. As test-bed mechanism 
the LARM Hand prototype has been used in this work. 
The LARM Hand shown in Fig.7 is composed of three 
fingers. In particular, a human-like grasping is obtained by 
each finger with one DoF motion by using a suitable 
mechanism, whose design has been obtained through 
cross four-bar linkages to be fitted in the finger body [11]. 
Consequently the grasp can be regulated through a simple 
control by using force sensor signals and an industrial 
small PLC for operation.  
 

 
Fig. 7.  LARM Hand. 

 
 The LARM Hand can be used as a grasping end-
effector in robots and automatic systems. Each finger of 
LARM Hand has 3 joints and 1 actuator. The range of 
motion for the prototype in Fig.7 is 40 deg for finger 
inputs and 140 deg for fingertip links. LARM Hand is 
equipped with 4 force sensors whose sensitivities are from 
1 to 100 N and with a resolution lower than 0.5% of its 
full scale. The dimensions of the finger are 1:1.2 of the 
human finger size and the hand is 110x240x120 mm and 
the size of objects that can be grasped is between 10 to 
100 mm. 
 
4. An Experimental Setup 

 
The CaPaMan prototype is shown in Fig. 8. The 

laboratory test-bed prototype for earthquake simulator 
consists of CaPaMan prototype with sensors, a controller 
for its operation and an acquisition board connected to the 
computer, in order to acquire the components of the linear 
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accelerations occurring along the axes of the reference 
system belonging to the mobile platform. 

 

 
Fig. 8. An experimental setup at LARM with the slider-

crank mechanism. 
 
 Nine accelerometers have been properly installed on 

the faces of three cubes made of plastic at points H(Hx,    
Hy, Hz), P1(P1x, P1y, P1z) and P2(P2y, P2z) and another 
cube has been placed at point P3(P3z), as shown in Fig.9.  

 

 
Fig. 9. A scheme of mobile platform for the 

accelerometers placement on points H, P1, P2, and P3. 
 

The control system scheme layout for Capaman 
manipulator is shown in Fig.10. Data for simulating the 
earthquake is send to the servo motor controller (Scorbot-
ER V) by using the ACL programming language. The 
motors move the mobile platform and by the help of 
accelerometers the acceleration information of the mobile 
platform through the CB-68 LP parallel Port is processed 
and visualized with the LabView software.  
 

 
Fig. 10. Control system layout for CaPaMan as  

earthquake simulator. 
  
The measured accelerations of the point H are the 

linear accelerations of the platform and the measured 
acceleration data from the other accelerometers are used 
to calculate angular accelerations and angular velocities of 
the rigid body by using equations 

 

P3Z HZHY P2Y HX P1X1
X 2

P3Z HZP1X HX HY P2Y1
Y 2

P3Z HZHY P2Y HX P1X1
Z 2

a -aa -a +a -aω =± +
r L

a -aa -a -a -aω =± +
r L

a -aa -a -a -aω =± -
r L

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

         (2) 

 
and  
 

22
P3Z HZP2Z HZ P1X HX HY P2Y

X

22
P3Z HZP1Z HZ HY P2Y HX P1X

Y

2 2
P3Z HZHY P1Y HY HY P1X P2Y

Z

a -aa -a a -a a -a1ω = - -
r 2 r r L

a -aa -a a -a a -a1ω = - -
r 2 r r L
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r 2 r r L
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These equations are derived from the theorem of the 

accelerations of the rigid body by three points [12]. By 
observing the first motion of the platform the sign of 
initial angular velocity is, determined and then following 
velocities are used with respect to that. 
 
5. Experimental Tests and Effect Evaluation 
 

Effects of seismic motion on mechanism operations 
and robotic applications have been investigated by using a 
slider-crank mechanism and LARM Hand. 3D 
earthquakes are applied to slider-crank mechanism when 
the slider of the mechanism is situated vertical, horizontal 
and inclined (45 deg) .The speed of the crank is set to 43 
rpm and 26 rpm. The LARM Hand has been tested while 
handling of two different types of materials (wood, 
plastic) when subjected to seismic motion. The 
characteristic phases of the simulated earthquake whose 
frequency is 1.5 Hz is given is given in Table 1.  

 
Table 1. The characteristics of simulated earthquake 

Tmax Tmin Timax Tfmax No. of 
oscillations 

Total 
time 

60msec 60msec 30msec 30msec 20 13sec 
 

An example of measured accelerations data of the 
platform during this earthquake is given in Fig. 11. 

 

 
Fig 11. An example of the measured accelerations of 

CaPaMan during earthquake simulation. 
  

Using the measurement data taken from the 
accelerometers, angular accelerations and angular 
velocities of the platform are calculated by using equation 
sets 2 and 3. Maximum values of linear acceleration 

angular velocities and angular accelerations of the 
platform for three axes are listed in Table 2. 
 

Table 2. Numerical characteristics of the simulated 3D 
earthquake 

axis aHmax 
 [m/s2] 

ωmax 
[rad/s] 

ώmax 
[rad/s2] 

X 4.99 10.92 116.02 
Y 12.85 7.96 253.60 
Z 3.02 7.08 264.78 

 
The static situation represents the case when the 

motor of the slider-crank linkage mechanism runs at 
constant speed, and there is no motion of CaPaMan. 
Results of the data acquisition from the sensor on the 
slider during static condition for crank velocity wcrank=41 
rpm are reported in Fig 6 and for the case with 26. They 
are shown in Fig.12. 

 

 
Fig. 12.  The measured acceleration of the slider during 

static condition with crank rotating at 26 rpm. 
 

When the slider-crank is subjected to an earthquake 
motion the acceleration of the slider is altered to the 
measured acceleration shown in Fig.13 
 

 
a) 

 
b) 

Fig.13. The measured acceleration of the slider moving 
vertical during a simulated earthquake: 
 a) wcrank =43rpm; b) wcrank= 26 rpm. 
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From Fig.13 the slider acceleration is observed as it 
changed. Details of these changes are visible from Fig.14 
to Fig 16 with views of slider acceleration between 5.0 
and 10.0 seconds of earthquake motion when the seismic 
accelerations are at maximum.  

 

 
a) 

 
b) 

Fig. 14.  The measured acceleration of the slider while 
moving vertical during a simulated earthquake: 

a) wcrank=43rpm; b) wcrank=26 rpm. 
 

 
a)  

 
b) 

Fig. 15.  The measured acceleration of the slider while 
moving horizontal during a simulated earthquake: 

a)wcrank =43rpm; b) wcrank= 26 rpm. 

 
a) 

 
b) 

Fig. 16. The acceleration of the slider while moving 
inclined during a simulated earthquake:  

a)wcrank =43rpm; b) wcrank= 26 rpm. 
 

It is observed from the Figures 14-16 that the shape 
and amplitude of the acceleration of the slider during a 
simulated earthquake are strongly changed in addition 
oscillations of the slider acceleration are also vanished. 
Zoomed views with plot comparison are reported in 
Fig.17. 
 

 
Fig.17. The measured accelerations of the slider while 
moving vertical: during static condition (plain line), 

during a simulated earthquake (dashed line),  
wcrank =43rpm 

 
The numerical effects of the earthquake motion are shown 
in table 3. As referring to aSmax which is the maximum 
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acceleration of the slider and aSmin which is the minimum 
acceleration of the slider. 
 

Table 3. Numerical results of slider acceleration during 
simulated earthquake in Fig.s 14-16 

Position of 
the slider 

during 
earthquake 

Speed of crank 
43 rpm 26 rpm 

aSmax 
m/s2 

aSmin 
m/s2 

aSmax 
m/s2 

aSmax 
m/s2 

Horizontal 4.17 -4.65 5.13 -4.96 
Vertical 3.52 -2.38 4.08 -2.22 
Inclined 3.68 -3.33 3.57 -3.11 
Static 0.45 -0.71 0.31 -0.50 

 
It seems the slider acceleration is fully disturbed by the 
earthquake effects. Considering the different speeds of the 
mechanism the slower one is more affected with respect to 
its lower static acceleration values.  

Seismic disturbance on robotic applications has been 
investigated experimentally on the LARM hand.  

 

 
Fig.18. An experimental setup with LARM Hand 
 
In Tables 3 and 4 the forces acting to the materials 

during static condition and during earthquake are given 
and in Fig.19 the force data of the grippers are shown 
during a simulated earthquake. From the  Tables 3 and 4 
and Fig.19. the force on the gripper fingers have an 
oscillatory motion during the earthquake and there is an 
obvious change at the end. These results show that during 
an earthquake characteristic for the manipulator such as 
output (force), repeatability of the operation frequency 
and efficiency, and the reliability of the process (precision 
accuracy) are affected. For the LARM Hand the holding 
force on the fingers decreases and if the force exceeds the 
force needed to handle the block it can cause to the 
slipping of material. 

Table 4.  The grasping forces of a wood cylinder of 
LARM Hand 

 F1[N] F2[N] F3[N] F4[N]
Static 1.5 7.7 7.2 4.3 
Initial  5.4 7.7 7.7 5.3 
Final  5.5 7.7 7.8 5.6 

Minimum 4.2 6.6 7.2 4.7 
 
 

Table 5.  The grasping forces of a wood cylinder of 
LARM Hand 

 F1[N] F2[N] F3[N] F4[N]
Static 2.9 7.1 5.7 2.2 

Initial  5.1 7.6 7.6 4.5 

Final  5.3 7.4 7.4 4.6 

Minimum 3.6 6.3 6.5 3.3 
 

 
a) 

 
b) 

Fig. 19.  The grasping forces by LARM Hand during a 
simulated earthquake on: a) wood cylinder; b) plastic 

cylinder. 
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6. Conclusions 
  
 In this paper with the help of CaPaMan the effects of 
earthquakes on the operation of mechanical systems have 
been investigated experimentally. The sensitivity of the 
operation characteristics of machinery to earthquake 
disturbance is characterized in terms of acceleration 
response of output of machinery operation. Experimental 
tests have been carried out by using a slider-crank linkage 
with slider in horizontal, vertical and inclined positions 
with different crank speeds and by using the LARM hand 
while handling object of two types of materials such as 
wood and plastic. The results show that an earthquake will 
surely effect the acceleration of the mechanism operation 
both in shape and amplitude of the output motion of 
grasping. During a seismic disturbance applied to the 
LARM Hand the decreasing holding force on the fingers 
of the hand is observed towards to slipping of object. 
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Abstract 
The article is about a mathematical model that takes into 
account the impact of the oscillation frequency driving the 
mechanical system for the torsion stiffness of the couplings. In 
the frame of this model, there got dependence of the definition of 
static and dynamic torsion stiffness of elastic couplings. It was 
found that coupling decreases with increasing oscillation 
frequency of the applied torque value of dynamic stiffness. This 
phenomenon is forming practical interest for the vibration 
frequencies of the load less than the natural frequencies of 
vibration couplings. 
 
Keywords: coupling, dynamical torsion stiffness of coupling, 
dynamical vibration frequency, discontinuity. 
 
 
1. Introduction 
 

Reliability, productivity and quality of the work of 

machines and mechanisms are closely connected with 

dynamical properties of the driving system. In its turn, 

dynamical property of the driving system of machines and 

aggregates are characterized, first, in hardness of the 

composition elements, in particular, connecting couplings 

[2,3,4]. Such as the driving couplings work on the torsion, 

from the dynamical point of view, it presents interest to 

study the torsion stiffness of couplings. 

In the available literature [2,4] and the standards [5]  

the static (СМ or  СMst   Nm/rad)  and dynamical (СМdin, 

Nm/rad) stiffness on the torsion are distinguished. Hence, 

it is shown that dynamical hardness usually is more than 

static stiffness (СМdin >СМ).  Static stiffness of couplings 

on the torsion is determined depending on transmission 

moment (M) and from the relative twisting angle of half- 

coupling (φ) in the following form (Fig.1): 

ϕ
ϕ

d
dM

C el
M

)(
=                             (1) 

 
Figure1: Static and dynamical characteristic of the torsion 
stiffness of coupling with armoring. 
 

It is known that joining shafts of the driving gears 

usually have different misalignment of assemblage (radial, 

axial and angle). In this case static stiffness cannot 

characterize completely dynamical characteristics of 

coupling. That’s why, dynamical stiffness is determined 

by the following way: 

ϕ
ϕ

d
dM

C din
Mdin

)(
=                            (2) 



 

Proceed

 

 

We remark that for the small angles of

is accepted in the following form: CM =

or in the common accepted form CM =

As evident from equation (1) an

cases torsion stiffness of couplings

function of the twisting angle of half

other hand, it is known us that on the 

couplings exerts essential influence o

loading, temperature, vibration frequ

Among enumerating facts special inte

influence of vibration frequency of the t

on the dynamical stiffness of coupling.  
 

2. Mathematical model. 
For the researching of the inf

vibration frequency on the dynamical v

we present the calculating model of cou

of hard disc (half- coupling),inter-join

(Fig.2) such as different constructions o

(Fig.3) are accordingly aforesaid affirm

work. 

Fig.2. Calculation plan of the joint

moment of resistance). 
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The equation of the bend of elastic rod has a form 

x
z

∂
∂

=
θε ;       

x
f

∂
∂

−=θ ;      0=
∂
∂

x
Q ;   0=

∂
∂

−
x

MQ ;    

2

2

x
fEI

x
EIM

∂
∂

−=
∂
∂

=
θ        (4) 

With 0=x ; 0=f  and  0=
∂
∂

x
f  

With lx = ; 0=
∂
∂
x
f  and  T

x
fEI −=

∂
∂

3

3
   

Where ε - the deformation arbitrary point of rod along 

axial x, z – cross coordinate, θ - the turn corner of the rod 

on account of flexure, f- deflection, Q- the cutting force of 

rod, M- torque moment, I-moment mechanically section 

rod, E- coefficient of elasticity of the material of the 

elastic element of coupling (rod).  

Let’s determine the flexure of the rod ( )lff
lx

=
=

. 

The equation (4) we change in the following way. 

TQ = ; 03

3
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From the limits condition follow that: 02 =c ; 03 =c  

0
2
1

1
2 =+ lcl ;      from here   lc

2
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1 −= . 

Then  

⎟
⎠
⎞

⎜
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⎛ −−= 23

4
1

6
1 lxx

EI
Tf ;    ( ) Rl

EI
Tlf ϕ≈⋅⋅=

12
13         

(6) 

Found constant defines the turn corner of half- coupling or 

twisting corner of coupling such as ( ) Rlf ϕ= (where R-

radius of circle in which is disposed the rods. 

Let’s determine the dependence of the cutting force T- 

from transmitted coupling of torque moment МM . Let’s 

present МM  in the following form TRnM M ⋅⋅= , where 

n-number of rods. 

Then taking into account (3) we receive: 

RMC
nR

Ml
EI

R MM
M 131

12
1 −=⋅=ϕ     or  

2
31 1

12
11

nR
l

EI
CM ⋅⋅⋅=−                              (7) 

Thus, the offered model helps within the bounds 

determined the static stiffness of coupling. 

For the determining of dynamical stiffness of 

coupling, by using the offered approach we consider the 

bending vibrations of elastic rod. Then instead of equation 

(4) we have 

x
z

∂
∂

=
θε ;       

x
f

∂
∂

−=θ ;      02

2

=
∂
∂

−
∂
∂ F

t
f

x
Q ρ ;    

0=
∂

∂
−

x
MQ ;    

2

2

x
fEIM

∂
∂

−=                 (8) 

Where ρ -the material density of elastic element of 

coupling (rod). 

with      0=x ; 0=f  and   0=
∂
∂
x
f  

with lx = ; 0=
∂
∂
x
f  and  TQ =    

Let’s determine ( )lf . In the majority of cases the 

torque moment of the driving system is changed from 

time to time according to the sinusoidal law, i.e. 

tMM MM ωsin= (for one harmony) [2]:, where ω -the 

vibration frequency of the transmitted moment. 

Then, accordingly torque moment in coupling the cutting 

force to the rod is determined with the following 

expression: tTT ωsin= . Then  

( ) 2

2
2 ;   ; 01

dx
fd-EI  M

dx
dMQfF

dx
Qd

===−− ωρ     (9) 

with x=0       0=f  ;      0=
dx
fd  

with lx =      0=
dx
fd         TQ =  

Where Q , T  and  f - according to the amplitude of cross 

force, cutting force and the deflection of elastic rod. Such 

as the loading of coupling is changed for the sinusoidal 
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law, between enumerating parameters and their amplitude 

values have sinusoidal dependence, for tff ωsin=  and so 

on. 

The equation for the determining of amplitude of 

deflection f  has the following form. 

        02
4

4

=− ωρ fF
dx

fdEI      or            04
4

4

=− γf
dx

fd  ; 

Where 
EI
F 2

4 ωργ =  is given for the comfort of 

calculating designation, 

with 0=x ;        0=f      and         0=
dx
fd  

with lx =  ;       
dx
fd =0      and       T

dx
fdEI −=3

3
 

                           

The decision of this equation we take in the following 

form [1]: 

xcxcxchcxshcf γγγγ cossin 4321 +++=                      (10) 
  

   The equation received for the determining of amplitude 

of the deflection of elastic rod present the differential 

equation of fourth order with constant coefficient. 

For determining of constant integration ic (i=1, 2, 3, 

4) we decide the following line of algebraic equation: 

042 =+ cc ;             031 =+ cc ; 

34321

4321

1sincos

0sincos

γ
γγγγ

γγγγ

⋅−=+−+

=−++

EI
Tlclclshclchc

lclclshclchc
   

(11) 
Thus  

( ) ( )[

( ) ( )]lchlxllshx

lchlxchllshxsh
EI
Tf

γγγγγγ

γγγγγγ
γ

−−+−

−−++
Δ

−=

coscossinsin

cossin11
3  (12) 

where 

( )( ) ( )( )lchlllshllshllch γγγγγγγγ −−+++=Δ cossinsincos  

Then unknown quantity of constant amplitude of the 

deflection at the end of elastic rod after simplification is 

determined with equation: 

( )
llshllch

llch
EI
Tlf

γγγγ
γγ

γ cossin
1cos1

3 ⋅+⋅
+⋅−

=                      (13) 

 

Taking into account that 

( ) Rlf ϕ=  ;         tωϕϕ sin=       and          

tMM MM ωsin=  

We get: 

( )

RM
C

M
nR

llshllch
llch

EI
Rlf

n
Mdin

n ⋅=×

×
⋅+⋅

⋅−
==

11
cossin

cos111
3 γγγγ

γγ
γ

ϕ
       (14) 

From this equation we determine the dynamical stiffness 

of coupling. 

llch
llshllchnREIC dinM γγ

γγγγγ
cos1

cossin23

⋅−
⋅+⋅

=             (15) 

3
2 12

l
EInRCM =                                                  (16) 

From the expression (14) follow that about  0=Δ  it has 

peculiarity. In other words, in this case the value of the 

deflection of elastic rod for the own characteristic 

vibrations is growing sharply. From condition 0=Δ follow 

that 

0cossin 0000 =⋅+⋅ llshllch γγγγ ;           lthltg 00 γγ −=  

The last affirmative root of this equation we indicate byα
. 

Then 

44
2

αωρ
=l

EI
F ;      

F
EI

l ρ
αω 2

2

0 =                      

where 0ω – the frequency of characteristic vibrations  of 

elastic element of coupling (rod). 

2
0

424
2

44 1
ω

αωωργ == l
EI
Fl ;       

0ω
ωαγ ⋅=l  
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We note that the constant MdinC  has not got peculiarity, it 

presents the finite quantity, such as: 

0cos1 ≠⋅− llch γγ     with       0≠lγ  

We change MdinC with a bit accounting lγ . Then, 

MstMdin C
ll

llnREIC ≈
⋅−

⋅−
=

002,0
6
1

6
1

03,022
4844

55
23

γγ

γγγ              

(17) 

For the determining of stiffness by parameters of coupling 

(in particular the vibration frequency) we take the ratio of 

stiffness: 
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  (18) 

In this equation the value α  is determined from the 

following condition: 

0=+ αα thtg         with           
2
πα > . 

Now, in accordance with equation (18) we can draw the 

graph dependence from the stretch coefficient 
Mst

Mdin

C
C  of 

the correlation vibration frequency of system 
0ω

ω  (Fig. 5). 

With 0
0

⇒
ω
ω

 coefficient of correlation dynamical and 

static stiffness of coupling approach to the unity: 

1⇒
Mst

Mdin

C
C . 

                           

 
Figure 5: The dependence of the ratio of dynamic 

and static stiffness couplings 
Mst

Mdin

C
C  the dimensionless 

coefficient of the oscillation frequency 
0ω

ω  system: a-in 

the range 20
0

≤≤
ω
ω   and b-in the range 100

0

≤≤
ω
ω .  

 

3. Conclusions 
Based on the results obtained for the linear elastic 

model couplings, we can draw the following conclusions:  

1. With increasing frequency of the applied torque 

value of dynamic stiffness coupling decreases. 

2.  From the analysis of the dependence of the dynamic 

stiffness of the frequency of forced oscillations, it 

follows that it has a discontinuity. 
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3.  To specify a dynamic stiffness to the static, you can 

find the frequency load on the coupling. 

4.  From a practical point of view of interest mainly to 

the resonant frequency of vibration load couplings, 

for example, interval 10
0

≤≤
ω
ω . Because after the 

resonant zone ( ∞≤≤
0

0
ω
ω ) dynamic characteristics 

of the couplings have the discontinuities. 
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1. Introduction 
 

One of the main branches of the textile industry is 
weaving where by the textile machinery is being produced 
the variety of cloth from various threads.   

Nowadays has been created the weaving machines 
with continuous cloth formation which are the third stage 
in the development of design of weaving machines. In 
these machines the basic operations of cloth formation - 
the application of shot wives in the wavy pharynx of a 
basis and breaking of shot wives towards the edge of cloth 
is being carried out by the breaking plate that accumulated 
on the shaft in conformity with the certain regular and 
logical process, i.e. cloth formation mechanism.  In the 
process of producing cloth it is necessary to push the basic 
threads regularly with a constant tension in the direction 
from wind to an edge of a cloth and at the same time the 
cloth formed in every cycle should be taken away from an 
edge and to wind on the commodity platen. The analysis 
shows that for producing a qualitative cloth the size of 
winding of cloth and size of pushing of basic threads in 
every cycle should be identical. 

For maintaining of a constant tension and releasing 
of the basic threads in weaving machines are applied 
various mechanisms of a tension and releasing of basis but 
for tapping of cloth in each cycle are applied the 
commodities accepting mechanisms.  Between these 
mechanisms there is a kinematic and power relation.  

One of the basic power conditions is that the brake 
on a shaft of wind should create certain resistance so that 
at a certain tension of threads of the basis not exceeding 
previously specified size, the wind should turn and give a 

necessary portion of a basis in a direction towards a cloth 
edge.  

Various mechanisms of a tension and releasing of 
bases are applied for providing the constant value of 
tension of the basic threads and supplying the required 
length of the basic thread at various diameters of winding 
of a basis on the new one.  The most advanced design of 
the mechanism of a tension and releasing of a basis is the 
regulator of a basis which is applied at continuous cloth 
formation, in a design of many gaped weaving machine of 
type ТММ (fig. 1а). The mechanism works as follows. 

In the process of work of the machine the movement 
from a cross shaft through chain drive is transferred to the 
platen 9 of the variator mechanism. The platen 3 is set in 
motion through the variator belt 2 from which through a 
replaceable gear wheels rotation is transferred to a worm 4 
and to a worm wheel 5. At rotation it will lead through the 
casing satellite gear wheels. The pair of satellite gear 
wheels 6 and 7, connected with gear wheels 8 through a 
subwind gear wheel 9 and a winding gear wheel 10 will 
turn the first wind, and the pair of satellite gear wheels 11 
and 12, connected to a gear wheel 13 through the platen 
14 will turn a subwind gear wheel 15, a winding gear 
wheel 16 and the second wind. 

During the work of the machine in the process of 
operating of a basis the tension increases.  The shaft (is 
absent in drawing) on increasing the tension descends. By 
one lever system the mobile disk 17 moves to the right, 
pulling together disks, and simultaneously by the other 
lever system the mobile disk 18 moves to the right, 
disjointing disks and as a result the variator belt is 
dislocated upwards by the top disks and the speed of 
rotation of the bottom platen 18 increases.  Hereupon the 
wind will turn to a certain corner, the supply of a basis 
will increase, and the increase of tension decreases. If in 
the process of work the   tension of a basis decreases, the 
shaft rises and through the above-stated system the supply 



 

Proceed

 

 

of a basis will decrease, the tension 
design the projecting pin of wind are i
bearings. 

In the process of rotation of wind
pins arises the moment of force of a fr
to self-vibration of wind and therefore t
tension of the basic threads and a
production of a poor-quality cloth. 

 

2. Drawing up of a dynamic mod
of wind of bases and the equation
wind 

Let’s provide the dynamic analys
wind of bases for definition of variable
of the basic threads. With this purpose
dynamic model of wind of bases (fig. 1б

The carried out researches (1) hav
uniform rotation of wind arises becaus
of a tension at front - face fight along 
of the machine. In weaving многозевн
of a break is absent (it is very small in
machines of a front-face break) and fluc
of the basic threads are present. 
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ystem of charging and a drive 
moment of inertia of weight of 
drive details; F1- limiting force 
on of movement (fig. 1). 
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( ) ( )210 FFRtCJ −+−−= ρωρϕρϕ&&  
or   

 ( )210
22 FF

J
Rtpp −+=+ ωϕϕ&&          (3) 

 

where 
J

Cp
2

2 ρ
=  - is a fundamental frequency of 

fluctuation of wind.  
The decision of this equation, satisfying to initial 

conditions (1) looks like 
  

( ) ( )pt
C

FFpR
pt

p
t cos1sin

0

210
0 −

−
+−=

ρω
ω

ωϕ      (4) 

 
The first summand of the right part expresses the 

uniform motion with speed of a leading link, and the other 
summands - are the additional fluctuations of wind.    

The speed of the wind changes under the law 
 

( )
pt

C
FFpR

pt sincos
0

21
00 ωρ

ωωϕ
−

+−=&      (5) 

and during some moment of time it will again turn into 
zero. The conditions for a new stopping of wind lead to 
the equation 

 
( )

0sincos 1
0

21
100 =

−
+− pt

C
FFpR

pt
ωρ

ωω      (6) 

in which 1t  - is the  time from the break-away torque till 
the moment of a new stopping.  

Let's enter dimensionless parameter 
 

( )
0

21
ρω

α
C

FFpR −
=         (7) 

 
Now the condition of stopping of wind will become 
 

1cossin 11 −= ptptα        (8) 
 
After the decision we will find 
 

21
1

2sin
α
α

+
−=pt ;  

21
1

2sin
α
α

+
−=pt      (9) 

 
Modules of the received expressions always are less than 
unit. So from (9) always follows real value 1t .  It is 
possible, having received this value 1t , to define under the 
formula (5) coordinate position ϕ  of the wind at the 

moment of a new stopping, i.e. the way which has been 
passed by the wind during 1t . 

 
( ) ( )

k
t

Kt
C

FFpR
pt

p
t

0
10

1
0

21
1

0
101

2

cos1sin

αω
ω

ωρ
ω

ωϕ

+=

−
−

+−=
 

        (10) 
 Taking into account the expression (9) we will 

find in correlation (2) the moment of a stretching of elastic 
system of charging at the moment of stopping the wind. 

 
( ) ( )RFFtM 121 2 −=      (11) 

From here it is visible, that ( ) RFtM 11 p  (as

12 RFRF p ). Consequently, after stopping the wind will 
remain on a place some time, while the moment of a 
stretching for elastic system of charging will not reach 
again the value of the limiting torque of friction sleep. 

After that there will be a new frustration of the wind 
and there will begin the following cycle completely 
coinciding with the previous one. Thereby, the considered 
process represents stationary fluctuations. Within the time 
the wind is sleeping, the moment of stretching gradually 
increases on size. 

  
( ) ( ) ( )211211 222 FFRRFFFtMRFM −=−−=−=Δ (12 

 
And the corresponding additional stretching of elastic 
system of charging will make 
 

( )
ρρ

ϕ
C

FFR
C
M 212 −

=
Δ

=Δ      (13) 

             The way which has been passed by a leading 
link during a stopping of the wind is equal to the same 
size. Consequently, duration of a condition of the wind is 
equal to  

  
( )

pC
FFR

t α
ρωω

ϕ 22

0

21

0
2 =

−
==     (14) 

 
Thereby, the self-vibration period of the wind will be 

defined by the formula 
21 ttT +=        (15) 

for using it, at first it is necessary to find 1t  from 
expression (9) and then 2t  from the formula (14). Than 
the least angular velocity of the wind is, the process of 
self-vibrations is especially sharply expressed. Actually at 
small values 0ω unitless parameter α  becomes rather big 
and from expression (9) follows approximately. 
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0sin 1 →pt ,   
p

t π
=1       (16) 

 
Accordingly (14) it leads to the following formula 

for the period of self-vibrations. 
 

p
T απ 2+

=        (17) 

 
Here it is clear, that the role of the second summand 

in numerator increases with reduction of angular velocity
0ω . 

For definition of numerical values of dynamic model 
of the wind is used the method specified in (2). 
Parameters of dynamic model have the following values. 
The equivalent moment of inertia of weight of the wind 
and the details of drive - J=54494, 35 kg.cm.second2, the 
elastic system of charging the unit rigidity and a drive of 
the wind - Second =900,074 kg/cm, the radius of winding 
of a basis on the wind - сm40max =ρ , radius of 
projecting pin of the wind - сmR 10= , force of a friction 
of sleeping - кgF 0,181 = , force of a - кgF 4,142 = .   

At such values of parameters of dynamic model, the 
frequency of self- vibrations of the wind is 

1sec1,5 −= ondp , dimensionless factor 66,5=α  and the 
period of self-vibrations  ondТ sec83,2= . 

The analysis shows, that provisions of the minimum 
value of dimensionless parameter α  is possible also by 
the reduction of a differences of forces of a friction of 

sleeping and.  In the new designs of weaving  machines 
the materials of the projecting pin of the wind and the 
support should be selected so that to provide the minimum 
difference of force of a friction of the wind and the 
friction of motion and to reduce the diameter of the 
projecting pin of the wind. Thus, the parameters of 
designs of actuating mechanisms of textile machines 
should be defined with the account of performing by them 
the technological operations. 

 
4. Conclusions 

 
1. The dynamic model of movement of the wind of 

bases has been developed.  
2. In designs of weaving machines the materials of 

the projecting pins of the wind and their support should be 
selected so that to provide the minimum difference of 
forces of a friction of sleeping and friction of motion. 

The parameters of a design of the actuating 
mechanisms should be defined taking into account the 
performance of technological processes by them. 
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Abstract 
The photoelectric properties of In2O3-SiO2-Si-M structures 
have been investigated. It is realized, that the photoelectric 
amplification of current is observed after switching at the 
application of the voltage to structure. It is also realized, that 
nonstationary photoelectric current goes throw structure at the 
photovoltaic mode (U<0.25V) and structure behaves itself as 
an ideal MDS structure, and the stationary photoelectric 
current goes throw structure at U≥0,25V. It is proposed, that 
observation of amplification effect is connected with the 
formation of tunnel dielectric in the structure. 
 
 
The investigation of the switching effect in In2O3-SiO2-
Si-M structure is interesting from two points of view: the 
investigation of the influence of the different contacts on 
the switching effect and the probability of the control of 
the switching effect by the lightening. The samples were 
prepared in the common and planar version for the 
investigation of the switching effect and photoelectric 
properties [1]. The semi-transparent conducting layer 
In2O3(Sn), strongly doped by the tin, has been obtained 
by the cathode spraying. The Al ring was prepared with 
the inner diameter 150mkm and outside diameter 
250mkm with the use of the photolithography. The semi-
transparent conducting layer In2O3(Sn) is prepared with 
the around diameter 300mkm and orthogonal diameter 
300´ 500mkm. VAC structures are symmetrical in the 
initial state and dependence of the current on the voltage 
submits to the low J~Un, where n=1,5÷2. The 
differential resistance in the initial closed state is defined 
by the SiO2 resistance and changes in the interval 
R~1012-1013 Om. The lightening of the structure by the 
white light in the initial state doesn't almost change its 
VAC. The structure transfers to the state with the low 
impedance at the defined value of applied voltage. In this 
state VAC is asymmetrical. 
 The photoelectric properties of such electroformed 
MDS structures have some peculiarities. The structure 
was lightening from the side of In2O3 by the modulated 
light with the frequency 300Hc by monochrometer 
DMP-4. The silicon photodiode, calibrated by the power, 
is situated near MDS-structure. The signals from the 
photodiode and structure were measured by the 

microvoltmeters Y2-8, the pulse photoresponse is 
registered by the oscillograph C1-16. 
 

 
Fig.1. The spectral dependence of photosensitivity of 

In2O3-SiO2-Si-M structures after the switching at the different 
voltages:1-U=0; 2-U=1; 3-U=5; 4-U=19; 5-U=21V; 6-

photodiode; Ф=27K at U=0  
 
 From the spectrum dependence of photosensitivity 
(fig.1), investigated by the low resistance MDS-structure 
in the photovoltaic (fig.1. c.1) and photodiode modes 
(fig.1.c.2-5) is shown, that photosensitivity value and 
form of the spectral characteristic of MDS-structure 
change meaningfully with the applied constant electric 
field. The maximum of photosensitivity corresponds 
toλ=0,5mkm and S=1,4・10-3A/Vt at the photovoltaic 
mode. 
 The photosensitivity increases and structure has the 
wide region of the practically spectral sensitivity at the 
application to the voltage structures in the direct dicetion 
(source pole to the semi-transparent electrode). 
S=0,35A/Vt at U=10V and λ=0,82mkm, i.e. the 
sensitivity of MDS-structures increases in 500 times. 
 As it is shown from fig. 1(c.6.), the character 
sensitivity range of silicon device with p-n junction has 
the range 0,4÷1,1mkm. As in MDS-structures the light 
absorption region in the region of the short length of 
waves agrees with the region of photoelectric current 
separation, so the influence of the surface recombination 
can be suppressed. 
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Fig.2. The dependence of photoelectric current of In2O3- 
SiO2-Si-M structures on the applied voltage after switching at 

the different wave lengths 0,56mkm 1 λ = , 0,78mkm 1 λ = , 
0,90mkm 1 λ = . 

 
 The value of the electric field of the Si surface, 
calculated by the formulae 5 of ref [2] for the given 
biases is FS=106 V/cm. That's way the condition of 
suppressing of surface recombination μ·FS=S, (where 
μ is mobility, S is velocity of surface recombination) at 
these electric fields for the silicon has already done, that 
is caused the absence of the decrease in the blue 
spectrum region. This should be lead to the sensitivity 
extension in the blue spectrum region. The long-length 
wave boundary of the photosensitivity is defined by the 
gathering depth of photocurrents, i.e. in our case by the 
diffusion length of holes. 
 In the fig.2 the dependence of photoelectric current 
on the applied constant bias at the different lengths of 
waves of incident light. The photocurrent doesn't depend 
on the applied constant voltage at small values U<0,25V. 
The value of photoelectric current strongly increases in 
2-2,5 orders with the increase of the constant bias and 
leads to the saturation at U ³ 1V at voltage U ³ 0,25V. 
 

 
Fig.3. The dependence of current on voltage for In2O3-

SiO2-Si-M structures at the different light intensities: 1-
dark: 2-2Jn, 3-3Jn, 4-4Jn. 

 
 The current saturates throw structure in the region of 
the voltage of biases that is caused by the surface 
concentration of the holes [2]. As it is shown from VAC 
(fig.3.), obtained at the different intensities of light, the 
photoelectric current amplification is observed. The 
value of the photoelectric increase in the structures was 
measured at room temperature on the change of saturate 
current at the different intensities of light, moreover 
internal amplification factor is calculated by the 
formulae: 
 

 
 
where ΔJ is the increment of the common current at the 
amplification of photons flux on _Nph. The small value 
of amplification factor was 2,5-10. The value of increase 
coefficient is small in the comparison with the theoretical 
possible one is caused by the nonoptimal oxide layer 
thickness.  
 As it was shown in the ref [3], the electroformed 
MDS-structures can be used for the detection of 
theoptical signals. In this connection and the aim of the 
observation of photoelectric current character 
dependence on the photoresponse time and the different 
parameters: the voltage on the electrode, light intensity 
and e.t.c. investigated by the kinetics of photoresponse of 
such structures. 
 As it is known [4,5], in the dependence on the initial 
surface bands' bending φS in MTDS structures the 
amplification effect of photoelectric current can be 
observed [6] or the situation realized, in which their 
characteristics are identical to ones in observed in p-n 
junctions [7]. 
 In the first case the current throw structures is 
defined by the majority carrier, in the second case- by the 
minority carrier.  
 The MDS-structures was preparing on the base with 
ρ~101÷103Om·cm. the electrotreatment of MDS-
structures was carrying out at U=100÷150V. 
 The thickness of the possible tunnel-transparent 
dielectric is 20÷40Aº. The value of the initial surface 
bands' bending, measured by the method of saturated 
photoelectromotive force in the samples on n-Si was 
φS=0.05eV and corresponds to the weak enrichment of 
the subsurface region by the majority carries, on n-Si 
0,2-0,3eV , and corresponds to the depletion. 
 The photosensitivity in the samples on p-Si was 
higher on the several orders, than on n-Si 
correspondingly. This fact allows to propose, that in the 
behavior of structures on the base of n-Si is defined by 
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the minority carries and on the base of p-Si – by the 
majority carriers, and the amplification of photoelectric 
current can be released in last case. 
 The kinetics of photoresponse was studying at the 
room temperature at the lightening of the structures 
throw monochrometer from the source TPШ, and by the 
photodiode also. The value of the load resistance was 
RH=1,6kOm. The photoelectric current pulses were 
registered on the oscillograph C1-16. 
 

 
Fig.4. The oscillogramm of photoresponse of In2O3-
SiO2-Si-M structures after switching at the lightening by 
the right-angled light pulse (λ=0,91mkm) at the 
different voltages of biases: 1-U-0B; 2-U=0,25B; 3-
U=1B. 
 
The oscillogramms of photolight pulses for the structures 
p-Si, obtained at the one lightening, but at the different 
voltage biases, are given in the fig.4; but the 
oscillogramms of photoresponse pulses for the structures 
p-Si, at the one voltage value, but at the different 
lightenings, are given on the fig.5. It is realized, that in 
the photovoltaic mode, i.e. at U=0, and U<0,25V the 
only nonstationary photocapacity current goes throw 
elecrotreatmented structure, i.e. the structure behaves 

itself as an ideal MDS-structure (fig.4.a.), and at 
U>0,25V the stationary photoelectric current goes throw 
structure (fig.4.b.). 
 For the discussion of the experimental data, we 
propose, that sing and value of the surface bands' 
bending are so, that photoelectric current of majority 
carriers is absent. In our case the such situation 
corresponds to the structures on n-Si, and the change 
storage on the surface state is the negligible small. The 
photoelectric current statement is defined by two 
processes this case: by the capacity charge of MTDS-
structures and tunnel current of the photogenerated 
charge carries throw dielectric, i.e. expression for the 
photocurrent density can write in the following from [8] 
 

 
 
where ΔQSC is the change of the density in the space 
charge region (SCR): 
 

 
 

Cd and Cs are specific high-frequency densities of the 
dielectric and SCR, 
 

 
 
is the change of the dimension surface potential, Spe is 
the effective velocity of the holes' flux from the 
semiconductor to the metal, P is the excess volume holes' 
concentration. The relaxation law is from the equation of 
the continuity for the holes' flux: 
 

 
 
Where S* is the sum velocity of the recombination 
[8], 
 

 
 
where J is the flux of generation of the electron-hole pair 
in the semiconductor volume.  
 In the line case by the lightening 
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at the depleting bended bands, the expression for ΔPS 
has the form: 
 

 
and at the inversion bends of bands we have: 
 

 
 
where LS is the Debye screening length, L and O are 
indexes of the lightening and thermodinamical 
equilibrium. 
 Now, solving (4), taking into consideration (6) or 
(7), after substitution of (3), we can obtain the looking 
for the equation (2), solving for the kinetics of 
photoelectric current statement this equation has form: 
 

 
 
where time constants for the depleted and inversion of 
bends of bands, correspondingly: 
 

 
 

 
 
 In the dependence on the ratio between Spe, S*, Cd, 
Sce, as it follows from (8), the different character of 
relaxation is possible. If the emission velocity of the 
minority carries throw dielectric is higher than 
recombination velocity Spe>S* and if Cd>Cse, then the 
photoelectric current changes on the very small value Cse 
at the switching on, later it leads to qJ, that it is observed 

experimentally (fig.4) 
 

 
Fig.5. The oscillogramm of photoresponse of MTDS 

structures at the lightening by the right-angled light pulse 
(λ=0,92mkm) at the different light intensities. 

 
As 

 
 
 Dp is the effective tunnel transparentness, Vp is the 
thermal holes' velocity (4) and φS increases with the Uq 
increases, from (9)-(10) it follows, that time constant 
τdecreases with the Uq increase. The given 
dependences τ can realize in the experiments at 
Cd<<Cse and in our case they don't take place. At 
Cd>>Cse, as in our case, it follows, that practically all 
photoelectric current states in the time is significantly 
smaller than τ and is defined by the biggest from such 
times, as transit time to RSC from the photoregenetration 
region or RH·C. 
 Thus, in the generation mode (Spe>S*) and Cd>Cse, 
factors, defining the time constant of photoresponse in 
MTDS-structures on the minority carries (n-type) don't 
differ from the analogical ones in p-n junctions. 
 The relaxation of photoelectric current, as follows 
from (8), is regular at the output from generation mode 
(Spe>S*)and at Cd>Cse. The photoelectric current strongly 
increases till the qJ value at the switching on, later it 
relaxes till the 
 

 
with the time τ, and the symmetrical blip of the 
opposite polarity (the differentiation mode) takes place at 
the switching off. As the Uq increase leads to the Spe 
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increase, and the lightening increase leads to the 
recombination loss increasing at the given Uq, so the 
experimental data, given on the fig.4, agree with the 
theoretical analysis [8]. The output from the 
differentiation mode was observed earlier [9, 10] at the 
switching on the opposite bias.  
 Let’s stop on the photoelectric current relaxation at 
the presence of amplification factor.  
 At the amplification factor it is need to take into 
consideration in the equation (2) the presence of current 
of majority carries of charge, for the investigated 
structures (p-Si)-hole current. 
 

 
 
where amplification factor M=(jn+jp)/jn , a Sne, but Sne is 
emission velocity of minority carries of electrons (for the 
structures p-Si). The first term in (11) can be lost for the 
bigger amplification factors M>>1. Then, solving (11) 
analogically to (2), we obtain at the conduction inversion 
in the nonlinear case by the lightening Δφs

2 >>1 and 
absence of the generation of minority electrons: 
 

 
 
where τδ is depend on light intensity in this case, as it 

follows from the quality analysis and observes in the 
experiment. As in the big light intensive and in the 
structures with the amplification (p-Si) the differentiation 
doesn't observed, so, it is obvious, that condition M>>1 
takes place. This gives possibility to propose, that in the 
given structures the values Dp>>Dn. 
 Thus, all observable quality pecularities of kinetics 
are well explained in the simple model [8], taking into 
consideration the respective deposit of photocurrents' 
recombination and throw dielectric. 
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Abstract 
 
Keywords:  
 
 
1. Introduction 
 
 Many problems of nanoelectronics are concerned not 
only with the creation pure content structures and 
homogeneous surface but with the formation of the 
structures of wanted sizes and forms of certain density 
without using special methods (for instance, lithography). 
Use of self organization process is promising for problems 
like these to be settled. Given process stands for the 
formation of ordered metal and semi conductive structures 
with distend density without using special methods. On 
this case nanostructure properties are revealed by surface 
morphology, effect of impurity atoms and growth 
condition. Method of self organization has been used for 
nanostructure creation on Si surface [1-2]. Experimental 
facetation has been observed for surfaces vicinal to (0001) 
on GaAs [3].  
 Interest to the given field of research is aroused in 
necessity of obtaining various nanostructures in sizes up 
to 100 nm. Spontaneous ordering of nanostructures allows 
the connection of narrow-band semiconductors to wide-
band matrix to be produced and thereby localized 
potential for current carriers to be created. Periodical 
structures of such connections can form super lattices 
including quantum holes, hires and points, base for 
optoelectronic devises. Thus nanostructure ordering can 
be in various systems during crystal growth in TlGaSe2 as 
well.  
 Considering physical mechanism of spontaneous 
appearance of ordered nanostructures and experimental 
detection of new classes of AIIIBV semiconductor 
nanostructures we put forward the tash on determining 
nano-graded interlayer structures in TlGaSe2- typed 
layered crystals.  
 
 

2. Subject of investigation and experimental 
method 
 
  The most suitable subject of study for self 
organization process of  “parquet” structures of grade-
layered growth is TlGaSe3 crystals of rather distinct 
layered structure.  
 Investigations of layered crystal surface have been 
carried out on scanning probe microscope (SPM) of 
SOLVER NEKST model. 
 
3. Experimental results 
 
 Roentgen diffraction picture of alloyed Dy TlGaSe2 is 
given in Fig.1 It is seen that on the crystal spall surface 
nanoparticles Dy and DyGa2 are observed In Fig.2 there 
have been presented SPM image to 3D scale of TlGaSe2; 
where vicinal surfaces of spall have been seen in Fig.3 the 
same surface only to 2D scale is given. In fig.4 there have 
been presented fragment of this surface with profilegram 
where height sizes (within 5-20 nm) and “flutes” in width 
1 μm have been detected. From fig.5 repetetion of “flute” 
– profiles in sizes 1 μm are seen as well. In fig.6 there has 
been visually demonstated cross height of nanoobyects 
“flutes”; within the scan up to 5.103 nm3 about 3 “normal” 
flutes have been arranged. From obtained experimental 
figures (1-6) appropriate conclusions have been made. 
 
4. Conclusions 
 
 By scanning atomic-power microscopy initial stages 
of impurity growth on TlGaSe2 (001) vinicial surfaces 
have been carried out. It is shown that on surfaces laid off 
in the direction of basic surface nanofragments in the 
regime of grade – layered growth have been formed. The 
height of grade is within 10-20nm. There like growth on 
microscopically ordered faced surfaces. By control of 
crystallization process, increase of rate, impurity 
introduction one can obtain vicinal surfaces including 
regular sets of steps (so called “parguet” structures).
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Fig.5 

 
Fig.6 
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